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BBEOEHUE

B Tpetbeil uactu yueOHOTo mocodust NpecTaBlIeH MaTepra, KOTOPbIii OpUEHTUPOBAH Ha
W3Y4YECHHE BOIPOCOB, CBSI3aHHBIX C TaK HA3bIBAEMBIMU JJUIMNTUYECKUMHU KPUBBIMH, & UMEHHO
BBEJICHUEM B AIJIMITHUYECKHUE KPUBBIE U IPYIIIOBOMY 3aKOHY, KOTOPOMY 3JUIMIITUYECKHE KPUBbIE
YIOBJIETBOPSIOT.

Cpenu BOIIpOCOB, CBA3AHHBIX C BBEACHUEM B AIIMITHUYECKUE KPUBBIE, PACCMAaTPUBAIOTCS
TaKUe IMOHATHS, KaK: IPOEKTUBHAs IJIOCKOCTh, MPOEKTUBHAS TOYKAa IPOEKTUBHOMN IUIOCKOCTH,
SIUTMIITUYECKAsi KPUBAsi B IPOSKTUBHBIX U KPUBOJIMHEHHBIX (a(pUHHBIX) KOOPAHMHATAX.

IIpoexkTHBHAs IIOCKOCTh HaJ, 3aJaHHBIM I10JIEM ONPEAEIIAETCS KaK MHOXKECTBO IOCIIEN0-
BaTEJIbHOCTEN M3 TPEX, HE PAaBHBIX OJHOBPEMEHHO HYJIIO 3JIEMEHTOB, B KOTOPOM 3aJaHO OTHO-
LICHHE JKBUBAJICHTHOCTH, a IPOEKTUBHAs TOYKA IIPOEKTUBHOM IUIOCKOCTH — KaK HEKOTOPBIN
KJIACC DKBUBAJICHTHOCTH, ONPEAEIIAEMBII 3TUM OTHOLICHHUEM.

Dmunruyeckas KpuBas B IPOEKTUBHBIX KOOPAMHATAX XapaKTEPU3YyeTCsl KaK MHOXECTBO
TOYEK MPOEKTUBHOM IIOCKOCTH, YIOBJIETBOPSIONINX JUTMHHOW (hOpME OJTHOPOIHOTO YpaBHEHUS
BetiepmTpacca, a annunTryeckas KpuBasi B KPUBOJIMHEHHBIX KoopauHaTax — addunHoil Bepcuu
3TOr0 YpaBHEHHS.

B marepuane mo rpynnoBoMy 3aKOHY pacCMaTPHUBAIOTCS MOHSTHS W30MOPQHON AILIHII-
THUYECKOM KpUBOIi; COOCTBEHHO I'pYNIIOBOMY 3aKOHY, BBOJAUMOMY 10 METOJYy XOpJ U KacaTellb-
HBIX; CJIOKEHMSI TOUEK SJUTUNTUYECKON KPUBOM M JAUCKPETHOrO JIorapu(MUpPOBAHMS Ha IIJIMII-
TUYECKOU KPUBOM.

ITpu 3TOM OJ1HA PIUTUNITUYECKAs. KPUBAsi CUUTAETCSI U30MOP(GHON APYTroil 3UIMITHYECKOM
KpUBOMW, €CIIM IIPU ONPEIEICHHON 3aMEHE NIEPEMEHHBIX B IIEPBOM JJUIMIITUYECKOM KPUBOM OHa
NEPEXO/IUT BO BTOPYIO KPUBYIO.

BBoauMbIli METOAOM XOpJ M KACATEIBHBIX IPYNIIOBON 3aKOH HAIENSET dJUIMITHYECKYIO
KPUBYIO CTPYKTYpOil abeneBoil rpymnmbl ¢ 06CKOHEUHO y/1aJeHHOW TOUKOW B Ka4eCTBE HEUTpallb-
HOTO DJIEMEHTA 110 CJI0KEHUIO.

Peanu3anuss MHOTOKPAaTHOTO CJIOKEHHUS (YMHOXEHHs) TOYEK JIIIMITHYECKON KpHBOM
MO3BOJISIET BBECTU IMOHATHE JUCKPETHOTO JIOTapU(MHPOBAHMUS Ha SIUTUNTUYECKONW KpPUBOU
IO CJIOXKEHUIO.

HoBu3Hna nanHOro yueOHOro mocoOusi, B CpaBHEHUHM C paHee U3JaHHOW JUTepaTypoil
10 BOMpOcaM BBeAeHUs B Kpumntonoruto [1 — 18], 3akirouaercss B paCCMOTPEHUH MPHUMEPOB
MPAKTUYECKH K KaXKJIOMY JaBa€MOMY MOHSTHUIO, ONPEACTICHUIO U AITOPUTMY.

[Ipumenenne maHHOTO TTOCOOUS OYIET CrIOCOOCTBOBATH (POPMUPOBAHUIO y BBHIITYCKHUKOB

CICOYIOMIUX KOMHGTGHHI/Iﬁ 110 HAIIpaBJICHUAM IMOATOTOBKH U CIICHUAJIBHOCTSAM.



ITo nampasnenuto noaroroBku 09.03.02 «MHpOpMaLMOHHBIE CUCTEMBI U TEXHOJOTHI»:
CrocoOeH pemarh CTaHIApTHBIE 33Ja4d  MPO(PECCHOHATBHONW JIEATENIFHOCTH Ha OCHOBE
UHPOPMALIMOHHON © OuOnIMorpaguueckoil KyJIbTypbl € HPUMEHEHHEM HH()OPMAIIMOHHO-
KOMMYHHKAIIHOHHBIX TEXHOJOTHH M C YYEeTOM OCHOBHBIX TpeOOBaHWH HH(OPMAIIOHHON
6e3onacuoctu (OITK-3).

[To nanpaBnenuto nmoarotoBku 09.04.02 «MHpOpManMOHHBIE CUCTEMBl U TEXHOJOTHUN:
criocoOeH pa3pabarpiBaTh TpeOoBaHUs K MHPpopManuoHHbIM cuctemMaMm (MC) u ocymiecTBiasTh
OpraHM3aI[MOHHOE M TEXHOJIOrHMueckoe oOecredyeHne BO3MOXKHOCTH ux peanuzauuu B MC
(TIK-1).

[To nampaBnennro 27.04.03 «CuctemMHBI aHAIW3 W YIPABICHUE». CIIOCOOEH periaTh
3aJa4d CHUCTEMHOrO aHalM3a W YIPaBICHUS B TEXHUYECKUX CHCTEMax Ha 0asze MOoCIeIHUX
noctwxkennit Hayku u Texauku (OI1K-3).

[To wampasnenuto 38.03.05 «busHec-uHpOpMaTHKa»: CIIOCOOCH OPraHU30BLIBATH
B3aMMO/ICHCTBHE C KIIMEHTaMHU M MApTHEpaMH B MpoOIlecce PEUICHUs 3a7ad yIpaBieHus UHPOp-
ManuoHHO# 6e3onacHocThio U T-unppactpykrypsl npeanpustus (ITK-1).

ITo crmenmansaocTr 10.05.03 «MHpOpMarmonHas 0€30MaCHOCTh aBTOMAaTH3UPOBAHHBIX
CUCTEM»: CIIOCOOEH HCMOJIb30BaTh MATEeMAaTUYECKHUE METOJbI, HEOOXOIMMBbIE I pelleHus
3aaa4 npodeccuonanbHoi nesrenbHocTH (OIIK-3); crmocoGeH MCmoib30BaTh CPEACTBA KPUIITO-
rpadu4ecKoil 3ammThl UHPOPMALUK TPH PEHICHWU 3a/1a4 MPOEeCcCHOHANBHON IesSTeIbHOCTH
(OIIK-10); cocoben pa3pabarbiBaTh KOMIOHEHTHI CUCTEM 3alIUThl MHPOPMALIUU aBTOMATH3HU-
poBanubIx cuctem (OITK-11).

ITo cneumanpHocT 38.05.01 «OKOHOMHYECKass 0O€30MacHOCTBY: crnocoOeH padoTarhb
C Ppa3TUYHBIMA WH(GOPMAIMOHHBIMH pEeCypcaMd M TEXHOJOTHSMH, TPUMEHSTH OCHOBHBIC
METO/IbI, CIOCOOBl M CpEJCTBAa MOJYYEHMs, XpaHEHUs, MOUCKA, CUCTeMaTH3allH, 00paboTKU
u nepeaaun uHdopmarmu (OK-12); ciocober cobmoaats B MpohecCHOHATBLHON IesITeTbHOCTH
TpeOOBaHUS, YCTAHOBJICHHBIE HOPMATUBHBIMU MPABOBBIMU aKTaMU B OOJIACTH 3aIlIUTHI TOCyap-
CTBEHHOH TaliHbl M HH(pOpPMAIMOHHON Oe30MacHOCTH, 00ecrneuYuBaTh COOJIIOJCHUE DPEXHMA

cekpetrnoctu (ITK-20).



2. ANNMNNTUHECKUE KPUBBIE

2.1. BBEJAEHHE B DJIVIMIITUYECKUE KPUBBIE
2.1.1. IPOEKTUBHAA IIJIOCKOCTb

HekoTopsie n3 Hanboee COBpEMEHHBIX KPUMITOTPAPUIECKIX CHCTEM C OTKPBITHIM KITIO-
YOM OCHOBaHBI Ha WCIIOJIb30BAHMH JJITUNITHYCCKON KPUBOMU, B PE3y/IbTaTe Y€r0 OHU OOECIIEYH-
BalOT BBICOKYIO 3((HEKTUBHOCTh U OOJBIIYIO MPOIMYCKHYIO CIIOCOOHOCTh. 3aMETHUM, YTO AJUIUTI-
TUYEeCKasi KpUBas HAJl KOHEYHBIM IOJIEM SIBJIICTCS KOHEYHOW abeneBod TpyNIoid, B KOTOPOU
MO>KHO CTaBHUTb 33J1a4y O BEIYHCICHUH TUCKPETHBIX JIOTapH(MOB.

Ilpoexmusroii nnockocmwto PZ(K) Hax mojieM K Ha3bIBaeTCsI MHOYKECTBO IOCIEIOBA-
tenbHocTedt (X,Y,Z) W3 Tpex He paBHBIX OJHOBPEMEHHO HyJi0 3jementoB X,Y,Z e K,

B KOTOPOM 3a/[aHO OTHOIICHUE YKBUBAICHTHOCTH:
(X,Y,Z)=( X, LY, A Z) ms mro6bix e K =K \{0}. (2.1)
ITpu 5TOM, B KadecTBe Mot K MOKET BBICTYIATh ¥ TI0JI€ BHIUYETOB IO MPOCTOMY MOY-
mo P, obosHagaemoe cuMBOIOM F. Toraa mpoeKTHBHAs IIOCKOCTH P2(K) = PZ(Fp) Oyner
MMETh MOIIHOCTE, paBHyio (p° — 1).

Hanpumep, npu p = 3 NPOSKTUBHON IIOCKOCTHIO P2(K) = PZ(Fp) = PZ(F3) HaJl MOJIeM

K = Fp=F3 = {0, 1, 2} smusercs MHOKeCTBO P2(F5) ={(0, 0, 1), (0, 0, 2), (0, 1, 0), (0, 1, 1),

, 1, 2),(0,2,0), (0,2 1),(0,22),(1,00),(1,01),(1,02),(1,1,0),(1,1,1), (1, 1, 2),
(1,2,0,(1,2 1,1, 2 2),(2,0,0),(2,0,1),(2,0,2),(2,1,0), (2,1,1), (2,1, 2), (2, 2, 0),
(2,2,1), (2,2, 2)} mommoctn pP—1=3>-1=27-1=26.

Bo Bropom mpumepe (ipu p = 5) NPOEKTUBHON INIOCKOCTHIO PZ(K) = P2(Fp) = P2(F5)

Hajg noeM K = Fp=F5 = {0, 1, 2, 3, 4} saBIsgETCA MHOKECTBO P2(F5) ={(0, 0, 1), (0, 0, 2),

0, 0, 3), (0, 0, 4), (0, 1, 0), (0, 1, 1), (0, 1, 2), (0, 1, 3), (0, 1, 4), (0, 2, 0), (0, 2, 1), (0, 2, 2),
0, 2, 3), (0, 2, 4), (0, 3, 0), (0, 3, 1), (0, 3, 2), (0, 3, 3), (0, 3, 4), (0, 4,0), (0, 4, 1), (0, 4, 2),
O, 4,3),(0,4,4),(1,0,0),(1,0,1),(1,0,2),(1,0,3),(1,0,4),(1,1,0), (1,1, 1), (1, 1, 2),
(1,1,3),(1,1,4),(1,2,0),(1,21),1,22),(1,273),(1,2,4),(1,3,0), (1,3, 1), (1, 3, 2,
(1,3,3),(1,3,4),(1,4,0),(1,4,1),(1,4,2),(1,4,3),(1,4,4),(2,0,0), (2,0, 1), (2, 0, 2),
(2,0,3),(2,0,4),(2,1,0),(2,1,1),(2,1,2),(2,1,3),(2,1,4), (2,2,0), (2, 2, 1), (2, 2, 2),
(2,2,3),(2,2,4),(2,3,0),(2,3,1),(2,3,2),(2,3,3),(2,3,4),(2,4,0), (2,4, 1), (24, 2,
(2,4,3),(2,4,4,(3,0,0),(3,0,1),(3,0,2),(3,0,3),(3,0,4),(3,1,0), (3,1, 1), (3, 1, 2),
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(3,1,3),(3,1,4),3,2,0),(3,2,1),3,2,2),(3,2,3,(3,2,4),3,3,0),(,3,1), 3 3,2,
(3,3,3),(3,3,4,(3,4,0),(3,4,1),(3,4,2),(3,4,3),(3,4,4),(4,0,0), (4,0, 1), (4,0, 2),
(4,0,3),(4,0,4),(4,1,0),(4,1,1),(4,1,2),(4,1,3), (4, 1,4),(4,2,0), (4 2,1), (4, 2, 2),
(4,2,3),(4,2,4),(4,3,0),(4,3,1),(4,3,2),(4,3,3),(4,3,4),(4,4,0), (4,4,1), (4, 4, 2),

(4, 4,3), (4, 4, )} mommoctn p°—1=5-1=125-1= 124,

B tperbem mpumepe (ipu P = 7) NPOSKTUBHOM IJIOCKOCTHEO p2 (K)= PZ(Fp) = P2(F7)
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=F;, ={0, 1, 2, 3, 4, 5, 6} siBIsieTCSI MHOXECTBO P2(F7) = {(0,
0, 4), (0, 0, 5), (0, 0, 6), (0, 1, 0), (0, 1, 1), (0, 1, 2), (0, 1, 3), (O,
2,0), (0,2, 1), (0,2, 2), (0, 2, 3), (0, 2, 4), (0, 2, 5), (0, 2, 6), (0,
3, 3), (0, 3, 4), (0, 3, 5), (0, 3, 6), (0, 4, 0), (0, 4, 1), (0, 4, 2), (O,
4, 6), (0,5, 0), (0,5, 1), (0, 5, 2), (0, 5, 3), (0, 5, 4), (0, 5, 5), (0,
6, 2), (0, 6, 3), (0, 6, 4), (0, 6, 5), (0, 6, 6), (1,0, 0), (1, 0, 1), (1,
0,5,(,0,6),(1,1,0),(2,1,1),(1,1,2),(1,1,3), (1,1, 4), (1,
2,1),(1,22),(@1,23),(1,2 4, (1,25),(@1,2,6), (1, 3, 0), (1,
3,4),(1,3,5),(1,3,6),(1,4,0), (1,4 1), (1,4, 2), (1, 4, 3), (1,
5,0), (1,5 1), (@15 2),(1,5,3), (1,5, 4), (1,5, 5), (1, 5, 6), (1,
6, 3), (1, 6, 4), (1, 6, 5), (1, 6, 6), (2, 0,0), (2,0, 1), (2,0, 2), (2
0,6),(2,1,0),(2,1,1),(2,1,2),(2,1,3), (21,4, (2, 1,5), (2
2,2),(2,2273),(2, 2 4),(2,2,5), (2, 2,6), (2, 3,0), (2, 3, 1), (2,
3,5),(2, 3 6),(2,4,0),(2,4,1), (2,4, 2), (2,4, 3), (2,4, 4), (2
51), (2,5, 2),(2,5,3),(2,5,4), (25,5), (2,5, 6), (2, 6, 0), (2,
6, 4), (2, 6,5), (2,6,6),(3,0,0), (3,0, 1), (3,0, 2), (3,0, 3), (3,
1,0),3,11),3,1,2),(3,1,3),3,14),3,1,5),(3,1,6), (3,
2,3),(3,2,4),(3,2,5),3,2,6),(3,3,0), (3,3,1), (3, 3, 2), (3,
3,6),(3,4,0),(3,4,1),3,4,2),(3,4,3), (34,4, 3,4,5), (3,
5,2), (3,5 3),(3,5,4), (3,5 5), (3,5 6), (3,6, 0), (3, 6, 1), (3,
6, 5), (3, 6, 6), (4,0,0), (4,0,1), (4,0,2),(40,3), (4,0,4), 4,
1,1),4,1,2),4,1,3),(4,1,4), 4,1,5), 4,1, 6), (4, 2,0), (4,
2,4), (4, 25), (4, 206),(4,3,0),4,3,1), 4,3 2), 4,3, 3), (4,
4,0), (4,4,1),4,4,2),(4,4,3),(4,4,4), 4, 4,5), (4, 4, 6), (4,
5, 3), (4,5, 4),(45,5), (4,5, 6), (4, 6,0), (4, 6, 1), (4,6, 2), (4,
6, 6), (5,0, 0), (5,0, 1), (5,0, 2), (5,0, 3), (5,0, 4), (5,0, 5), (5,
1,2),(5, 13),(5,14), (5 1,5), (5,1, 6), (5 2,0), (5 2, 1), (5,
2,5), (5 2,6), (5,3,0), (5 3,1), (5 3, 2), (5, 3, 3), (5 3, 4), (5,
4, 1), (5, 4, 2), (5, 4, 3), (5 4, 4), (5, 4,5), (5, 4, 6), (55, 0), (5
5, 4), (5,5,5), (55, 6), (5 6, 0), (5 6, 1), (5, 6, 2), (5, 6, 3), (5,
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(5, 6, 5), (5, 6, 6), (6, 0, 0), (6, 0, 1), (6, 0, 2), (6, 0, 3), (6, 0, 4), (6, 0, 5), (6, 0, 6), (6, 1, 0),
6, 1, 1), (6, 1, 2), (6, 1, 3), (6, 1, 4), (6, 1, 5), (6, 1, 6), (6, 2, 0), (6, 2, 1), (6, 2, 2), (6, 2, 3),
(6, 2, 4), (6, 2, 5), (6, 2, 6), (6, 3,0), (6, 3, 1), (6, 3, 2), (6, 3, 3), (6, 3, 4), (6,3, 5), (6, 3, 6),
(6, 4, 0), (6, 4, 1), (6, 4, 2), (6, 4, 3), (6, 4, 4), (6, 4,5), (6, 4, 6), (6,5, 0), (6,5, 1), (6,5, 2),
(6, 5, 3), (6, 5, 4), (6, 5, 5), (6, 5, 6), (6, 6, 0), (6, 6, 1), (6, 6, 2), (6, 6, 3), (6, 6, 4), (6, 6, 5),
(6, 6, 6)} MmommocTn p2—1=73-1=343-1=342.

B  uerBeprom mpumepe (mpm P = 11) TPOEKTUBHOH  IUIOCKOCTHIO

P2(K)=P?(Fp) =P?(Fy1) nanmonem K = Fy=F3 = {0,1,2,3,4,5,6,7,8,9, 10} asnsercs

MHO>KECTBO P2(F11) = {0, 0, 1), (0, 0, 2), (0, 0, 3), (0, 0, 4), (0,0, 5), (0,0, 6), (0, 0, 7),

0, 0, 8), (0, 0, 9), (0, 0, 10), (0, 1, 0), (0, 1, 1), (0, 1, 2), (0, 1, 3), (0, 1, 4), (0, 1, 5), (0, 1, 6),
©, 1,7), (0,1, 8), (0, 1, 9), (0, 1, 10), (0, 2, 0), (0, 2, 1), (0, 2, 2), (0, 2, 3), (0, 2, 4), (0, 2, 5),
0, 2, 6), (0, 2, 7), (0, 2, 8), (0, 2, 9), (0, 2, 10), (0, 3, 0), (0, 3, 1), (0, 3, 2), (0, 3, 3), (0, 3, 4),
0, 3, 5), (0, 3, 6), (0, 3, 7), (0, 3, 8), (0, 3, 9), (0, 3, 10), (0, 4, 0), (0, 4, 1), (0, 4, 2), (0, 4, 3),
0, 4, 4), (0, 4, 5), (0, 4, 6), (0, 4, 7), (0, 4, 8), (0, 4, 9), (0, 4, 10), (0, 5, 0), (0, 5, 1), (0, 5, 2),
0, 5, 3), (0, 5, 4), (0, 5, 5), (0, 5, 6), (0, 5, 7), (0, 5, 8), (0, 5, 9), (0, 5, 10), (0, 6, 0), (0, 6, 1),
0, 6, 2), (0, 6, 3), (0, 6, 4), (0, 6, 5), (0, 6, 6), (0, 6, 7), (0, 6, 8), (0, 6, 9), (0, 6 10), (0, 7, 0),
0, 7, 1), (0,7, 2), (0, 7, 3), (0, 7, 4), (0, 7, 5), (0, 7, 6), (0, 7, 7), (0, 7, 8), (0, 7, 9), (0, 7, 10),
0, 8, 0), (0, 8, 1), (0, 8, 2), (0, 8, 3), (0, 8, 4), (0, 8, 5), (0, 8, 6), (0, 8, 7), (0, 8, 8), (0, 8, 9),
(0, 8, 10), (0, 9, 0), (0, 9, 1), (0, 9, 2), (0, 9, 3), (0, 9, 4), (0, 9, 5), (0, 9, 6), (0, 9, 7), (0, 9, 8),
0, 9, 9), (0, 9, 10), (0, 10, 0), (0, 10, 1), (0, 10, 2), (0, 10, 3), (0, 10, 4), (0, 10, 5), (0, 10, 6),

0, 10, 7), (0, 10, 8), (0, 10, 9), (0, 10, 10), (1, 0, 0), (1, 0, 1), (L, 0, 2), (1, 0, 3), (1, 0, 4), (1, 0, 5),

(1,0,6),(1,0,7),(1,0,8),(1,0,9),(1,0,10), (1,1,0),(1,1,1), (1,1, 2), (1, 1, 3), (1, 1, 4),
(1,1,5),(1,1,6),(1,1,7),(1,1,8),(1,1,9),(1,1,10), (1, 2,0), (1, 2,1), (1, 2, 2), (1, 2, 3),
(1,2,4),(1,2,5),(1,2,6),(1,27),(@1,278),(1,279), (1,2 10), (1, 3,0), (1, 3,1), (1, 3, 2),
(1,3,3),(1,3,4),(1,3,5),(1,3,6),(1,3,7),(1,3,8), (1, 3,9), (1, 3, 10), (1, 4, 0), (1, 4, 1),
(1,4,2),(1,4,3),(1,4,4),(1,4,5),(1,4,6),(1,4,7), (1, 4,8), (1, 4,9), (1, 4, 10), (1,5, 0),
(1,51),(1,5,2),(1,5,3), (1,5 4),(1,55),(1,5,6), (1,5 7), (1, 5, 8), (1, 5,9), (1, 5, 10),
(1,6,0), (1, 6,1), (1,6, 2), (1, 6, 3), (1, 6, 4), (1, 6,5), (1, 6,6), (1, 6, 7), (1, 6, 8), (1, 6, 9),
(1,6,10),(1,7,0),(1,7,1),(,7,2,(1,7,3),(1,7,4),(@1,7,5),(,7,6), (1,7, 7), (1, 7, 8),
(1,7,9), (1,7, 10), (1, 8, 0), (1, 8, 1), (1, 8, 2), (1, 8, 3), (1, 8, 4), (1, 8,5), (1, 8, 6), (1,8, 7),
(1,8,8),(1,8,9),(1,8,10),(1,9,0),(1,9,1), (1,9,2),(1,9,3),(1,9,4), (1,9,5), (1, 9, 6),
(1,9 7,19 8),(1,9,9), (1,9, 10), (1, 10, 0), (1, 10, 1), (1, 10, 2), (1, 10, 3), (1, 10, 4),

(1, 10, 5), (1, 10, 6), (1, 10, 7), (1, 10, 8), (1, 10, 9), (1, 10, 10), (2, 0, 0), (2, 0, 1), (2, 0, 2),
(2,0, 3), (2,0, 4), (2,0,5), (2,0, 6), (2,0, 7), (2,0, 8), (2,0, 9), (2,0, 10), (2, 1, 0), (2, 1, 1),
2,1,2),21,3),(2 1 4), 2 1,5),216), (217,21 8),(21,09), (2 1, 10), (2, 2, 0),
2,2,1),(2,2,2), (22 3), (2,2 4), 2 2,5), (22 6), (2,2 7), (2 2, 8), (2,2, 9), (2, 2, 10),
(2,3,0), (2,3,1), 2,3,2), (2,3,3), (2,3,4), 2,3,5), (2,3,6), (2,3,7), (23,8), (2,3, 09),
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(2,
(2,
(2,
(2,
(2,
(2,
(2,
(2,
@,
@,
@,
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@,
@3,
@3,
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(4,
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(4,
(4,
(4,
(4,
(4,

, 10), (2,4, 0), (2,4,1), (2,4,2),(2,4,3),(2,4,4),(2,4,5), (2,4,6), (2,4,7), (2, 4, 8),
. 9), (2,4, 10), (2,5,0), (2,5 1), (2,5 2),(2,53), (2,5, 4), (2,5,5), (2,5,6), (2,5, 7),

,7),(2,6,8),(2,6,9), (2 6,10), (2,7,0), (2,7,1),(2,7,2),(2,7,3), (2,7, 4), (2,7, 5),
,6),(2,7,7),2,7,8),(2,7,9), (2,7, 10), (2, 8, 0), (2, 8, 1), (2, 8, 2), (2, 8, 3), (2, 8, 4),
8,5),(278,6),(2,8,7),(28,8),(2,8,9), (2,8,10), (2,9,0), (2,9, 1), (2,9, 2), (2,9, 3),
9,4),(295),(296),(2,97),(2,938),(2,99), (2,9, 10), (2,10, 0), (2, 10, 1), (2, 10, 2),

3
4
5,8),(2,5,9), (2,5, 10), (2, 6, 0), (2, 6, 1), (2, 6, 2), (2, 6, 3), (2, 6, 4), (2, 6,5), (2, 6, 6),
6
7

10, 3), (2, 10, 4), (2, 10, 5), (2, 10, 6), (2, 10, 7), (2, 10, 8), (2, 10, 9), (2, 10, 10), (3, 0, 0),
0,1), (30, 2), (30, 3), (30,4, (3,0,5), (3 0,6), (3 0,7), (30 8), (30 9), (3 0, 10),
1,0),(31,1),3 1,2, 3, 1,3),(3 1 4), (3 15,3, 16), (3 17,3 18), (3 1
1,10), (3, 2,0), (3,2, 1), 3,2, 2), 3,2, 3), (3,2, 4), (3,2 5), (32 6), (3 27), (32
2,9), (3,2, 10), (3,3,0), (3,3, 1), 3,3,2), 3,3, 3), 3,3, 4), 33 5), (33 6), (33
3,8), (3,3,9), (3 3, 10), 3, 4,0), (3 4, 1), (3 42), (3 4 3), 3,4 4), (3 45), 34
4.7), (3, 4 8), (3 4 9), 3,4, 10), (3,5,0), (3,5, 1), (3 5, 2), 3,5, 3), (3 5, 4), (3, 5,
5, 6), (3,5, 7), (3, 5, 8), 3, 5, 9), (3, 5, 10), (3, 6, 0), (3, 6, 1), (3, 6, 2), (3, 6, 3), (3, 6
6,5), (3, 6, 6), (3, 6, 7), (3, 6, 8), (3, 6, 9), (3, 6, 10), (3,7, 0), 3,7, 1), 3, 7, 2), (3,7
7.4),(3,7,5),3,7,6),3,7,7),3,7,8), 3, 7,9, 3,7, 10), (3, 8, 0), (3, 8 1), (3, 8
8,3), (3 8, 4), (38, 5), (38, 6), (38, 7), (3,8, 8), 38 9), (38 10), (3,9 0), (3,9
9,2),(3,923),(394),3,95),(396),(397),(309,8), (39 9), (39, 10), (3, 10,
10, 1), (3, 10, 2), (3, 10, 3), (3, 10, 4), (3, 10, 5), (3, 10, 6), (3, 10, 7), (3, 10, 8), (3, 10,
10, 10), (4, 0, 0), (4, 0, 1), (4, 0, 2), (4, 0, 3), (4, 0, 4), (4, 0, 5), (4, 0, 6), (4, 0, 7), (4, O
0,9), (4,0, 10), (4, 1,0), (4 1,1), (4 1,2), (4 1,3), 4 1,4), 4 1,5), 41, 6), (41
1,8), (4,1, 9), (4, 1, 10), (4, 2, 0), (4, 2, 1), (4, 2, 2), (4, 2, 3), (4, 2, 4), (4,2, 5), (4, 2
2,7), (4,2, 8), (4 2,9), 4 2, 10), 4, 3, 0), 4, 3, 1), (4 3,2), (4 3,3), (4 3, 4), (4 3
3,6), (4,3, 7), (4 3,8), (4 3,9), (4 3, 10), (4, 4, 0), 4, 4, 1), (4 4, 2), (4 4, 3), (4 4,
4,5), (4, 4, 6), (4, 4, 7), (4, 4, 8), (4, 4, 9), (4, 4, 10), (4, 5, 0), (4,5, 1), (4,5, 2), (45
5, 4), (4, 5, 5), (4,5, 6), 4, 5,7), (45, 8), (4 5,9), (4 5, 10), (4, 6, 0), (4, 6, 1), (4, 6
6, 3), (4, 6, 4), (4, 6, 5), (4, 6, 6), (4, 6, 7), (4, 6, 8), (4, 6,9), (4 6, 10), (4, 7, 0), (4, 7
7,2),(4,7,3), 4,7, 4), 4, 7,5), 4 7,6), 47,7, 47,8), (47 9), (4 7 10), (4, 8
8, 1), (4,8, 2), (4 8, 3), (4 8, 4), (4 8,5), (4 8,6), (4 8,7), (4 8, 8), (4 8, 9), (4 8, 10),
9,0), (49 1), (409, 2), 409, 3), 4 09,4), 409,5), (49 6), (497,49 8), (49, 9),
9, 10), (4, 10, 0), (4, 10, 1), (4, 10, 2), (4, 10, 3), (4, 10, 4), (4, 10, 5), (4, 10, 6), (4, 10, 7),
10, 8), (4, 10, 9), (4, 10, 10), (5, 0, 0), (5, 0, 1), (5, 0, 2), (5, 0, 3), (5, 0, 4), (5, 0, 5), (5, 0, 6),

, 9),
. 8),
. 7),
, 6),

5),

. 4),
. 3),
, 2),
1),

0),
9,

, 8),
.7,
, 6),
, ),

4),

)
, 2),
, 1),
, 0),

(5,0,7),(5,0,8),(5,0,9), (50,10), (5 1,0),(5,1,1),5,12),(5,1,3), (51,14, 5 1,5),
(5,1,6),(5,1,7),(5,1,8), (5 1,9), (5 1, 10), (5 2,0), (5 2, 1), (5, 2, 2), (5 2, 3), (5, 2, 4),
(5,2,5),(5,26),(5,2,7),(5,28), (5 2,9), (5 2, 10), (5, 3,0), (5, 3, 1), (5 3, 2), (5, 3, 3),
(5,3,4),(5,3,5), (53,6), (5,3,7), (53,8), (53,9), (53,10), (5,4,0), (54,1), (54,2),
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,3),(5,4,4),(5,4,5),(5,4,6),(54,7),(54,8),(54,9), (5 4,10), (575,0), (55,1),
,2),(5,5,3),(5,54),(5,55),(55,6), (55,7), (55,8), (55,9), (5 5, 10), (5, 6, 0),
, 1), 5,6, 2), (5, 6, 3), (5, 6, 4), (5 6,5), (5 6, 6), (5 6,7), (5,6,8),(5,6,9), (5 6, 10),
,0),65,7,1),05,7,2),5,7,3),5,7,4),(5,7,5), (5,7,6), (5 7, 7), (5 7,8), (5 7,9),
, 10), (5, 8, 0), (5, 8, 1), (5,8, 2), (5,8, 3),(5,8,4),(5,8,5), (58, 6), (5 8, 7), (5, 8, 8),
,9), (5,8,10), (5,9,0), (5,9, 1), (59 2),(5,93),(5,9,4),(5,9,5), (59, 6), (59, 7),
, 8), (5,9, 9), (5 9, 10), (5, 10, 0), (5, 10, 1), (5, 10, 2), (5, 10, 3), (5, 10, 4), (5, 10, 5),
0, 6), (5, 10, 7), (5, 10, 8), (5, 10, 9), (5, 10, 10), (6, O, 0), (6, 0, 1), (6, O, 2), (6, 0, 3),
, 4), (6,0,5), (6,0,6), (6,0, 7), (6,0, 8), (6,0,9), (6,0, 10), (6, 1, 0), (6, 1, 1), (6, 1, 2),
, 3), (6,1,4),(,1,5),(6,1,6),(®,1,7),(6,1,8), (6, 1,9), (6 1, 10), (6, 2, 0), (6, 2, 1),
, 2), (6, 2, 3), (6, 2, 4), (6,2,5), (6,2, 6), (6,2,7), (6, 2, 8), (6, 2,9), (6, 2, 10), (6, 3, 0),
, 1), (6, 3, 2), (6, 3, 3), (6, 3, 4), (6,3,5), (6,3, 6), (6,3,7), (6, 3, 8), (6, 3,9), (6, 3, 10),
, 0), (6,4, 1), (6, 4, 2), (6,4, 3), (6,4,4), (6, 4,5), (6, 4,6), (6,4,7), (6, 4, 8), (6,4,9),
, 10), (6, 5, 0), (6, 5, 1), (6, 5, 2), (6, 5, 3), (6, 5, 4), (6, 5, 5), (6, 5, 6), (6, 5, 7), (6, 5, 8),
, 9), (6, 5, 10), (6, 6, 0), (6, 6, 1), (6, 6, 2), (6, 6, 3), (6, 6, 4), (6, 6, 5), (6, 6, 6), (6,6, 7),
, 8), (6, 6,9), (6, 6, 10), (6,7,0), (6,7, 1), (6,7, 2),(6,73), (6,7, 4),(6,7,5), (6,7, 6),
, 7),(6,7,8),(6,7,9), (6, 7, 10), (6, 8, 0), (6, 8, 1), (6, 8, 2), (6, 8, 3), (6, 8, 4), (6, 8, 5),
,6),(6,8,7), (6,8, 8),(6,8,9), (6, 8,10), (6,9, 0), (6,9, 1), (6,9, 2), (6,9, 3), (6,9, 4), (6,

9,5), (6,9, 6), (6,9, 7), (6,9, 8), (6,9,9), (6,9, 10), (6, 10, 0), (6, 10, 1), (6, 10, 2), (6, 10, 3),

(6,
(7,
(7,
(7,
(7,
(7,
(7,
(7,
(7,
(7,
(7,
(7,
(7,

1

0
1
2
2
3
4
5
6
.

8,

9
1

0, 4), (6, 10, 5), (6, 10, 6), (6, 10, 7), (6, 10, 8), (6, 10, 9), (6, 10, 10), (7, O, 0), (7, O, 1),

,2),(7,0,3),(70,4),(70,5),(70,6),((70,7),(70,8),(7009),(70,10), (7, 1, 0),
1), (7,1,2),(7,1,3),(7,1,4),((7,1,5),((7,1,6), (7,1, 7), (7,1, 8), (7, 1, 9), (7, 1, 10),
,0),(7,2,1),(7,2,2),(7,2,3),(7,2,4),(7,2,5), (7,2,6), (7,2, 7), (7, 2, 8), (7, 2, 9),
, 10), (7, 3,0), (7, 3,1), (7, 3,2), (7, 3,3), (7, 3,4), (7, 3,5), (7, 3, 6), (7,3, 7), (7, 3, 8),
,9), (7, 3, 10), (7, 4,0), (7,4,1), (7,4, 2),(7,4,3), (7,4,4), (7,4,5), (7, 4,6), (7,4, 7),
, 8), (7,4,9), (7, 4, 10), (7,5,0), (7,5, 1), (7, 5, 2), (7, 5, 3), (7, 5, 4), (7, 5, 5), (7, 5, 6),
, 1), (7,5,8),(7,5,9), (7,5, 10), (7, 6, 0), (7, 6, 1), (7, 6, 2), (7, 6, 3), (7, 6, 4), (7, 6, 5),
,6), (7,6,7),(7,6,8),(7,6,9), (7,6,10), (7,7,0), (7, 7,1), (7,7, 2), (7,7, 3), (7, 7, 4),
,5), (7,7,6), (7,7, 7),((7,7,8),(7,79), (77, 10), (7, 8,0), (7, 8, 1), (7, 8, 2), (7, 8, 3),

4),(7,8,5),(7,86),(7,8,7),(7,8,8), (7,8,9), (7, 8, 10), (7,9,0), (7,9, 1), (7, 9, 2),

,3),(7,9,4),(7,9,5),(7,9,6),(7,9,7),(7,9,8),(7,9,9), (7, 9, 10), (7, 10, 0), (7, 10, 1),
0, 2), (7, 10, 3), (7, 10, 4), (7, 10, 5), (7, 10, 6), (7, 10, 7), (7, 10, 8), (7, 10, 9), (7, 10, 10),

(8,0, 0), (8,0, 1), (8,0, 2), (8,0, 3), (8,0, 4), (8 0, 5), (8,0, 6), (8,0, 7), 8 0, 8), (8,0, 9),
8, 0, 10), (8, 1, 0), (8, 1, 1), (8, 1, 2), (8, 1, 3), (8, 1, 4), (8, 1, 5), (8, 1, 6), (8, 1, 7), (8, 1, 8),
8, 1,9), (8, 1, 10), (8, 2, 0), (8, 2, 1), (8, 2, 2), (8, 2, 3), (8, 2, 4), (8, 2, 5), (8, 2, 6), (8, 2, 7),
(8,2,8), (8,2 9), (82 10), (8 3,0), (8 3,1), (83, 2), (83 3), (83 4), (8 3,5), (8, 3,6),
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, 8), (8,4,9), (8 4, 10), (8,5,0), (8,5, 1), (8,5, 2), (8,5, 3), (8,5,
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,9),(9,0,10),(9,1,0),(9,1,1),(91,2),(1,3),(1,4), (5, 1)5), (9,
,8),(9,1,9), (9 1, 10), (9, 2,0), (9, 2,1), (9, 2, 2), (9, 2, 3), (9, 2, 4), (9,
,7),(9,2,8),(9 2,9), (9 2,10), (9,3,0), (9,3, 1), (9, 3, 2), (9, 3, 3), (9,
,6),(9,3,7),(93,8),(939), (9,3, 10), (9, 4,0), (9,4, 1), (9,4 2), (9,
7),(9,4,8),(94,9), (9 4, 10), (9,5,0), (9,5, 1), (9,
,4),(9,5,5),(9,56),(95,7),(975,8),(9,5,9), (9, 5, 10), (9, 6, 0), (9,
, 3), (9, 6,4), (9,6,5), (9,6,6), (9,6,7), (9, 6, 8), (9, 6,9), (9, 6, 10), (9,
,2),(9,7,3), (9,7, 4), (9,

1), (9, 8, 2), (9, 8, 3), (9, 8, 4), (9,8,5), (9, 8,6), (9,8, 7), (9, 8, 8), (9, 8,

o U~ W N P
~N o O A W N
~N o O W N PO

L 7), (9, 10, 8), (9, 10, 9), (9, 10, 10), (10, 0, 0), (10, 0, 1), (10, 0, 2), (10, 0, 3), (10,
,5), (10, 0, 6), (10, 0, 7), (10, 0, 8), (10, 0, 9), (10, 0, 10), (10, 1, 0), (10, 1, 1), (10,
. 3), (10, 1, 4), (10, 1, 5), (10, 1, 6), (10, 1, 7), (10, 1, 8), (10, 1, 9), (10, 1, 10), (10,
' 1), (10, 2, 2), (10, 2, 3), (10, 2, 4), (10, 2, 5), (10, 2, 6), (10, 2, 7), (10, 2, 8), (10,

8), (10, 3,9), (10, 3, 10), (10, 4, 0), (10, 4, 1), (10, 4, 2), (10, 4, 3), (10, 4, 4), (10,
, 6), (10, 4, 7), (10, 4, 8), (10, 4, 9), (10, 4, 10), (10, 5, 0), (10, 5, 1), (10, 5, 2), (10,

, 4), (10, 5, 5), (10, 5, 6), (10, 5, 7), (10, 5, 8), (10, 5, 9), (10, 5, 10), (10, 6, 0), (10,

, 0), (10, 7, 1), (10, 7, 2), (10, 7, 3), (10, 7, 4), (10, 7, 5), (10, 7, 6), (10, 7, 7), (10, 7,

, 9), (10, 7, 10), (10, 8, 0), (10, 8, 1), (10, 8, 2), (10, 8, 3), (10, 8, 4), (10, 8, 5), (10, 8,
7), (10, 8, 8), (10, 8, 9), (10, 8, 10), (10, 9, 0), (10, 9, 1), (10, 9, 2), (10, 9, 3), (10, 9,
9, 5), (10, 9, 6), (20, 9, 7), (10, 9, 8), (10, 9, 9), (10, 9, 10), (10, 10, 0), (10, 10, 1),
10, 2), (10, 10, 3), (10, 10, 4), (10, 10, 5), (10, 10, 6), (10, 10, 7), (10, 10, 8), (10, 10, 9),
10, 10)} mommoctr p3 —1 =113 -1 =1331 -1 = 1330.
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8),

1),
, 6),
» 5),
. 4),
)

2),
1),
0),

,5),(9,7,6),(9,7,7),(9,7,8), (9 7,9), (9, 7, 10),

9),
8),
6),

7),

» ),
» 3),
O
. 2), (10, 6, 3), (10, 6, 4), (10, 6, 5), (10, 6, 6), (10, 6, 7), (10, 6, 8), (10, 6, 9), (10, 6, 10),

8),
6),
4),



2.1.2. [IPOEKTUBHA I TOUKA ITPOEKTUBHON ITJIOCKOCTU

IIpoexmueHnoti mouKkou nNpoeKmueHol NiI0CKOCmU PZ(K) Hag noseM K HasbiBaeTcs
KJacC JKBUBAJICHTHOCTH KakoW-nmnOo mocienaoBatensHoctd Buma (X, Y, Z), cocrosiiei
U3 HE PaBHBIX OJJHOBPEMEHHO HYy:t0 3iieMeHToB X,Y,Z e K.

Hpu otom, ecmu B kadecte momst K- Beictymaer Fp (mosie BBIYETOB MO MOIYIIO P),

NPOEKTHBHASA TOYKA Oy/IeT UMETh MOIIHOCTb, paBHYIO P — 1.

PaCCMOTpI/IM, Halrpumep, KJIACChBI OKBHBAJICHTHOCTHU HpOCKTHBHOfI IIJIOCKOCTHU

PZ(K) = P2(Fp) = P2(F3) Hay nonem K=Fj,=F3= {0, 1, 2}. 3ameruM, 4YTO MpPHU 3STOM
eK™ =K\{0}=Fp, = F \{0}=F3\{0}= {0, 1, 2\{0} = {1, 2}.

Tak, smement (0, 0, 1) TPOEKTUBHON TUIOCKOCTH P2(F3) mpu A = 1 B COOTBETCTBUU
¢ (2.1) skBUBaJIEHTEH caM cebe:
(0,0,1) = (1-0(mod 3),1-0(mod 3),1-1(mod 3)) = (0,0, 1),
a npu A = 2 skBuBanenteH aeMeHty (0, 0, 2):
(0,0,1) = (2-0(mod 3),2-0 (mod 3), 2 -1 (mod 3)) = (0,0, 2).
Onement (0, 0, 2) IPOSKTUBHOM IJIOCKOCTH P2(F3) npu A = | SKBUBAJICHTEH caM ceOe:
(0,0,2) = (1-0(mod 3),1-0(mod 3),1-2(mod 3)) = (0,0, 2),
a npu A = 2 skBuBanenteH aeMenty (0, 0, 1):
(0,0,2) = (2-0(mod 3),2 -0 (mod 3), 2 -2 (mod 3)) = (0,0, 1).
CrenmoBarenbHO, Ki1accoM SKBHBaJieHTHOCTH 3ieMeHTa (0, 0, 1) sIBIsSETCS MHOXECTBO
skBuBaneHTHBIX 2nemenToB C1 = {(0, 0, 1), (0, 0, 2)}.
AHanoru4Ho, kiaccoM 3kBuUBasieHTHOCTH 3yeMeHTa (0, 1, 0) sABIsSETCS MHOKECTBO
skBuBaneHTHBIX memerToB Cz = {(0, 1, 0), (0, 2, 0)}.
Hanee, kmaccoM 3kBUBaJIeHTHOCTH AieMeHTa (0, 1, 1) siBisieTcss MHOYKECTBO 3KBHUBAJICHT-
ueix 31ementoB C3 = {(0, 1, 1), (0, 2, 2)}.

OcTanpHBIMM KJacCaMU SKBUBAJIEHTHOCTU (IPOEKTUBHBIMH TOYKAaMHU) TPOEKTHUBHOM

IJIOCKOCTH P2(F3) SIBJISIIOTCSI MHOKECTBA:

C+={(0, 1, 2), 0, 2, 1)},
Cs={(1,0,0), (2,0, 0)},
Ce={(1,0,1), (20,2},
cr={(1,0,2), (2 0, D)},
Cs={(1,1,0), (2,2, 0)},
Co={(1 1,1), (2 2 2)},
Co={(11,2), (2 2 1)},
Cu={(1,2,0), (2 1,07}
Cez={(1,21), (2 1,2}
Ci={122), 2 1 1}
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3aM€TI/IM, 4TO Kaxaass U3 3TUX TPHUHAAUATH IMPOCKTHUBHBIX TOYCK HpOeKTHBHOﬁ IIJIIOCKO-
P2(F,) =P%(F 1=3-1=2
cru P°(Fy) =P“(F3) , nmeer MomHoCTs, paBHyro p—1=3-1=2.
Bo BTOpOM mpuMepe KilaccaMu 3KBHBAJICHTHOCTH (IIPOCKTHBHBIMU TOYKAMH) TIPOCKTHB-

noit mwiockoern P%(K)=P?(Fp) =P?(F5) man nomem K=F,=Fs= {0, 1, 2, 3, 4} npn

reK' = F; = Fg ={1, 2, 3, 4} ABIAOTCS MHOXECTBA:

C1={(0,0,1), (0,0, 2), (0,0,3), (0,0, 4)},
C2={(0,1,0),(0,2,0),(0,3,0), (0, 4, 0)},
Cs={(0,1,1),(0,2,2),(0,3,3), (0,4, 4)}
Cs={(0,1,2),(0,24),(0,3,1), (0,4, 3)}
Cs={(0, 1, 3), (0, 2, 1), (0, 3, 4), (0, 4, 2)},
Cs={(0,1,4),(0,2,3),(0,3,2), (0,4, 1)},
C7={(1,0,0),(2,0,0),(3,0,0), (4,0, 0)},
Ce={(1,0,1),(2,0,2),(3,0,3),(4,0,4)}
Co=4{(1,0,2),(20,4),(3,01),(4,0,3)}
Cw0={(10,3),(2,0,1),(30,4), (40,2},
Cu=9{(1,0,4),(20,3),(30,2),(4,0,1)}
C12={(1,1,0),(2,20),(3,3,0), (4, 4,0},
Ciz={(1,1,1),(2 2 2),(3,3,3), (4 4,4)}
Cia={(1,1,2),(224), 3 3,1), 4 4,73)}
Cis={(1,1,3),(2,21), (3 3,4), 4 4,2)},
Cis={(1,1,4),(2,273),(3,3,2),(44,1)},
Ci7=4{(1,2,0),(2,4,0), (3 1,0), (43,0}
Cis={(1,21),(2,4,2),3,1,73), (4 3,4}
C1w=9{(1,22),(2,44),3 1,1), (4,3, 3)}
C20={(1,273),(2,4,1),3,1,4), 43,2},
Ca=4{(1,24),(2,4273),312),(4,3 1)}
C2={(1,3,0),(2,1,0),(34,0), (4, 2,0},
C3=4{(1,3,1),(2,1,2),(3,4,3), 4 2,4)},
C2={(1,3,2),(2,1,4),3,4,1), 4 2,3)},
Cxs=4{(1,3,3),(2,1,1),(3,4,4), 42, 2)},
Cx=9{(1,3,4),(2,1,3),(3,4,2),4,2,1)},
Cr=4{(1,4,0),(2,30), (3, 20),(41,0)},
Cxs=4{(1,4,1),(2,3,2),(3, 2,3),(4,1,4)},
Co=9{(1,4,2),(2,34),3,21),(4,1,3)},
C0=9{(1,4,3),(2,3,1),(3 2,4),41,2)}
Ca1=9{(1,4,4),(2,3,3),3,2,2),(4,1,1)}.
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3aMeTUM, YTO KakJas W3 3TUX TPUALATH OAHOM IMPOEKTUBHOM TOUYKHM IPOEKTUBHOU
IUIOCKOCTH P2(Fp) = P2(F5) , AIMEET MOIIIHOCTh, paBHylo p—1=5-1=4,

B 310l mpoeKTUBHON TIOCKOCTH, Hanpumep, Touku (2, 1, 3) u (3, 4, 2) SKBUBAJICHTHHI,
MIOCKOJIbKY CYIIECTBYET 3HaueHue (A =4) € K" = F; = Fg ={1, 2, 3, 4}, npu KoTOpOM:

(2,1,3) = (4-2(mod5),4-1(mod5),4-3(mod5)) = (3, 4, 2),

a Touku, Hanpumep, (2, 1, 3) u (4, 2, 3) SKBUBAJICHTHBIMU HE SIBJIAIOTCS, IIOCKOJBKY HE CYIIe-
* * *
CTByeT 3HaueHus A € K = Fp =F5= {1, 2, 3, 4}, obecneunBaromero 3KBUBaJIEHTHOCTh JIaH-

HBIX 3JICMCHTOB HpOCKTHBHOﬁ IIJIOCKOCTH..
(2,1,3) = (1-2(mod5),1-1(mod5),1-3(mod5)) = (2,1,3) = (4 2, 3),
(2,1,3) = (2-2(mod 5),2- 1 (mod 5), 2 - 3 (mod 5)) = (4,2, 1) = (4,2, 3),
(2,1,3) = (3-2(mod 5), 3- 1 (mod 5), 3 -3 (mod 5)) = (1,3,4) = (4 2, 3),
(2,1,3) = (4-2(mod 5), 4 -1 (mod 5), 4- 3 (mod 5)) = (3,4,2) = (4,2, 3).

B TPCTHEM IIPHUMEPEC KJIaCCaMH SKBUBAJICHTHOCTH (HpOCKTI/IBHHMI/I TO‘lKaMI/I) IIPOCKTUB-

HOM IUIOCKOCTHU P2(K)=P2(Fp):P2(F7) HaJl [0JIEM K:Fp:F7= {0, 1, 2, 3, 4, 5, 6} npu

LeK = FB = F;z {1,2,3,4,5, 6} ABIAI0TCSI MHOXKECTBA:

C:1={(,0,1),(0,0, 2), (0,0, 3),(0,0,4), (0,0,5), (0, 0,6)},
C2={(0,1,0), (0, 2,0),(0,3,0), (0, 4,0), (0,5, 0), (0, 6, 0)},
C3={(0,1,1),(0,2,2),(0,3,3),(0,4,4),(,5,5), (0, 6,6)},
C+={(0,1,2),(0,2,4),(0,3,6),(0,4,1),(0,5,3), (0,6, 5},
Cs={(0, 1, 3), (0, 2,6), (0, 3, 2), (0, 4,5), (0,5, 1), (0, 6, 4)},
Cs={(0,1,4),(0,21),(0,3,5),(0,4,2),(0,5,6), (0, 6, 3)},
C7={(,1,5),(0,2,3),(0,3,1), (0, 4,6), (0,5, 4), (0,6, 2)},
Cse={(0, 1,6), (0, 2,5), (0,3, 4),(0,4,3), (0,5, 2), (0, 6, 1)},
Co={(1,0,0),(2,0,0),(3,0,0), (4,0,0),(5,0,0), (6,0,0)},
Cw0={(10,1),(20,2),(30,3),(40,4),(5,0,5), (6,0,6)},
Cu=4{(1,0,2),(20,4),(30,06),(4,0,1),(5,0,3),(6,0,5)},
C12={(1,0,3),(2,0,6), (3,0, 2),(4,0,5), (50,1), (6,0,4)},
C13={(1,0,4),(2,0,1),(3,0,5), (4,0, 2),(5,0,6), (6,0, 3)},
C11={(1,0,5),(2,0,3),(30,1),(4,0,6), (50,4), (6,0, 2)},
Cis={(1,0,6),(20,5),(3,0,4),(4,0,3),(5,0,2), (6,0, 1)},
Ci=9{(1,1,0),(220),(3,3,0), (4, 4,0), (55,0), (6, 6, 0)},
Ci7={(1,1,1),(2,2,2),(3,3,3),(4,4,4), (55,5), (6, 6, 6)},
Ci=4{(1,1,2),(224),(3,3,6), (4 4,1), (55,3), (6, 6, 5)},
C1=9{(1,1,3),(22,6),(3,3,2),(4,4,5), (55,1), (6, 6, 4},
Cx0=4{(1,1,4),(221),(3,3,5),(44,2),(5,5,6), (6,6, 3)},
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Ca={(11,5),(2,23),(3,3,1),(4,4,6),(55,4), (6,6, 2)},

C2={(1,1,6),(2,2,5),(3,3,4),(4,4,3),(55,2), (6

161

D},

Cx3={(1,2,0),(24,0),(3,6,0), (4, 1,0), (5 3,0), (6, 5, 0)},

Cx={(1,21),(2,472),3,6,3),(4,1,4),(53,5), (6

!5!

6)},

Cx={(122),(2,4,4),36,6), (4 1,1),(53,3), (6,55}
Cx={(1223),(2,4,6),3,6,2),(4,1,5), (5 3,1), (6,5, 4)}
Cr={(1,2,4),(2,4,1),3,6,5), (4, 1, 2), (5 3,6), (6, 5, 3)},

Cx={(1,2,5),(2,4,3),(3,6,1),(4,1,6), (5 3,4), (6
Cx»={(1,2,6),(2,4,5),(3,6,4),(4,1,3),(53,2), (6

,5,
,5,

2)},
D}

C={(1,3,0),(2,6,0), (3 20),(4,5,0), (5 1,0), (6, 4,0)},

Ca1={(1,3,1),(2,6,2),(3,2,3),(4,54),(51,5), (6

!4!

6)},

C2={(1,3,2),(2,6,4), 3, 2,6),(4,5,1),(51,3), (64,5}
C3=9{(1,3,3),(2,6,6),(3,2,2),(4,5,5), (5 1,1), (6, 4, 4},
C=9{(1,3,4),(2,6,1),(3,2,5),(4,5,2),(51,6), (6, 4, 3)},

Css=9{(1,3,5),(2,6,3),(3,2,1),(4,5,6),(51,4), (6
Cs={(1,3,6),(2,6,5),(3,2,4),(4,5,3),(512), (6

l4l
l4l

2)},
D}

Csr={(1,4,0),(2,1,0),(3,5,0), (4,2,0), (56,0, (6,3,0)},

Cs={(1,41),(212),(353),(424),(56,5), (6

l3l

6)},

C=9{(1,4,2),(2,1,4),3,5,6), (4, 2,1), (56,3), (6, 3,5)},
Cxw0=9{(1,4,3),(2,1,6), (3,5, 2), (4 2,5), (56,1), (6, 3, 4},
Cu=9{(1,4,4),(21,1),3,505),(42,2),(5,6,6), (6, 3, 3)},

Cs={(1,4,5),(2,1,3),(3,51),(4,2,6), (56,4), (6
Cs={(1,4,6),(2,1,5),(3,54),(4,2,3),(56,2), (6

Cs={(1,5,0),(2,3,0),(3,1,0), (4,6,0), (5 4,0), (6,

Cs=9{(1,51),(2,3,2),(3,1,3),(4,6,4),(54,5), (6
Cs=9{(1,5,2),(2,3,4),(3,1,6),(4,6,1),(54,3), (6
Cs7={(1,5,3),(2,3,6),(3,1,2),(4,6,5), (5 4,1), (6
Cs={(1,54),(2,3,1),3,1,5),(4,6,2), (5 4,6), (6
Cs={(1,5,5),(2,3,3),(3,1,1),(4,6,6), (54,4), (6
Cso={(1,5,6),(2,3,5),(3,1,4),(4,6,3), (5 4,2), (6
Cs1={(1,6,0),(2,5/0),(3,4,0),(4,3,0),(520), (6
Cs2={(1,6,1),(2,5,2),(3,4,3),(4,3,4),(5,2,5), (6
Cs3=9{(1,6,2),(2,54),(3,4,6),(4,3,1),(5,2,3), (6
Cs4a={(1,6,3),(2,5,6),(3,4,2),(4,3,5),(52,1), (6
Css={(1,6,4),(2,51),(3,4,5),(4,3,2),(52,6), (6
Cs6={(1,6,5),(2,5,3),(3,4,1),(4,3,6),(52,4), (6
Cs7={(1,6,6),(2,5,5),(3,4,4),(4,3,3),(5,2,2), (6

l3l
l3l
2

2,
2,
, 2,
2,
2,
2,
1,
1,
1,
1,
1,
1,
1

2)},
D}

0},

6)},
5}
4%,
3}
2)},
D}
03,
6)},
5}
4t
3t
2)},
1)}.



3aMeTuM, YTO KaKaas M3 ITUX ISATHUACCITH CEMH MPOCKTUBHBIX TOYCK MPOCKTHBHOMN
TUIOCKOCTH P2(Fp) = P2(F7) MMeEEeT MOITHOCTh, paBHylo p—1=7 -1 =6.
B uerBepToM mpumepe KiaccamMH 3KBHBAJICHTHOCTH (IIPOCKTUBHBIMH TOYKAMH) MPOCK-

TUBHOU IIIIOCKOCTH PZ(K) =P2(Fp) = PZ(Fll) Hajg noineM K :Fp =F1=4{0,1,2,34,5,6, 7,

8,9, 10} mpu A e K~ =Fp =F1={1,2,3,4,5,6,7,8,9, 10} assiorcs MHOXecTBa:

C1={(0, 0, 1), (0, 0, 2), (0, 0, 3), (0, 0, 4), (0, 0, 5), (0, 0, 6), (0, 0, 7),
0,0, 8), (0,0, 9), (0, 0, 10)},
C2={(0, 1, 0), (0, 2, 0), (0, 3, 0), (0, 4, 0), (0, 5, 0), (0, 6, 0), (0, 7, 0),
0, 8, 0), (0, 9, 0), (0, 10, 0)},
C:={(0, 1, 1), (0, 2, 2), (0, 3, 3), (0, 4, 4), (0, 5, 5), (0, 6, 6), (0, 7, 7),
(0, 8, 8), (0,9, 9), (0, 10, 10)},
C+={(0, 1, 2), (0, 2, 4), (0, 3, 6), (0, 4, 8), (0, 5, 10), (0, 6, 1), (0, 7, 3),
0, 8,5), (0,9, 7), (0, 10, 9)},
Cs={(0, 1, 3), (0, 2, 6), (0, 3, 9), (0, 4, 1), (0, 5, 4), (0, 6, 7), (0, 7, 10),
0, 8, 2), (0, 9, 5), (0, 10, 8)},
Cs={(0, 1, 4), (0, 2, 8), (0, 3, 1), (0, 4, 5), (0, 5, 9), (0, 6, 2), (0, 7, 6),
(0, 8, 10), (0, 9, 3), (0, 10, 7)},
Cr={(0, 1, 5), (0, 2, 10), (0, 3, 4), (0, 4, 9), (0, 5, 3), (0, 6, 8), (0, 7, 2),
0,8, 7), 0,9, 1), (0, 10, 6)},
Cs={(0, 1, 6), (0,2, 1), (0, 3, 7), (0, 4, 2), (0, 5, 8), (0, 6, 3), (0, 7, 9),
(0, 8, 4), (0, 9, 10), (0, 10, 5)},
Co={(0,1,7), (0,2, 3), (0,3, 10), (0, 4, 6), (0, 5, 2), (0, 6, 9), (0, 7, 5),
0, 8, 1), (0, 9, 8), (0, 10, 4)},
C10={(0, 1, 8), (0, 2, 5), (0, 3, 2), (0, 4, 10), (0, 5, 7), (0, 6, 4), (0, 7, 1),
0, 8,9), (0, 9, 6), (0, 10, 3)},
Cu={(0,1,9), (0,2 7),(0,3,5), 0,4,3),(0,5,1), (0, 6 10), (0, 7, 8),
0, 8, 6), (0, 9, 4), (0, 10, 2)},
C12={(0, 1, 10), (0, 2, 9), (0, 3, 8), (0, 4, 7), (0, 5, 6), (0, 6, 5), (0, 7, 4),
0, 8, 3), (0, 9, 2), (0, 10, 1)},
Ci={(1,0,0), (2,0,0), (3,0, 0), (40, 0), (5,0,0), (6 0,0), (7,0,0),
(8,0, 0), (9, 0, 0), (10, 0, 0)},
Cu={(10, 1), (2 0,2), (30 3),(40,4),(50,5),(5,0,86), (7,0,7),
(8,0, 8), (9, 0, 9), (10, 0, 10)},
Cis={(1,0,2), (2 0,4),(30,86), (4 0,8), (5 0,10), (6,0, 1), (7,0, 3),
(8,0,5), (9,0, 7), (10, 0, 9)},
Cis={(10,3), (2 0,6),(3,0,9), (4 0,1), (5 0,4), (60,7), (7,0, 10),
(8,0,2), 9,0,5), (10, 0, 8)},
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Ci7={(1,0,4),(2,0,8),(3,0,1),(4,0,5), (50,9), (6,0, 2), (7,0, 6),
(8,0,10),(9,0,3), (10,0, 7)},
Ci={(1,0,5),(20,10),(3,0,4),(4,0,9),(50,3),(6,0,8), (7,0, 2),
8,0,7),(9,0,1), (10,0, 6)},
C1v={(1,0,6),(2,0,1),(3,0,7),(4,0,2),(5,0,8), (6,0, 3),(7,0,9),
(8,0,4),(9,0,10), (10,0, 5)},
Cx0={(1,0,7),(20,3),(3,0,10), (4,0,6), (5,0, 2),(6,0,9),(7,0,5),
8,0,1),(9,0,8), (10,0, 4)},
Ca={(1,0,8),(2,0,5),(3,0,2),(4,0,10),(5,0,7),(6,0,4),(7,0,1),
8,0,9),(9,0,6), (10,0, 3)},
C»2={(1,0,9),(207),(3,0,5),(40,3),(50,1), (6,0, 10), (7, 0, 8),
8,0,6), (9,0, 4), (10,0, 2)},
Cx»={(1,0,10),(2,0,9),(3,0,8),(4,0,7), (50,6), (6,0,5), (7,0, 4),
8,0,3),(9,0,2), (10,0, 1)},
Cx=9{(1,1,0),(220),(3,3,0),(4,4,0), (55,0, (6,6,0), (7, 7,0),
(8,8,0),(9,9,0), (10, 10, 0)},
Cx={(1,1,1),(2,2,2),(3,3,3),(4,4,4),(55,5),(6,6,6), (7,7, 7),
8,8,8),(9,9,9), (10, 10, 10)},
Cx={(1,1,2),(22,4),(3,3,6), (4 4,8), (55, 10), (6,6, 1), (7, 7, 3),
8,8,5),(9,9,7), (10, 10, 9)},
Cr={(1,1,3),(2,2,6),(3,3,9),(4,4,1),(55,4), (6,6, 7), (7, 7, 10),
8,8,2),(909,5), (10, 10, 8)},
Cxs={(1,1,4),(2238),(33,1),(4,4,5),(55,9),(6,6,2),(77,6),
(8,8, 10), (9, 9, 3), (10, 10, 7)},

Cx»={(1,1,5),(2 2,10),(3,3,4),(4,4,9), (5,5,3), (6,6, 8), (7, 7, 2),
8,8,7),(9091), (10, 10, 6)},
C0=9{(1,1,6),(2,2,1),3,3,7),(4,4,2),(55,8),(6,6,3), (7, 7,9),
(8,8,4), (9,9, 10), (10, 10, 5)},
Ca={(1,1,7),(22,3),(3,3,10), (4,4,6),(5,5,2),(6,6,9), (7,7,5),
(8,8,1),(9,9,8), (10, 10, 4)},
C2={(1,1,8),(22,5), (3,3,2),(4,4,10), (5,5,7), (6,6, 4), (7,7, 1),
(8,8,9), (9,9, 6), (10, 10, 3)},
Cx={(1,1,9),((227),(3,3,5),(44,3),(55,1), (6,6, 10), (7, 7, 8),
(8,8,6),(9,9,4), (10, 10, 2)},
Ca=9{(1,1,10),(2,2,9),(3,3,8),(4,4,7), (5,5, 6), (6,6,5), (7,7, 4),
8,8,3),(909,2), (10, 10, 1)},
Css={(1,2,0),(2,4,0), (3,6,0), (4, 8,0), (5 10, 0), (6,1, 0), (7, 3, 0),
8,5,0),(9,7,0), (10,9, 0)},



Css={(L 2 1), (2, 4,2), (3,6, 3), (4 8, 4), (5, 10, 5), (6, 1, 6), (7, 3, 7),
8,5,8), (9,7, 9), (10, 9, 10)},

Csr={(1,2,2),(2,4,4),3,6,6), (4,8,8), (5 10, 10), (6, 1, 1), (7, 3, 3),

8,5,5),(9,7,7), (10,9, 9)},

Cs={(1,2,3),(24,6),(3,6,9), (4, 8,1), (5 10,4), (6,1, 7), (7, 3, 10),

8,5,2),(9,7,5), (10,9, 8)},
C0={(1,2,4),(2,4,8),(3,6,1),(4,8,5), (5 10,9), (6,1, 2), (7, 3, 6),
(8,5,10),(9,7,3), (10,9, 7)},

Cw={(1,2,5), (2 4,10),(3,6,4),(4,8,9), (5 10, 3), (6, 1, 8), (7, 3, 2),

8,5,7),(9,7,1), (10,9, 6)},
Cua=4{(1,2,6),(241),(3,6,7),(48,2),(5,10,8), (6,1, 3),(7,3,9),
(8,5,4),(9,7,10), (10,9, 5)},

Cs2={(1,2,7),(24,3), 3,6, 10), (4, 8, 6), (5, 10, 2), (6, 1, 9), (7, 3, 5),

8,5,1),(9,7,8), (10,9, 4)},

Cs={(1,2,8),(24,5), 3,6, 2),(4,8,10), (5 10,7), (6,1, 4),(7,3,1),

8,5,9),(9,7,6), (10, 9, 3)},

Cu=9{(1,2,9),(2,4,7),(3,6,5), (48, 3), (5 10,1), (6, 1, 10), (7, 3, 8),

8,5,6),(9,7,4), (10,9, 2)},

Css={(1,2,10),(2,4,9),(3,6,8), (4,8, 7), (5, 10, 6), (6, 1, 5), (7, 3, 4),

8,5,3), (9 7,2), (10,9, 1)},
Cas ={(1,3,0), (2, 6,0), (3,9, 0), (4 1,0), (5, 4, 0), (6,7, 0), (7, 10, 0),
(8,2, 0), (9,5, 0), (10, 8, 0)},
Car={(1,3,1),(26,2),(3,93), (41 4), (5 45),(6 7 6), (7,10, 7),
(8,2, 8), (9,5,9), (10, 8, 10)},

Cse={(1,3,2),(2,6,4),3,9,6), (4 1,8), (5,4, 10), (6,7, 1), (7, 10, 3),

8,2,5),(9,5,7), (10, 8, 9)},

Cx=9{(1,3,3),(2,6,6),(3,9,9), (4 1,1),(54,4),(6,7,7), (7, 10, 10),

8, 2,2),(9,5,5), (10, 8, 8)},
Cs0=9{(1,3,4),(2,6,8),(3,9,1),(4,1,5), (5 4,9), (6,7, 2), (7, 10, 6),
(8,2,10), (9,5, 3), (10, 8, 7)},

Cs1={(1,3,5),(2,6,10),(3,9,4),(4,1,9), (5 4,3), (6,7,8), (7, 10, 2),

8,2,7),(9,5,1), (10, 8, 6)},
Cs2={(1,3,6),(2,6,1),(3,9,7),(4,1,2),(54,8),(6,7,3), (7, 10, 9),
(8,2,4),(9,5,10), (10, 8, 5)},

Css={(1,3,7),(26,3), (3,9, 10), (4,1,6), (54, 2),(6,7,9), (7, 10, 5),

8,2,1), (9,5, 8), (10, 8, 4)},

Cs4={(1,3,8),(2,6,5), (3,9, 2), (4 1,10), (5 4,7),(6,7,4), (7 10, 1),

8,2,9), (9,5, 6), (10, 8, 3)},
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Css={(1,3,9), (2,6, 7), (3,9,5), 4 1, 3), (5, 4, 1), (6, 7, 10), (7, 10, 8),
(8,2, 6), 9,5, 4), (10, 8, 2)},
Css = {(1, 3, 10), (2, 6, 9), (3, 9, 8), (4, 1, 7), (5, 4, 6), (6, 7, 5), (7, 10, 4),
(8,2, 3),9,5,2), (10, 8, 1)},
Csr={(1,4,0), (2,8,0), (3,1, 0), (4,5, 0), (5,9,0), (6 2,0), (7, 6,0),
(8, 10, 0), (9, 3, 0), (10, 7, 0)},
Css={(1, 4, 1), (2 8,2), 3, 1 3),(45,4),(59,5), 6 2, 6), (7,6, 7),
(8, 10, 8), (9, 3, 9), (10, 7, 10)},
Cso={(1,4,2), (2,8,4), (3,1,6), (45,8), (5,9, 10), (6, 2, 1), (7, 6, 3),
(8,10, 5), (9, 3, 7), (10, 7, 9)},

Coo={(1,4,3), (2,8,6), (3, 1,9), (45,1), (59, 4), (6 2,7), (7, 6, 10),
(8, 10, 2), (9, 3, 5), (10, 7, 8)},
Cor={(1,4,4),(2,8,8), (3,1, 1), (455),(5909),(6 2 2), (7,86, 6),
(8, 10, 10), (9, 3, 3), (10, 7, )},

Cee={(1,4,5), (2,8, 10), (3, 1, 4), (4,5, 9), (5,9, 3), (6, 2, 8), (7, 6, 2),
(8,10, 7), (9, 3, 1), (10, 7, 6)},

Ces={(1,4,6), (2,8,1),3,1,7),(452),(598), (6 2 3), (7,6,9),
(8, 10, 4), (9, 3, 10), (10, 7, 5)},

Ceaa={(1,4,7), (2,8,3), (3,1, 10), (4,5, 86), (59 2), (6 2,9), (7, 6,5),
(8, 10, 1), (9, 3, 8), (10, 7, A)},

Ces ={(1, 4, 8), (2,8,5), (3, 1,2), (45, 10), (5,9, 7), (6, 2, 4), (7, 6, 1),
(8, 10, 9), (9, 3, 6), (10, 7, 3)},

Ces ={(1,4,9), (2,8,7),3,1,5), (45,3), (59 1), (6 2, 10), (7, 6, 8),
(8, 10, 6), (9, 3, 4), (10, 7, 2)},

Cer={(1, 4, 10), (2, 8,9), (3, 1, 8), (4,5, 7), (5, 9, 6), (6, 2, 5), (7, 6, 4),
(8, 10, 3), (9, 3, 2), (10, 7, 1)},

Ces = {(1, 5, 0), (2, 10, 0), (3, 4, 0), (4, 9, 0), (5, 3, 0), (6, 8, 0), (7, 2, 0),
(8,7,0), (9,1, 0), (10, 6, 0)},

Coo={(1,5, 1), (2,10, 2), (3, 4, 3), (4,9, 4), (5, 3, 5), (6, 8, 6), (7, 2, 7),
(8,7,8),9,1,9), (10, 6, 10)},

Cro={(1,5,2), (2,10, 4), (3, 4,6), 4,9, 8), (5, 3, 10), (6, 8, 1), (7, 2, 3),
(8,7,5), (9, 1,7), (10, 6, 9)},

Cn={(1,5,3), (2,10, 6), (3, 4,9), 4,9, 1), (5 3,4), (6 8,7), (7, 2, 10),
(8,7,2), 9, 1,5), (10, 6, 8)},

Crz={(1,5,4), (2,10, 8), (3, 4, 1), (4,9, 5), (5, 3, 9), (6, 8, 2), (7, 2, 6),
(8,7, 10), (9, 1, 3), (10, 6, 7)},

Cr={(1,5,5), (2, 10, 10), (3, 4, 4), (4,9, 9), (5, 3, 3), (6, 8, 8), (7, 2, 2),
8,7,7), 9,1, 1), (10, 6, 6)},
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C4={(1,5,6),(2,10,1),(3,4,7),(4,9,2),(53,8),(6,8,3), (7,2,9),
(8,7,4),(9,1,10), (10, 6, 5)},

Cr={(1,5,7), (2 10, 3), (3, 4,10), (4,9,6), (5, 3,2),(6,8,9), (7,2, 5),

8,7,1),(9,1,8), (10, 6, 4)},

Cw={(1,5,8), (2, 10,5), (3,4, 2), (4,9, 10), (5,3,7), (6, 8,4), (7,2, 1),

8,7,9),(9,1,6), (10, 6, 3)},

C7={(1,5,9), (2 10,7),(3,4,5), (4,9,3), (5 3,1), (6, 8, 10), (7, 2, 8),

8,7,6), (9,1, 4), (10, 6, 2)},

Cw={(1,5,10), (2, 10,9),(3,4,8),(4,9,7), (5, 3,6), (6, 8,5), (7, 2, 4),

8,7,3), (9, 1,2), (10, 6, 1)},

Cro={(1,6,0), (2, 1,0), (3 7,0), (4 2,0), (5,8, 0), (6,3, 0), (7, 9, 0),
(8, 4, 0), (9, 10, 0), (10, 5, 0)},

Coo={(1,6,1), (2, 1,2), (3 7,3), (4 2 4), (5,8,5), (6, 3, 6), (7, 9, 7),
8, 4, 8), (9, 10, 9), (10, 5, 10)},

Car={(1,6,2), (2,1, 4), (3,7, 6), (4 2, 8), (5,8, 10), (6,3, 1), (7, 9, 3),
(8, 4, 5), (9, 10, 7), (10, 5, 9)},

Ceo={(1,6,3), (2, 1,6),(3,7,9), (4 2 1), (58, 4), (6,3,7), (7, 9, 10),
8, 4, 2), (9, 10, 5), (10, 5, 8)},

Ces={(1, 6,4), (2, 1,8),(3,7,1), (4 25), (5,8,9), 6,3, 2), (7, 9, 6),
8, 4, 10), (9, 10, 3), (10, 5, 7)},

Cas ={(L, 6,5), (2, 1, 10), (3, 7, 4), (4, 2, 9), (5, 8, 3), (6, 3, 8), (7, 9, 2),
8, 4,7), (9, 10, 1), (10, 5, 6)},

Ces={(1,6,6), (2,1, 1), (3, 7,7), (4 2 2), (5,8, 8), (6,3, 3), (7, 9, 9),
8, 4, 4), (9, 10, 10), (10, 5, 5)},

Css ={(1,6,7), (2, 1, 3), (3,7, 10), (4, 2, 6), (5 8, 2), (6,3,9), (7, 9, 5,
8, 4, 1), (9, 10, 8), (10, 5, 4)},

Cer={(1,6,8), (2, 1,5), (3,7, 2), (4 2,10), (5 8,7), (6,3, 4), (7, 9, 1),
(8, 4,9), (9, 10, 6), (10, 5, 3)},

Ces={(1,6,9), (2, 1,7),(3,7,5), (4 2 3), (58, 1), (6, 3, 10), (7, 9, 8),
(8, 4, 6), (9, 10, 4), (10, 5, 2)},

Cso = {(1, 6, 10), (2, 1, 9), (3,7, 8), (4, 2, 7), (5, 8, 6), (6, 3, 5), (7, 9, 4),
8, 4,3), (9, 10, 2), (10, 5, 1)},

Coo={(1,7,0), (2, 3,0), (3, 10, 0), (4, 6, 0), (5, 2, 0), (6, 9, 0), (7, 5, 0),
8, 1,0), (9, 8, 0), (10, 4, 0)},

Cu={(1,7,1), (23 2), (3 10, 3), 4, 6,4), (5,2,5), 6,9, 6), (7, 5, 7),
@, 1,8), (9, 8,9), (10, 4, 10)},

Ce2={(1,7,2), (2, 3,4),3,10,6), (4,6, 8), (5 2,10), (6,9,1), (7,5, 3),

8,1,5),(9,8,7), (10, 4, 9)},
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Ce3={(1,7,3),(2,3,6),(3,10,9), (4,6, 1), (5 2,4),(6,9,7), (7,5, 10),
8,1,2),(9,8,5), (10, 4, 8)},
Cat={(1,7,4),(23,8),(3,10,1),(4,6,5),(5,2,9), (6,9, 2), (7, 5, 6),
(8,1, 10), (9, 8, 3), (10,4, 7)},

Cos ={(1,7,5), (2,3, 10), (3,10,4), (4,6,9), (5, 2,3),(6,9,8), (7,5, 2),
8,1,7),(9,8,1), (10, 4, 6)},
Cos={(1,7,6),(2,3,1),(3,10,7), (4,6, 2), (5, 2,8), (6,9, 3), (7,5,9),
(8,1,4),(9,8,10), (10, 4, 5)},
Cor={(1,7,7),(23,3), (3,10, 10), (4,6,6), (5 2,2),(6,9,9), (7,5, 5),
8,1,1),(9,8,8), (10, 4, 4)},

Ces={(1,7,8), (2, 3,5), (3,10, 2), (4,6, 10), (5 2,7),(6,9,4), (7,5, 1),
8,1,9), (9, 8,6), (10, 4, 3)},
Ceo={(1,7,9),(2,3,7),(3,10,5), (4,6,3), (5 2,1), (6,9, 10), (7, 5, 8),
8,1,6), (9, 8,4), (10, 4, 2)},

Ci0={(1, 7, 10), (2, 3,9), (3, 10, 8), (4,6, 7), (5, 2,6), (6,9, 5), (7, 5, 4),
8,1,3),(9,8,2), (10, 4, 1)},
Cw1=4(1,8,0),(2,5,0),(3,2,0), (4,10,0), (5 7,0), (6, 4,0), (7,1, 0),
8,9,0),(9,6,0), (10, 3, 0)},
Cw2=4(1,8,1),(2,5,2),(3,2,3), (4,10,4),(57,5),(6,4,6), (7,1, 7),
8,98),(96,9), (10, 3, 10)},
Cw3={(1,8,2),(2,5,4),(3,2,6), (4,10,8), (57, 10), (6, 4, 1), (7, 1, 3),
8,9,5),(9,6,7), (10, 3, 9)},
Ci4=4(1,8,3),(2,5,6),(3,2,9), (410,1), (57,4),(,4,7), (7,1, 10),
8,9, 2),(9,6,5), (10, 3, 8)},
Cws=4(1,8,4),(2,5,8),(3,2,1), (4,10,5), (5,7,9), (6, 4, 2), (7,1, 6),
(8,9,10), (9, 6, 3), (10, 3, 7)},

Ci6 ={(1, 8,5), (2,5, 10), (3, 2, 4), (4,10, 9), (5,7, 3), (6,4, 8), (7, 1, 2),
8,9,7),(9,6,1), (10, 3, 6)},
Cw7={(1,8,6),(2,5,1),(3,2,7), (4,10, 2),(5,7,8),(6,4,3),(7,1,9),
8,9,4),(9,6,10), (10, 3,5)},
Cws={(1,8,7),(2,5,3), (3, 2,10), (4, 10, 6), (5,7, 2), (6,4,9), (7, 1, 5),
8,9,1), (9,6, 8), (10, 3, 4)},
Ci0=4(1,8,8),(2,5,5), (3, 2, 2), (4,10,10), (5, 7,7),(6,4,4), (7,1,1),
8,9,9), (9, 6, 6), (10, 3, 3)},
Cu0=4(1,8,9),(2,5,7),(3,2,5), (4,10, 3), (57,1), (6, 4,10), (7, 1, 8),
8,9,6), (9,6, 4), (10, 3, 2)},

Ciu1={(1,8,10), (2,5 9), (3, 2,8),(4,10,7),(57,6), (6,4,5), (7, 1, 4),
8,9,3),(9,6,2), (10, 3, 1)},



Cu2={(1,9,0),(2,7,0),(3,5,0),(4,3,0), (5 1,0), (6, 10,0), (7, 8, 0),
(8,6,0),(9,4,0), (10, 2, 0)},
Cus=4{(1,91),(2,7,2),(3,5,3),4,3,4), (5 1,5), (6, 10, 6), (7,8, 7),
(8,6,8),(9,4,9), (10, 2, 10)},

Cus={(1,92),(2,74),(@3,5,6), 4,3,8), (5, 1,10), (6, 10, 1), (7, 8, 3),

(8,6,5),(9,4,7), (10, 2, 9)},

Cus=4(1,93),(2,7,6),(3,59),4,3,1), (5 1, 4), (6,10, 7), (7, 8, 10),

(8,6,2),(9,4,5), (10, 2, 8)},
Cus=4(1,94),(2,7,8),(3,51),(4,3,5),((5,1,9), (6, 10, 2), (7, 8, 6),
(8, 6,10), (9, 4, 3), (10, 2, 7)},

Cu7={(1,9,5),(2,7,10), (3,5, 4), (4, 3,9), (51, 3), (6, 10, 8), (7, 8, 2),

8,6,7),(9,4,1), (10, 2, 6)},
Cus={(1,9,6),(2,7,1),(3,57),(4,3,2),(5,1,8), (6, 10, 3), (7,8, 9),
(8,6,4),(9,4,10), (10, 2, 5)},

Cuo={(1,97),(2,773),(3,5,10), (4 3,6), (51, 2), (6, 10,9), (7, 8, 5),

(8,6,1),(9,4,8), (10, 2, 4)},

Ci20=4(1,9,8),(2,7,5), (3,5, 2), (4, 3,10), (51, 7), (6, 10, 4), (7, 8, 1),

(8,6,9), (9, 4,6), (10, 2, 3)},

Ci21=4{(1,99),(2,7,7),(3,5,5), 4, 3,3), (5 1, 1), (6, 10, 10), (7, 8, 8),

(8,6,6),(9,4,4), (10, 2, 2)},

Ci2={(1,9,10),(2,7,9),(3,5,8),4,3,7), (5 1,6), (6, 10, 5), (7, 8, 4),

(8,6,3),(9,4,2), (10, 2, 1)},

Ci23 ={(1, 10, 0), (2,9, 0), (3,8, 0), (4, 7,0), (5,6, 0), (6,5, 0), (7, 4,0),
8,3,0), (9,2, 0), (10, 1, 0)},
C124=4(1,10,1),(2,9,2),(3,8,3),(4,7,4),(5,6,5),(6,5,6), (7,4, 7),
8,3,8),(9,2,9), (10, 1, 10)},

Cis ={(1, 10, 2), (2,9, 4), (3, 8,6), (4,7, 8), (5,6, 10), (6, 5, 1), (7, 4, 3),

8,3,5),(9,2,7), (10, 1, 9)},

Ci26 ={(1, 10, 3), (2,9,6), (3,8,9), (4, 7,1), (5,6, 4), (6,5, 7), (7, 4, 10),

8,3,2),(9,2,5),(10, 1, 8)},
C27={(1, 10, 4),(2,9,8),(3,8,1),(4,7,5),(56,9), (6,5, 2), (7, 4, 6),
(8,3,10), (9, 2,3), (10,1, 7)},

Ci2s = {(1, 10, 5), (2, 9, 10), (3, 8, 4), (4, 7,9), (5, 6, 3), (6, 5, 8), (7, 4, 2),

8,3,7),(9 21),(10, 1, 6)},
Ci20={(1, 10, 6),(2,9,1),(3,8,7),(4,7,2), (5,6, 8), (6,5, 3), (7,4,9),
(8,3,4), (9 2,10), (10,1, 5)},

C10={(1,10,7), (2,9, 3), (3, 8,10), (4,7,6), (56, 2),(6,5,9), (7, 4,5),

8,3,1), (9, 2,8), (10, 1, 4)},
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Ciz = {(1, 10, 8), (2,9, 5), (3, 8, 2), (4, 7, 10), (5, 6, 7), (6, 5, 4), (7, 4, 1),
(8,3,9), (9, 2, 6), (10, 1, 3)},

Cizz={(1,10,9), (2,9, 7), 3, 8,5), (4, 7, 3), (5, 6, 1), (6, 5, 10), (7, 4, 8),
(8,3, 6), (9, 2, 4), (10, 1, 2)},

Ciss = {(1, 10, 10), (2, 9, 9), (3, 8, 8), (4, 7, 7), (5, 6, 6), (6, 5, 5), (7, 4, 4),
(8,3,3), (9, 2,2), (10, 1, 1)}

3aMeTuM, 4TO KaxkJas U3 ITHX CTa TPUALATU TPEX NMPOEKTUBHBIX TOYEK MPOEKTUBHOU

IIOCKOCTH P2(Fp) = PZ(Fll) MMeeT MOIIHOCTh, paBHyto p—1 =11 -1 =10.

2.1.3. DJUIMIITUYECKAA KPUBAS (B ITPOEKTUBHBIX KOOPJIMHATAX)

Onnunmuyeckou xpueou E Ha3piBaeTCs MHOXECTBO TOYEK IMPOCKTUBHOW IJIOCKOCTH
PZ(K), YIOBJIETBOPSIIONIMX OJHOPOJAHOMY ypaBHEHHIO Beitepmtpacca (Onunnoi gopme
Betiepwumpacca):

F(X,Y,Z) = - X3+Y2Z +a)XYZ —a,X?Z +ag¥ 2% —a,Xz%-a52%=0, (2.2)
rae Kodp@UIMEHThl (C UCTOPUYECKH CIOKUBIIMMHUCS OOO3HAueHWsMU) a1, dp, agz, ay,
ag € K.

ITycte B kauecTBe monst K BEICTYyHaeT 1moJjie BEIYETOB IO MPOCTOMY MOAYIIO P, 0003Ha-

yaemoe cumBonoM Fp, 1 nycts npu oTom, Hanmpumep, P = 3. BbrauciuM 3HaueHus QyHKIMHM
o — 3 2 2 2 2 3
Beiiepmtpacca F(X,Y,Z) = - X +YZ+ayXYZ-a,X“Z+azYZ —a4XZ°—agZ> nna
TOYEK MPOEKTUBHON MIIOCKOCTH PZ(K) = P2(Fp) = P2(F3) npuai1=0,a=0,a3=0, as = 2,
as = 1:
. — 3,.v?2 2 2 2 3_
(0,0,1): F(X,Y,Z) = =X +YZ +ayXYZ-ayX“Z+agYZ —auXZ“—agl"=

_X34Y2Z +0.XYZ-0-X2%Z+0-YZ%-2.XZ7%-1.28%=

_X3+Y2z _oxz72%2_78=

~0%+02.1-2.0-121%3= 1 (mod 3) = 2,

(0,0,2): F(X,Y,Z) = - X3+Y?Z —2xz72%-73=
= -0°+0%.2-2.0-2°-2%= -8 (mod 3) = 1,
(0,1,0): F(X,Y,Z) = -X3+Y%Z —2xZ7?%-73=
= -0%+1%2.0-2-0-0%-0%=0,

0,1,1): F(X,Y,Z) = - X3+Y?Z —2xz72%-73=
= -0°+1%2.1-2.0.12-1®=1-1=0,
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0,1,2): F(X,Y,Z) = -X3+Y%Z —2xZ7?%-73=

= _0%+1%2.2-2.0.22-2°=2_-8=-6(mod 3) =0,
(0,2,0): F(X,Y,Z) = -X3+Y%Z —2xz2-73=

= -0%+22.0-2.0-0-0%=0,

0,2,1): F(X,Y,Z) = - X3+Y?Z —2xz2%-73=

= _0%+2%2.1-2.0.12-1°=4_-1=3(mod 3) =0,

0,2,2): F(X,Y,Z) = - X3+Y?Z —2xz72%-73=

= -0%+22.2-2.0.22-23=8-8=0,

(1,0,0): F(X,Y,Z) = - X3+Y%Z —2xz2-73=

= -13+0%.0-2-1.02-0%=—1 (mod 3) = 2,

(1,0,1): F(X,Y,Z) = - X3+Y?Z —2xZ72%-73=
=-13402.1-2.11213=1-2-1=—4(mod 3) =2,
(1,0,2): F(X,Y,Z) = - X3+Y?Z —2xZ72%-73=

= -13402.2-2.1.22 2%= 18 8=_17(mod3) =1,
(1,1,0): F(X,Y,Z) = - X3+Y?Z —2xz2%-73=
=-13+12.0-2.1.02-0%=-1 (mod 3) = 2,

(1,1,1): F(X,Y,Z) = - X3+Y?Z —2xz72-73=
=-134121-2.112 13= 1+1-2-1=-3(mod 3) =0,
(1,1,2): F(X,Y,Z) = - X3+Y?Z —2xz72%-73=
=-1%3+12.2-2.1.22-2%=_1+2-8-8=-15(mod 3) =0,
(1,2,0): F(X,Y,Z) = - X3+Y%Z —2xZ7?%-73=

= -1%3422.0-2.1.0°-0%= -1 (mod 3) = 2,

(1,2,1): F(X,Y,Z) = -X3+Y%Z —2xZ7?%-73=
=-1%422.1-2.11%2 13=_1+4-2_1=0,

(1,2,2): F(X,Y,Z) = - X3+Y?Z —2xz2%-73=
=-13422.2.21.22 2°=_1+8-8-8=-9(mod 3)=0,
(2,0,0): F(X,Y,Z) = - X3+Y?Z —2xz72%-73=

=-2%402.0-2.2.02-0%=—-8 (mod 3) = 1,
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(2,0,1): F(X,Y,Z) = - X3+Y%Z —2xz2%2-73=
=-2%40%.1-2.2.12 1= _8-4-1=_13(mod 3) = 2,
(2,0,2): F(X,Y,Z) = -X3+Y2Z —2xZ7?%-73=
=-2%+40%2.2-2.2.22 2= 8 -16-8=-32(mod 3) =1,
(2,1,0): F(X,Y,Z) = - X3+Y2Z —2xZ7?%-273=
=-2%412.0-2.2.0%-0%=-8 (mod 3) = 1,
(2,1,1): F(X,Y,Z) = - X3+Y?Z —2xz72%-73=
=-2%412.1-2.21° 13= 8+1-4-1=-12(mod 3) =0,
(2,1,2): F(X,Y,Z) = -X3+Y%Z —2xz2-73=
=-23412.2.2.2.22 2= _8+2_16-8=—30(mod 3) =0,
(2,2,0): F(X,Y,Z) = - X3+Y?Z _2x272-7%=
=-2%422.0-2.2.02-0%=-8(mod 3) = 1,
(2,2,1): F(X,Y,Z) = - X3+Y?Z _2xz2-7%=
=-2%422.1.2.212 13= _8+4-4_1=-9(mod 3) =0,
(2,2,2): F(X,Y,Z) = -X3+Y%Z —2xZ7?%-73=
=-23422.2-2.2.22-23=_-8+8-16-8=-24 (mod 3) = 0.
CrnemoBarebHO, MHOKECTBOM TOYEK MPOEKTHBHOM IJIOCKOCTH PZ(K) = P2(Fp) =

= P2(F3) , YAOBJIETBOpAOLIMX JUIMHHON (popme Beliepmtpacca (2.2) npu a1 =0, a2 = 0, az = 0,

a4 =2, as = 1, aBasgeTcss MHOXKECTBO
{(0,1,0),(0,1,1),(0,1,2),(0,2,0),(0,2,1),(0,2,2),(1,1,1),(1,1,2),(1,2,1),
1,2,2),2,1,1),(2,1,2),(2,2,1), (2,2, 2)} (2.3)
MOIIHOCTH 14.

[Iycts BO BTOpOM npumepe B KauecTBe Mojsi K BbICTymaer IoJie BHIUETOB Fp 0 1Ipo-
cTtoMy Moayiro P = 5. Torma MHOKECTBOM TOUYEK NPOEKTUBHOM IIIIOCKOCTH P2 K) = P2 F,) =
Yy Y. P

= P2(F5) , YIOBIIETBOPSIOMIUX UIMHHOM hopme Beitepirpacca (2.2) npu a1 = 0, a2 = 3, az = 4,
a4 =0, ag = 3, aBIAETCI MHOMXKECTBO
{(0, 1, 0),(0,2,0),(0,3,0),(0,4,0),(1,0,4),(2,2,1),(2,3,2),(1,4,1),
(1,4,2),(1,4,4),(2,0,3),(2,1,4),(2,3,2), (2,3,3), (2,3,4), (2,4, 2),
(3,0,2),(3,1,3),(3,2,1),(3,2,2),(3,2,3),(3,4,1),(4,0,1), (4,1, 1),
(4,1,3),4,1,4), 4, 2,3), (43,4} (2.4)

MOILHOCTH 28.

24



B tperbem mpumepe, korjga B kauecTse mosis K BBICTyHaeT 10Ji€ BHIYETOB Fp 1o Ipo-
CTOMY MOJYJIO0 P = 7/, MHOXECTBOM TOYEK MPOEKTUBHON IJIOCKOCTH P2(K) = PZ(Fp) =

= P2(F7) , VIIOBJIETBOPSIIOITUX JUIMHHON (opme Beriepmrpacca (2.2) mpu a1 =0, a2 =0, a3 = 0,
as =1, as = 3, IBIAETCA MHOXKECTBO
{(0,1,0), (0, 2,0), (0, 3,0),(0,4,0), (0,5,0), (0, 6,0), (1,0, 3),
(1,1,6),(1,2,2),(,5,2),(1,6,6), (2,0,6), (2,2,5), (2,3,4), (2,4, 4),
(2,5,5),(3,0,2),(3,1,6),(3,3,4),(3,4,4),(3,6,6), (4,0,5), (4, 1, 1),
(4,3,3),(4,4,3),(4,6,1),(50,1), (5 2, 2), (5,3,3), (54,3), (5,5, 2),
(6,0,4),(6,1,1),(6,2,5),(6,5,5), (6,6,1)} (2.5)
MotHoCTH 36.

B ueTBeproM npumMepe, Koraa B kauecTse nois K BhICTymaeT moine Berderos Fy 1o mpo-
CcTOMy Moaymo P = 11, MHOXECTBOM TOYEK NPOEKTHBHOW ILIOCKOCTU PZ(K) = PZ(Fp) =

= P2(F11), yIOBJIETBOPSIONMX IIMHHONW (opme Beliepmtpacca (2.2) nmpu ax = 10, a2 = 4,
az=2,a4=0, as = 4, aBisgeTcsa MHOKECTBO
{(0,1,0),(0,1,2),(0,1,4),(0,2,0),(0,2,4),(0,2,8),(0,3,0),(0,3,1),
0, 3,6), (0, 4,0), (0, 4,5), (0,4,8), (0,5,0), (0,5,9), (0,5, 10), (0, 6, 0),
0, 6,1),(0,6,2),(0,7,0),(,7,3),(0,7,86), (0, 8,0), (0, 8,5), (0, 8, 10),
0,9,0),(0,9,3),(0,9,7), (0,10, 0), (0, 10, 7), (0, 10,9), (1,0, 3), (1, 1, 2),
(1,3,5),(1,4,1),(,5,4),(1,6,1),(1,6,3), (1,6,10),(1,7,2),(1,7,9),
(1, 8,10),(1,9,9), (1, 10, 4), (1, 10,5), (1,10, 7), (2,0, 6), (2, 1, 2), (2, 1, 6),
(2,1,9),(2,2,4),(2,3,4),(2,3,7),(2,5,9), (2,6, 10), (2,7, 7), (2, 8, 2),
(2,9,3),(2,9,8), (2,9, 10), (2,10,8),(3,0,9),(3,1,3),(3,2,8), (3, 3, 6),
(3,4,1),(3,5,5),(3,7,3),(3,7,8),(3,7,9), (3,8, 1), (3, 8, 4), (3, 8, 10),
(3,9,4),(3,10,5), (3,10,6),(4,0,1),(4,1,9),(4,2,1),(4,2,4), (4,2, 7),
(4,3,3),(4,4,8),(4,5,4),(4,6,3),(4,6,8),(4,7,5),(4,7,6), (4,7,9),
(4,9,5),(4,10,7),(50,4),(5,1,1), (5, 2,1), (5, 2,10), (5, 3,9), (5, 4, 3),
(5, 5, 10), (5,6, 2), (5,6, 3),(5,6,9), (5,7, 6), (5,8, 4), (5,8,5), (5,8, 6),
(5,9,5),(6,0,7), (6, 2,6), (6,3,5), (6,3, 6), (6,3,7), (6,4,5), (6,5, 2),
(6,5, 8), (6,5,9), (6,6, 1), (6,7,8), (6,8, 2), (6,9, 1), (6,9, 10), (6, 10, 10),
(7,0,10),(7,1,4),(7,2,6), (7,4, 2),(7,4,5), (7,4,6), (7,5, 3), (7,5, 8),
(7,6,7),(7,7,3),(7,8,8),(7,9,4), (7,9, 7), (7,9, 10), (7, 10, 2), (8, 0, 2),
8,1,5),(8,1,6),(8,2,7),(8,3,1),(8,3,7), (8, 3,10), (8, 4, 2), (8, 4, 3),
(8,4, 8),(8,6,6), (8,7,10), (8, 8,5), (8,9, 3), (8, 10, 8), (9,0, 5), (9, 1, 3),
(9,2,1),(9,2,3),(9,2,8),(9,3,9),(9,4,4), (9,5,1), (9,6, 2), (9, 8, 4),
(9,8,7),(9,9,7), (9, 10, 2), (9, 10, 5), (9, 10, 9), (10, 0, 8), (10, 1, 4),
(10, 1, 6), (20,1, 7), (10, 2, 2), (20, 3, 1), (10, 4, 2), (10, 4, 9), (10, 5, 1),
(10, 5, 8), (10, 5, 10), (10, 6, 7), (10, 7, 10), (20, 8, 6), (10, 10, 9)} (2.6)
mormmHocTu 180.
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OnnunTrdeckas KpHuBas JOJIKHA OBITH HEOCOOOI B TOM CMBICJIC, YTO YaCTHBIC TPOU3BO/I-

uele pyHkuu Betiepmpacca F(X,Y,Z)

2—5{ = —3X%+aYZ-2ayXZ -a,Z?, 2.7)
oF _ = 2YZ+a1XZ+a32 (2.8)
oY
oF 2
5 = Y +a1XY a2X +2&3YZ 23.4XZ—33.62 (29)

HEC JOJIXKHBI 06paH_IaTbCSI B HYJIb OJHOBPCMCHHO HU B OHHOﬁ €€ TOYKC.

B nepBom mpumepe, korga B KauecTBe IO K BBICTYNAET I0JIE€ BBIYETOB Fp = k3,

B MHO>XE€CTBE TOYEK IMPOEKTUBHOI IIOCKOCTH p2 (K) = p2 (Fp) p2 (F3), ynoBineTBOpsIOLIUX

mmHHON (hopme Beiteprurpacca mpu a1 = 0, a2 =0, a3 = 0, as = 2, as = 1 (2.3), Hu B OHOIA

U3 TOYCK HE 00paIlaOTCs B HYJIb OJIHOBPEMEHHO YacTHBIC MPOou3BoIHbIe (2.7) — (2.9).
[Io3TOMy MHOXECTBO TOYEK MPOEKTUBHOM IUIOCKOCTH p2 (K) = p2 (Fp) = p2 (F3),

yIOBJICTBOPSIOIINX JUTHHHON (opme Betiepmpacca mpu a1 =0, a2 =0, a3 =0, a4 = 2, as = 1,

B KOTOPBIX HC 06pau1a10Tc;1 B HYJIb OAHOBPEMCHHO HU B OJIHOM €ro TOYKE YaCTHEIC IMPpOU3BOI-

oF oF 6F
HbIE —, —, paBHO MHOeCTBY (2.3).
ox ' oy GZ
Bo Bropom mpumepe B KkauectBe moms K BeicTymaer mone BbrdetoB Fp = Fg

U B MHOXKECTBE TOUYCK MPOCKTHBHOM MJIOCKOCTH P2(K) = PZ(Fp) = P2(F5) , VIOBJIETBOPSIIO-

mux JauuHHONW (opme Beiieprutpacca mpu a1 = 0, a2 = 3, a3 = 4, a4 = 0, as = 3 (2.4),
TaK)Ke HU B OJHOHM M3 TOYEK HE OOpaIlaroTcs B HYJIb OJHOBPEMEHHO YaCTHbBIC MPOU3BOIHBIC

2.7)— (2.9).

CrnemoBaTelbHO, MHOXECTBO TOYEK IPOCKTUBHOW IIJIOCKOCTH PZ(K) = PZ(Fp)

= P2(F5), YIOBIIETBOPSIOIINX UIMHHON (opme Beiiepiitpacca npu a1 = 0, a2 = 3, az = 4,

a4 = O, adg = 3, B KOTOPBIX HE 06pama10Tc;1 B HYJIb OTHOBPEMCHHO HHU B OJHOM €ro TOYKE YaCTHEIC

oF oF 6F
MIPOU3BOJHBIE — , —— , paBHO MHOKECTBY (2.4).

oxX ' oY GZ

B tpersem mpumMepe, korna B kadectse momst K BbicTymaer morne BeraetoB Fp = Fy,

B MHOKECTBE TOUYEK MPOSKTUBHOMN TIOCKOCTH P2(K) = PZ(Fp) = P2(|_7) , YAOBJIETBOPSIOIITIX

mumHHON (opme Beitepmitpacca mpu a1 = 0, a2 = 0, a3 = 0, a4 = 1, as = 3 (2.5), TaK ke,
KaK ¥ B MEPBBIX JIBYX IpUMepax, HU B OJHON M3 TOYCK HE OOpAIIaloTCs B HYJIb OJHOBPEMEHHO

YacTHbIC pou3BoaHbIe (2.7) — (2.9).
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[TosTOMy MHOXECTBO TOYEK MPOEKTUBHOU IJIOCKOCTU P2(K) = PZ(Fp) = P2(|_7),

YIOBJICTBOPSIOIIUX JUTMHHOW (opme Betiepmtpacca npu a1 =0, a2, =0, a3 =0, as = 1, as = 3,
B KOTOPBIX HE 0O0pAamarTcs B HYJIb OJHOBPEMEHHO HHM B OJHOM €ro TOYKE YacTHBIE MPOU3BOJI-

oF oF oF

X' By u 7 pPaBHO MHOXeECTBY (2.5).

B uerBepTOoM mpuMepe, Korzaa B KauecTBe oJis K BBICTYIAET 10JI€ BBIUETOB Fp =k,

B MHOKECTBE TOUYEK MPOEKTUBHOM TIOCKOCTH p2 (K) = p2 (Fp) = P2 (F11), yooBIETBOPSIOIIMX

quHHON ¢dopme Betiepmrpacca npu a; = 10, a2 = 4, a3 = 2, as = 0, as = 4 (2.6), Tak xe,
KaK M B TIEPBBIX TPEX MpHUMEpax, HU B OAHOW M3 TOYCK HE 0OpaIiarTcs B HYJIb OJHOBPEMEHHO

yacTHbIe pou3BoaHbIe (2.7) — (2.9).
[ToaTOMy MHOKECTBO TOUYEK NPOCKTUBHOH IUIOCKOCTH p2 (K) = p2 (Fp) = p2 (FL1),

YIOBJICTBOPSIONINX JUIMHHON opme Beitepmrpacca mpu a1 = 10, a2 =4, a3 =2, a4 =0, as = 4,
B KOTOPBIX HE OOpAIIAlOTCsI B HYJIb OJJHOBPEMCHHO HU B OJHOM €r0 TOYKE YaCTHBIC MPOU3BOJI-
oF OF OoF
e —, — U —
oX oY oz

MHOX€eCTBO K-paI_II/IOHaJ'IBHBIX TOYEK DJUITUNTHYECCKOU KpHBOﬁ E, T.C. TOUCK HpOGKTHBHOﬁ

HBI , paBHO MHOXECTBY (2.6).

IJIOCKOCTH PZ(K), YIIOBJICTBOPSIIOIINX YPAaBHCHHIO KpPHUBOM, o0o3Hauaercs yepes E(K).
3aMeTHM, YTO JJUIMIITHYECKass KpuBas E mmeeT poBHO OfHY TOYKY, Ubsi KOOpJAMHAaTa Z paBHA
Hymto, a uMeHHo Touky (0, 1, 0). Ee npuHATO Ha3bIBaTh OECKOHEUHO YOANeHHOU MOYKOU
(MU IPOCTO MoyKoU Ha beckoHeuHocmu) U 0003HaUaTh cuMBOJIOM O.

B nepBom mpumepe, nckimounB u3 MHOKecTBa (2.3) Touky (0, 2, 0), ubst KoopauHata Z
paBHA HYJIIO, M OTVINYHYIO OT OeCKOHEUHO yaaieHHoH Touku (0, 1, 0), moayduM 3JTUOTHYECKYIO

KkpuByro Hag noem K = Fp = Fs mpuai=0,a=0,a3=0a4=2,as=1:

E={(,1,0),(0,11),(0,1,2),(0,21),(0,22),(1,1,1),(1,1,2),(1,21),
1,2,2),(2,1,1),(2,1,2),(2,2,1), (2,2, 2)} (2.10)
MoItHocTH 13.
Bo BTOpOM mpumepe uckiounM u3 MHoxkecTBa (2.4) touku (0, 2, 0), (0, 3, 0) u (0, 4, 0),
YbU KOOPJAUHATBl Z DPaBHBI HYIIO, OTJIMYHbIE OT OeckoHe4YHO yaaneHHoW Touku (0, 1, 0),

U B pe3yJIbTaTe MOJIYYUM DIUTANITUYECKYIO KPUBYIO Ha mosieM K = Fp =Fy nmpmai1=0,a2=3,

az=4,a4=0,as=3:

E={(0,1,0),(1,0,4),(1,2,1),(1,3,2),(1,4,1),
(1,4,2),(1,4,4),(2,0,3),(2,1,4),(2,3,2),(2,3,3),(2,3,4), (2,4, 2),
(3,0,2),(3,1,3),(3,2,1),3,2,2),(3,2,3),(3,4,1),(4,0,1), (4,1, 1),

(4,1,3),(4,1,4),(4,2,3),(4,3,4)} (2.11)

MOILHOCTH 25.
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B tpethem mpumepe, uckimounB u3 MHOXxecTBa (2.5) Touku (0, 2, 0), (0, 3, 0), (0, 4, 0),
0, 5, 0), (0, 6, 0), ubn KOOpAMHATHI Z PABHBI HYJIO, U OTIUYHBIC OT OCCKOHEUHO YHaJICHHOMN

toukd (0, 1, 0), mOXyIHM JUTMNITUYECKYIO KPUBYIO Hal rosieM K = Fo = F; npuai1 =0,a=0,

a=0,au=1a=3:

E=4{(,1,0),(1,0,3),(1,1,6),(1,2,2), (1,5, 2), (1,6, 6), (2,0, 6),
(2,2,5),(2,3,4),(2,4,4),(2,5,5),(3,0,2),(3,1,6), (3,3,4), (3,4, 4), (3, 6, 6),
(4,0,5),(4,1,1),(4,3,3),(4,4,3),(4,6,1),(50,1), (5,2, 2), (5,3,3), (5,4, 3),

(5,5, 2),(6,0,4),(6,1,1), (6, 2,5), (6, 5,5), (6,6,1)} (2.12)

morrHocTH 31.
B yerBepTOM mpumepe, HCKITIOYMB M3 MHOKecTBa (2.6) Toukwu (0, 2, 0), (0, 3, 0), (0, 4, 0),
(0, 5, 0), (0, 6, 0), (0, 7, 0), (0, 8 0), (0,9, 0), (0, 10, 0), ybu KOOpAUHATEI Z PAaBHBI HYIIO,
U OTJIMYHBIE OT OeckoHeuHOo yaaineHHOH Touku (0, 1, 0), MONydyuM SJUTMITHYECKYIO KPHBYIO

nagmonem K = Fy = Ry npua; =10,a2=4,a3=2, a4 =0, as = 4:

E={(0,1,0),(0,1,2),(0,1,4), (0,2 4), 0,28), 0,3,1), (0, 3, 6),
(0, 4,5), (0, 4, 8), (0, 5, 9), (0, 5, 10), (0, 6, 1), (0, 6, 2), (0, 7, 3),
(0,7, 6), (0, 8, 5), (0, 8, 10), (0, 9, 3), (0, 9, 7), (0, 10, 7), (0, 10, 9),
1,0,3), (1, 1,2), (1,3,5), @4 1), (L5 4), (1,6 1), 1,6, 3),
1,6, 10), (,7,2), (1, 7, 9), (1, 8, 10), (1, 9, 9), (L, 10, 4), (1, 10, 5),
(1,10,7), (2,0,6), (2,1, 2), (2, 1, 6), (2, 1, 9), (2, 2, 4), (2, 3, 4),
,3,7), (2,5 9), (2 6,10), 2,7, 7), (2,8, 2), (2,9, 3), (2, 9, 8),
(2,9, 10), (2, 10, 8), (3,0, 9), (3, 1, 3), (3, 2, 8), (3, 3, 6), (3, 4, 1),
(3,5,5),(3,7,3),(3,7,8), (3, 7,9, (3 8 1), (3 8, 4), (3, 8, 10),
(3,9, 4), (3, 10, 5), (3, 10, 6), (4,0, 1), (4, 1, 9), (4, 2, 1), (4, 2, 4),
4,2,7), (4,3,3), (4 48), (45, 4), (46, 3), (4 6,8), (4 7,5),
4,7,6), (4,79, (4 95), (4 10,7), (5 0,4), (5,1, 1), (5, 2, 1),
(5,2, 10), (5, 3, 9), (5, 4, 3), (5, 5, 10), (5, 6, 2), (5, 6, 3), (5, 6, 9),
(5,7,6), (5,8, 4), (5,8,5), (5,8, 6), (5 9,5), 6,0, 7), 6, 2, 6),
(6, 3,5), (6, 3, 6), (6,3, 7), (6, 4,5), (6,5, 2), (6,5, 8), 6,5, 9),
(6, 6, 1), (6, 7, 8), (6, 8, 2), (6, 9, 1), (6, 9, 10), (6, 10, 10), (7, 0, 10),
(7,1, 4), (7,2,6), (7, 4,2), (7, 4,5), (7, 4, 6), (7,5, 3), (7, 5, 8),
(7,6,7), (7,7,3), (7, 8,8), (7,9, 4), (7,9, 7), (7, 9, 10), (7, 10, 2),
(8,0,2), (8 1,5), (8 1,6), (8 27), 8 3 1), (8 3,7), (8, 3, 10),
(8, 4,2), (8, 4,3), (8,4, 8), (8 6,6), (8 7, 10), (8, 8,5), (8, 9, 3),
(8, 10, 8), (9, 0, 5), (9, 1, 3), (9, 2, 1), (9, 2, 3), (9, 2, 8), (9, 3, 9),
9, 4, 4), (9,5, 1), (9, 6, 2), (9, 8, 4), (9,8, 7), (9,9, 7), (9, 10, 2),
(9, 10, 5), (9, 10, 9), (10, 0, 8), (10, 1, 4), (10, 1, 6), (10, 1, 7),
(10, 2, 2), (10, 3, 1), (10, 4, 2), (10, 4, 9), (10, 5, 1), (10, 5, 8),

(10, 5, 10), (10, 6, 7), (10, 7, 10), (10, 8, 6), (10, 10, 9} (2.13)

morugocty 171.
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2.1.4. OJUIMIITUYECKASA KPUBAS (B AOOMHHBIX KOOP/IMHATAX)

Hus ynmoberBa, BMecTo MHHOW (opmbl Beliepmtpacca (2.2) 49acTo MONB3YIOTCS
adhpuHHON (B KpHMBOJIMHEHHBIX KOOpAMHATAaX) Bepcuel ypaBHeHUs Beiliepmirpacca, KOTopoMy

YZIOBJIETBOPSIET JUIMIITUYECKAs] KpUBasi:
E: Y2+ XY +agY =X3+a,X2+a X +ag, (2.14)

rae ap, ap, asz, ag, ag € K.
B nannom (adhdurHOM) ciiydae K-panmmoHanbHBIMU TOYKAMH (DJTUITHYECKON KPUBOH)

ABJISIIOTCS peleHus ypaBHeHus B K 2 1 GeCKOHEUHO ynaneHHas Touka O.
Ilycth B mepBoM mpumepe B kauecTBe 1oJii K BBICTYNAET I10JI€ BHIYETOB 110 MPOCTOMY

MOJYJIO P, 0003Ha4aeM0Oe CHMBOJIOM Fp ¥ mycTs npu 5ToM P = 3. YCTaHOBUM, KaKHe 3 iIe-

wenton K2 = F§ = FpxFp = FaxFg = {0, 1,2} x {0, 1,2} = {(0,0), (0, 1), (0, 2), (1, 0), (1,

1), (1, 2), (2, 0), (2, 1), (2, 2)} ynosnerBopsitoT adduHHOI Bepcun ypaBHeHus Beiiepmrpacca
(2.14), nanpumep, npu a1 = 0,a2=0,a3=0,as =2, as = 1:

(0,0): Y2 +ay XY +agY =X 3+a,X%+a,X +ag,
Y240- XY +0-Y =X3+0. X2+2X +1,
v2=x3+2x +1,
02=03+2.0+1,
0=1 (JIOXD),

0,1): Y2=X3+2X +1,
12=03+2.0+1,

1 =1 (UCTUHA),

0,2): Y2=X3+2X +1,

22=0%+2.0+1,
4 (mod 3) =1,
1 =1 (MCTUHA),

(1,0): Y2=Xx3+2X +1,

0%2=13+2.1+1,
0=1+2+1,
0 =4 (mod 3),
0 =1 (JIOXBD),

(1,1): Y2=Xx3+2X +1,
12=1342.1+1,
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1=1+2+1,
1 =4 (mod 3),

1 =1 (MCTHHA),
(1,2): Y2=X3+2X +1,
22=1%342.1+1,
4=1+2+1,

4 (mod 3) =4 (mod 3),
1 =1 (MCTUHA),
(2,0): Y2=X3+2X +1,
02=23+2.2+1,
0=8+4+1,

0 =13 (mod 3),

0 =1 (JIOXKD),
2,1): Y2=X3+2X +1,
12=2%4+2.2+1,
1=8+4+1,

1 =13 (mod 3),
1=1 (UCTUHA),
(2,2): Y2=X3+2X + 1,
22=2342.2+1,
4=8+4+1,

4 (mod 3) = 13 (mod 3),
1 =1 (MCTUHA).

CrenoBarenbHO, B IEPBOM IpuMepe JaHHOro (ad¢dpuHHOrO) ciyyas Fg3-panuoHaibHbIMU

TOYKaMH (JUTMIITHYCCKON KPHBOI) SIBISIFOTCS pellieHus: ypaBHeHus (2.14) B F32 npu a1 = 0,
a=0,a3=0,a4=2,a=1:
{0,1),(0.2),(1, 1), (1, 2),(2,1). (2, 2)} (2.15)
u OeCcKOHEYHO yaaneHHas Touka O.
Ecnu Bo BropoM mpuMmepe B kadecTBe mosst K BBICTYINAET IoJie BBIYETOB 0 IPOCTOMY

MOAYJIIO P = 5, TO B 3TOM (a WHHOM) ciry4ae Fr - alMoOHANBLHBEIMU TOYKAMH (DIIIUOTHYECKOM
5

KPUBOW) SIBJISIFOTCS pellieHust ypaBHeHus (2.14) B F52 = FxF5 ={0,1,2,3,4} x {0, 1, 2, 3, 4}
npuar=0,a=3,a3=4,a4=0,as = 3:
{(1,2),(1,4),(3,2),(3,4), (4,0), (4 1)} (2.16)

1 OECKOHEYHO yYAaaJICHHasA TOYKa 0.
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Ilycth B TpeTbeM nmpumepe B KauecTBe Nosid K BBICTYNAeT I0Jie BBIYETOB IO IPOCTOMY

monyito p = 7. Torna B nanaoMm (adpduHHOM) citydae F7-panmoHanbHBIME TOYKaMH (3JUTUITH-

YEeCKOM KpUBOW) SIBIIAIOTCS pelicHus ypaBHenus (2.14) B F72 = Fxk={0,1,2,3,4,5, 6} x
x{0,1,2,3,4,5,6}mpuar=0,a=0,a3=0,as=1,as = 3:
{(4, 1), (4,6), (5,0),(6,1), (6,6)} (2.17)
1 OeCKOHEYHO ynaneHHast Touka O.
Ecnu B uetBepTOoM mpumepe B kauecTBe Mot K BBICTyMaeT MoJsie BBIYETOB MO MPOCTOMY

moayato P = 11, To B atoM (adduHHOM) ciyyae Fyq-panrioHanbHBIMU TOUKAMH (3JUIMITUYECKOM

KPHBOI) ABJISIOTCS peleHns ypaBHenus (2.14) B F121 =F1xF1={0,1,2,345,6,7,8,9, 10} x
x{0,1,2,3,4,5,6,7,8,9,10} mpua1=10,a,=4,a3=2,a4=0, as = 4:
{(0,3),(0,6), (1,4), (1,6), (3,4), (3,8), (4,0, (4,2), (5, 1), (5, 2),
(6, 6), (6,9), (8,3), (9, 2), (9, 5), (10, 3), (10, 5)} (2.18)

1 OeCKOHEYHO ynaneHHas Touka O.

XoTst OOJNBIIMHCTBO MPOTOKOJIOB B KPUIITOTPA(UU UCTIONB3YIOT ILTUITHYECKYIO KPUBYIO
B ad)(UHHOM BHJE, C TOYKH 3PEHHS BBIYMCICHHUU OBIBaCT YJOOHO MEPEHTH K MPOCKTHBHBIM
KOOpJAWHATaM. 3aMETHM, YTO TAKOW MEPEX0J1 JOCTATOYHO JIETKO OCYIIECTBUTH, MOCKOJIBKY:

— TOYKa Ha OECKOHEYHOCTH BCErJa IEePEeXOAUT B OCCKOHEYHO YNaJCHHYIO TOUKY,
KaK Ipu nepexoze ot ahGUHHBIX KOOPAUHAT K TPOSKTUBHBIM, TaK U HA000POT;

— mpoekTuBHas Touka (X, Y, Z) 3/UIMNTHYECKOM KPUBOH, OTIWYHAs OT OECKOHEYHO

Y

ynaneHHoi (Z # 0), nepexoaut B ahpUHHYIO TOUKY ¢ KOOpIUHATAMH (; , Ej :

— JUIs TOTO, 9YTOOBI HAlTH MPOSKTUBHBIC KOOpAUHATHI aduuHOM Touku (X, Y) smmunTu-

*
YeCcKOll KpHBOM, He Jexallel Ha OeCKOHEYHOCTH, JI0CTaTOYHO BbIOpaTh 3HaueHus Z € K
Y BBIYUCIUTH KOOPJMHATHI MPOSKTUBHOM Touku (X - Z, Y -Z, Z).
Paccmotpum nepexo npoekTUBHBIX Todek (X, Y, Z) s/IMnTUuYecKoil KpuBoi (B MepBOM

npumepe) Hag monem K = Fy = F3 mpna; =0,8=0,a=0a1=2,8 =1 (2.10), oTnmuHbIX

. XY
oT GecKOHeuHO yaaneHHoH ToukH (Z # 0), B appuHHBIE TOUKH BHJIA [? , —j :

Z
(X, Y, 2) = (0, 1, 1) mepexout B e %j - G 3 - (0, 1),

(X, Y, 2) = (0, 1, 2) nepexomn B (; %j = (g %j — (0,12 (mod 3)) = (0, 1 -2) = (0, 2),
(X, Y, 2) = (0, 2, 1) nepexomr B (; %) = G %} = (0,2),
(X, Y, 2) = (0, 2, 2) nepexomur B % 9 - (g gj = (0, 1),
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(X,Y,2)=(1, 1, 1) nepexoaut B (; %) = G %j =(1,1),
(X,Y,2)=(1, 1, 2) nepexoaur B (%, %j = (%, %} =(1-21(mod3),1-27 (mod3)) =
=(1-2,1-2)=(2,2),

(X,Y,2)=(1,2, 1) nepexoaur B (;, %) = G, %} =(1, 2),

(X, Y, 2Z) =(1, 2, 2) nepexoaur B (;, %) = (%, %j =(1-2tmod3),1)=(1-2,1)=(2,1),
(X,Y,2)=(2,1, 1) nepexoaur B (;, %) = (%, 3 =(2,1),

(X,Y,2)=(2, 1, 2) nepexoaut B (;, %j = (%, %j =(1,1-21mod3)=(1,1-2)=(1,2),
(X,Y,2)=(2,2, 1) nepexoaur B (;, %j = (%, %} =(2, 2),
(X, Y, 2) =(2, 2, 2) nepexoaur B (;, %j = (%, %} =(1,1).

0060011251 pacCMOTPEHHBIE TIEPEXOAbI MTPOCKTUBHBIX ToueK Buaa (X, Y, Z) sJTMNTHYECKOI

KpHBO# (B mepBoM npumepe) Hag nonem K = Fp = F3 npna; =0,a2=0,a3=0,a4=2,a =1

(2.10), ormuHBIX OT OecKOHEUHO yaaieHHoU Touku (Z # 0), B ahhuHHBIC TOYKU BHIA (? , %j

UMeeM:
(0, 1, 1) u (0, 2, 2) mepexoast B (0, 1),
(0, 1,2)u (0, 2, 1) mepexoasrt B (0, 2),
(1,1, 1) u (2, 2, 2) nepexoasr B (1, 1),
(1,1,2)u (2,2, 1) nepexonsr B (2, 2),
(1,2,)u (2,1, 2) nepexomsar B (1, 2),
(1,2,2)u (2,1, 1) nepexomat B (2, 1).
[IpencraBuM nepexoa MPOEKTUBHBIX Touek (X, Y, Z) anmunTuyeckoi KpuBoi (BO BTOPOM
npumepe) Hax nonem K = Fy = F5 npn ap = 0,a2=3,a3=4,a:s =0, as = 3 (2.11), oTauuHBIX

0T GeckoHeuHO yaaneHHou Touku (Z # 0), B appuHHBIE TOUKH (; , %) :

(1,0,4),(2,0,3),(3,0,2), (4,0, 1) nepexomsr B (4, 0),
(1,2,1),(2,4,2),(3,1,3), (4, 3, 4) nepexomsr B (1, 2),
(1,3,2),(2,1,4),(3,4,1), (4, 2, 3) nepexomsr B (3, 4),
(1,4,1),(2,3,2),(3,2,3), (4,1, 4) nepexonsr B (1, 4),
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(1,4,2),(2,3,4),(3,2,1), (4,1, 3) nepexoasr B (3, 2),
(1,4,4),(2,3,3),(3,2,2), (4,1, 1) nepexonsr B (4, 1).
[IpencraBuMm nepexos nNpoeKTUBHbIX Touek (X, Y, Z) 3JuIMITUYECKON KPUBOM (B TpEThbEM

npumepe) Hax nonem K = Fy = F7 mpn ag = 0,a2=0,a3=0,as =1, as = 3 (2.12), oTauuHbIX

oT OeckoHeuHO yaaneHHou Touku (Z # (), B apuHHBIC TOUKH (; , %) :

(1,0,3),(2,0,6),(3,0,2),(4,0,5), (50, 1), (6, 0, 4) mepexoasr B (5, 0),
(1,1,6),(2,2,5),(3,3,4),(4,4,3), (5,5, 2), (6, 6, 1) nepexoasr B (6, 6),
1,2,2),(2,4,4),(3,6,6), (4,1, 1), (5, 3, 3), (6, 5, 5) mepexozsr B (4, 1),
(1,5,2),(2,3,4),(3,1,6), (4,6, 1), (5,4, 3), (6, 2, 5) nepexomsr B (4, 6),
(1,6,6),(2,5,5),(3,4,4),(4,3,3), (5 2, 2), (6,1, 1) nepexozsr B (6, 1).
[IpencraBuM nepexo NpoeKTUBHBIX Touek (X, Y, Z) aiInunTudeckod KpuBoi (B yeTBep-

ToM npumepe) Hag monem K = Fp = Fg nppar =10, @2 =4, a3 =2, a4 =0, a = 4 (2.13),

VA

0,1,2)(0,2,4) (0, 3,6) (0, 4,8) (0,5, 10) (0,6, 1) (0,7,3)(0,8,5) (0,9, 7) (0, 10, 9)
nepexonr B (0, 6),

0,1,4)(0,2,8)(0,3,1)(0,4,5) (0,5,9) (0, 6, 2) (0, 7, 6) (0, 8, 10) (0, 9, 3) (0, 10, 7)
nepexonr B (0, 3),

(1,0,3)(2,0,6)(3,0,9) (4,0,1) (50,4) (6,0,7) (7,0,10) (8,0, 2) (9, 0, 5) (10, 0, 8)
nepexonsr B (4, 0),

(1,1,2)(2,2,4)(3,3,6) (4,4,8) (55, 10) (6,6, 1) (7,7,3)(8,8,5) (9,9, 7) (10, 10, 9)
nepexost B (6, 6),

(1,3,5)(2,6,10) (3,9,4) (4,1,9) (5,4,3) (6,7,8) (7,10,2) (8,2, 7) (9,5, 1) (10, 8, 6)
nepexosit B (9, 5),

(1,4,1)(2,8,2)(3,1,3)(4,5,4) (5,9,5) (6, 2,6) (7,6, 7) (8, 10, 8) (9, 3, 9) (10, 7, 10)
nepexost B (1, 4),

(1,5,4)(2,10,8) (3,4,1) (4,9,5) (5,3,9) (6,8, 2) (7, 2,6) (8,7, 10) (9, 1, 3) (10,6, 7)
niepexost B (3, 4),

(1,6,1)(2,1,2)(3,7,3)(4,2,4) (5,8,5) (6,3,6) (7,9, 7) (8, 4, 8) (9, 10, 9) (10, 5, 10)
nepexoit B (1, 6),
(1,6,3)(2,1,6)(3,7,9)(4,2,1)(5,8,4) (6,3,7) (7,9, 10) (8, 4, 2) (9, 10, 5) (10, 5, 8)
nepexonsr B (4, 2),
(1,6,10)(2,1,9)(3,7,8)(4,2,7) (5,8,6) (6,3,5) (7,9,4) (8,4, 3) (9, 10, 2) (10, 5, 1)
nepexoit B (10, 5),

(1,7,2)(2,3,4) (3,10,6) (4,6, 8) (5 2,10) (6,9,1) (7,5,3) (8,1,5) (9,8, 7) (10, 4, 9)
nepexost B (6, 9),

. XY
OTJIIMYHBIX OT OECKOHEYHO ynaneHHo# Touku (Z # 0), B adhhruHHBIE TOUKH (? y — |
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(1,7,9)(2,3,7)(3,10,5) (4,6,3) (5,2,1) (6,9, 10) (7, 5, 8) (8,1, 6) (9, 8,4) (10, 4, 2)
nepexosit B (5, 2),

(1,8,10)(2,5,9) (3,2,8) (4,10,7) (5,7,6) (6,4,5) (7,1,4) (8,9,3) (9,6, 2) (10, 3, 1)
nepexo it B (10, 3),

(1,9,9(2,7,7)(3,55)(4,3,3) (5 1,1) (6, 10, 10) (7, 8, 8) (8, 6, 6) (9, 4, 4) (10, 2, 2)
niepexoit B (5, 1),
(1,10,4)(2,9,8)(3,8,1)(4,7,5) (5,6,9) (6,5, 2) (7,4,6) (8, 3,10) (9, 2,3) (10,1, 7)
nepexoit B (3, 8),
(1,10,5)(2,9,10)(3,8,4)(4,7,9) (5,6,3)(6,5,8) (7,4,2)(8,3,7) (9,2,1) (10, 1, 6)
niepexoit B (9, 2),

(1,10,7)(2,9,3) (3,8,10) (4,7,6) (5,6,2) (6,5,9) (7,4,5) (8,3,1) (9, 2,8) (10,1, 4)
nepexosir B (8, 3).

PaccmoTpuM mouck mnpoekTUBHBIX KkoopauHaT (X, Y, Z) SUIMNTUYECKOW KPHUBOM

(B mepBoM npumepe) Hax monem K = Fp = F3 npu a1 = 0,a2=0,a3=0, a4 =2, as=1
10 M3BECTHBIM apPuHHBIM ToukaM (X, Y), He yexamuMm Ha OeckoHeunoctu (2.15). Jlns storo
BbIOEpeM 3HaueHHS Z € K" = F; = F; = {0, 1, 2}\{0} = {1, 2} u BeIUKMCIAKM KOOPAUHATHI IIPO-

exTuBHBIX Touek (X -Z,Y -Z, 2):
X, Y)=(0,1),2=1:(X-2,Y-2,2)=(0-1,1-1,1)=(0, 1, 1),
X,Y)=(0,1),2z=2:(X-2,Y-2,2)=(0-2,1-2,2)=(0,2,2),

X, Y)=(0,2),2=1:(X-2,Y-2,2)=(0"-1,2-1,1)=(0,2, 1),
X,¥)=(0,2),2=2:(X-2,Y-2,2)=(0-2,2 -2 (mod 3), 2)=(0, 4 (mod 3),2)=(0, 1, 2),
X, Y)=(1,1),2=1:(X-Z2,Y-Z2,2)=(1-1,1-1,1)=(1,1,1),

X, Y)=(,1),2=2:(X-2,Y-2,2)=(1-2,1-2,2)=(2, 2, 2),

X, Y)=(1,2),2=1:(X-2,Y-2,2)=(1-1,2-1,1)=(1, 2,1),

X, ¥)=(1,2),2=2:(X-2Z2,Y-Z,Z)=(1-2,2-2(mod 3),2)=(2,4 (mod 3),2)=(2, 1, 2),
X, Y)=(2,1),2=1:(X-Z2,Y-Z2,2)=2-1,1-1,1)=(2,1, 1),

X, ¥)=(2,1),2=2:(X-2Z2,Y-Z2,2)=(2-2(mod 3), 1 -2,2)=(4 (mod 3),2,2)=(1, 2, 2),
X, Y)=(2,2),2=1:(X-2,Y-2,2)=2-1,2-1,1)=(2,2,1),

X, ¥)=(2,2),2=2:(X-2Z2,Y-2Z2,Z)=(2-2(mod 3),2-2 (mod 3), 2) =
= (4 (mod 3), 4 (mod 3), 2) = (1, 1, 2).

IIpencraBum (Bo BTOpoM mpumepe) nepexol ap@uuHbx Touek (X, Y), He Jexalux

Ha OeckoHeyHoCTH (2.16), smnunTryeckoit kpuBoi Hag monem K = Fo = Fs mpnai1=0,a =3,
a3 = 4, a4 = 0, as = 3 B MPOEKTUBHBIC, OCYIICCTBICHHBIA ITyTeM BHIOOpa 3HAYCHHMA
ZeK'= F; = F; ={0, 1, 2, 3, 4}\{0} = {1, 2, 3, 4} u BBIYKCICHUSI KOOPJHHAT MPOCKTUBHBIX
touek (X -Z,Y-Z,2):

X, Y)=(1,2),Z=1:(1, 2) nepexoaur B (1, 2, 1),
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X,Y)=(1, 2),Z2=2:(1, 2) nepexoaurt B (2, 4, 2),
X,Y)=(1, 2),Z2=3:(1, 2) nepexoaut B (3, 1, 3),
X,Y)=(1, 2), Z=4: (1, 2) nepexoaurt B (4, 3, 4),
X,Y)=(,4),Z2=1:(1, 4) nepexoaut B (1, 4, 1),
X,Y)=(,4),Z2=2: (1, 4) nepexoaurt B (2, 3, 2),
X,Y)=(1,4),Z2=3:(1, 4) nepexoaur B (3, 2, 3),
X,Y)=(,4),Z2=4: (1, 4) nepexoaurt B (4, 1, 4),
X,Y)=(3,2),Z=1:(3, 2) nepexoaut B (3, 2, 1),
X,Y)=(3,2),Z2=2: (3, 2) nepexoaurt B (1, 4, 2),
(X,Y)=(3,2),Z=3:(3, 2) nepexoaurt B (4, 1, 3),
(X,Y)=(3, 2), Z=4: (3, 2) nepexoaurt B (2, 3, 4),
(X,Y)=(3,4),Z=1: (3, 4) nepexoaut B (3, 4, 1),
(X,Y)=(3,4),Z2=2: (3, 4) nepexoaurt B (1, 3, 2),
(X,Y)=(3,4),Z=3: (3, 4) nepexoaur B (4, 2, 3),
(X,Y)=(3,4), Z=4: (3, 4) nepexoaut B (2, 1, 4),
(X,Y)=(4,0),Z=1: (4, 0) nepexoaur B (4, 0, 1),
(X,Y)=(4,0),Z=2: (4, 0) nepexoaurt B (3, 0, 2),
(X,Y)=(4,0),Z=3: (4, 0) nepexoaur B (2, 0, 3),
(X,Y)=(4,0),Z=4: (4, 0) nepexoaut B (1, 0, 4),
X,Y)=(4,1),Z=1: (4, 1) nepexoaur B (4, 1, 1),
(X,Y)=(4,1),Z=2: (4, 1) nepexoaur B (3, 2, 2),
(X,Y)=(4,1),Z=3: (4, 1) nepexoaur B (2, 3, 3),
X,Y)=(4,1), Z=4: (4, 1) nepexonut B (1, 4, 4).
B tperpem npumepe npezacraBum nepexon adpduHHbIX Touek (X, Y), He nexamux Ha Oec-

KoHeuHocTd (2.17), snnunTudeckoil kpuBol Han mojem K = Fop = F7 mpm a1 = 0, a2 = 0,
* *
a3 =0, as=1, 8= 3 B IPOCKTUBHbIC, OCYIICCTBICHHEIi IyTeM BbIOOpa 3HadeHuit Z € K- = Fy =

= F; ={0,1,2,3,45 6}\{0} ={1,2,3,4,5, 6} u BIUUCIICHUS KOOPJMHAT MPOCKTUBHBIX
touek (X -Z,Y-Z,2):

X,Y)=(4,1),Z=1: (4, 1) nepexoaut B (4, 1, 1),

(X,Y)=(4,1),Z=2: (4, 1) nepexoaur B (1, 2, 2),

(X,Y)=(4,1), Z=13: (4, 1) nepexoaur B (5, 3, 3),

(X,Y)=(4,1), Z=4: (4, 1) nepexoaur B (2, 4, 4),

X,Y)=(4,1), Z=5: (4, 1) nepexoaurt B (6, 5, 5),

(X,Y)=(4,1),Z=6: (4, 1) nepexoaur B (3, 6, 6),

(X,Y)=(4,6),Z=1: (4, 6) nepexoaur B (4, 6, 1),

(X,Y)=(4,6),Z=2: (4, 6) nepexoaur B (1, 5, 2),
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(X,Y)=(4,6), Z=23:(4, 6) nepexoaur B (5, 4, 3),
(X,Y)=(4,6), Z=4: (4, 6) nepexoaurt B (2, 3, 4),
(X,Y)=(4,6), Z=5: (4, 6) nepexoaur B (6, 2, 5),
(X,Y)=(4,6),Z=06: (4, 6) nepexoaurt B (3, 1, 6),
X,Y)=(5,0),Z=1:(5, 0) nepexoaurt B (5, 0, 1),
(X,Y)=(5,0),Z=2: (5, 0) nepexoaur B (3, 0, 2),
(X,Y)=(5,0),Z=3:(5, 0) nepexoaurt B (1, 0, 3),
(X,Y)=(5,0),Z=4: (5, 0) nepexoaurt B (6, 0, 4),
(X,Y)=(5,0),Z=5: (5, 0) nepexoaurt B (4, 0, 5),
(X,Y)=(5,0),Z=6: (5, 0) nepexoaurt B (2, 0, 6),
(X,Y)=(6,1), Z=1: (6, 1) nepexoaur B (6, 1, 1),
(X,Y)=(6,1), Z=2: (6, 1) nepexoaur B (5, 2, 2),
(X,Y)=(6,1), Z=3:(6, 1) nepexoaur B (4, 3, 3),
(X,Y)=(6,1), Z=4: (6, 1) nepexoaurt B (3, 4, 4),
(X,Y)=(6,1), Z=5: (6, 1) nepexoaut B (2, 5, 5),
(X,Y)=(6,1), Z=6: (6, 1) nepexoaur B (1, 6, 6),
(X,Y)=(6,6), Z=1: (6, 6) nepexoaurt B (6, 6, 1),
(X,Y)=(6, 6), Z=2: (6, 6) nepexoaurt B (5, 5, 2),
(X,Y)=(6, 6), Z=3: (6, 6) nepexoaur B (4, 4, 3),
(X,Y)=(6, 6), Z=4: (6, 6) nepexoaur B (3, 3, 4),
(X,Y)=(6,6), Z=5: (6, 6) nepexoaurt B (2, 2, 5),
(X, Y) = (6, 6), Z=6: (6, 6) nepexoaut B (1, 1, 6).
B uyerBepTroM mpumepe npeactaBuM nepexon ap@uHHBIX Touek (X, Y), He Jexalux

Ha OeckoneunoctH (2.18), symumnTudeckoit kpuBod Haa monem K = Fo = Fip mpn a1 = 10,

a2 =4 a3=2, a4 =0, a6 =48 NIPOCKTUBHBIC, ocymGCTBneHHLH‘/'I IyTeM Bbl60pa 3Ha4YCHUHU
ZeK'=Fp=F1=40,1,23456,71809 10} \ {0} ={1,2 34,567 8,9, 10}

Y BBIYUCIICHUS KOOPMHAT MPOEKTUBHBIX Touek ( X -Z, Y -Z, Z):
(X,Y)=(0, 3), Z=1: (0, 3) mepexoaurt B (0, 3, 1),
(X,Y)=(0, 3), Z=2: (0, 3) nepexoaur B (0, 6, 2),
(X,Y)=(0, 3), Z=3: (0, 3) mepexoaurt B (0, 9, 3),
(X,Y)=(0, 3), Z=4: (0, 3) nepexoaurt B (0, 1, 4),
(X,Y)=(0, 3), Z=5: (0, 3) mepexoaur B (0, 4, 5),
(X,Y)=(0, 3), Z=6: (0, 3) nepexoaur B (0, 7, 6),
(X,Y)=(0, 3),Z="17: (0, 3) nepexoaur B (0, 10, 7),
(X,Y)=(0, 3), Z=8: (0, 3) nepexoaur B (0, 2, 8),
(X,Y)=(0, 3),Z=9: (0, 3) mepexoaut B (0, 5, 9),

(X,Y)=(0, 3), Z=10: (0, 3) mepexomut B (0, &, 10),
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(X,Y)=(0,6), Z=1: (0, 6) mepexoaurt B (0, 6, 1),
(X,Y)=(0,6), Z=2: (0, 6) nepexoaurt B (0, 1, 2),
(X,Y)=(0, 6), Z=3: (0, 6) nepexoaurt B (0, 7, 3),
(X,Y)=(0, 6), Z=4: (0, 6) nepexoaurt B (0, 2, 4),
(X,Y)=(0,6), Z=5:(0, 6) nepexoaurt B (0, 8, 5),
(X,Y)=(0, 6), Z=6: (0, 6) mepexoaur B (0, 3, 6),
(X,Y)=(0,6),Z="17: (0, 6) nepexoaurt B (0, 9, 7),
(X,Y)=(0, 6), Z=8: (0, 6) nepexoaur B (0, 4, 8),
(X,Y)=(0, 6), Z=29: (0, 6) nepexoaur B (0, 10, 9),
(X,Y)=(0, 6), Z=10: (0, 6) mepexomut B (0, 5, 10),
X,Y)=(1,4),Z2=1:(1, 4) nepexoaur B (1, 4, 1),
X,Y)=(1,4),Z2=2: (1, 4) nepexoaur B (2, 8, 2),
X,Y)=(,4),Z2=3:(1, 4) nepexoaut B (3, 1, 3),
X,Y)=(,4),Z=4:(1,4) nepexoaurt B (4, 5, 4),
(X,Y)=(1,4),Z=5:(1,4) nepexoaut B (5, 9, 5),
X,Y)=(1,4),Z=6: (1, 4) nepexoaur B (6, 2, 6),
X,Y)=(@,4),Z2=17:(1, 4) nepexoaur B (7, 6, 7),
(X,Y)=(1,4),Z=8:(1,4) nepexonur B (8, 10, 8),
X,Y)=(,4),Z2=9: (1, 4) nepexoaurt B (9, 3, 9),
(X, Y)=(1,4),Z=10: (1, 4) nepexomurt B (10, 7, 10),
X,Y)=(1,6),Z=1:(1, 6) nepexoaut B (1, 6, 1),
(X,Y)=(1,6),Z=2: (1, 6) nepexoaut B (2, 1, 2),
(X,Y)=(1,6),Z=3: (1, 6) nepexoaur B (3, 7, 3),
(X,Y)=(1,6), Z=4: (1, 6) nepexoaurt B (4, 2, 4),
(X,Y)=(1,6), Z=5: (1, 6) nepexoaur B (5, 8, 5),
(X,Y)=(1,6), Z=6: (1, 6) nepexoaur B (6, 3, 6),
X,Y)=(1,6),Z="7: (1, 6) nepexoaut B (7, 9, 7),
(X,Y)=(1,6),Z=28: (1, 6) nepexoaur B (8, 4, 8),
(X, Y)=(1,6),Z=9: (1, 6) nepexoaur B (9, 10, 9),
(X, Y)=(1,6),Z=10: (1, 6) mepexomut B (10, 5, 10),
(X,Y)=(3,4),Z=1: (3, 4) nepexoaur B (3, 4, 1),
(X,Y)=(3,4),Z=2: (3, 4) nepexoaur B (6, 8, 2),
(X,Y)=(3,4),Z=3: (3, 4) nepexoaut B (9, 1, 3),
(X,Y)=(3,4),Z=4: (3, 4) nepexoaut B (1, 5, 4),
(X,Y)=(3,4), Z=5: (3, 4) nepexoaurt B (4, 9, 5),
(X,Y)=(3,4), Z=06: (3, 4) nepexoaurt B (7, 2, 6),
(X,Y)=(3,4),Z="17: (3, 4) nepexonur B (10, 6, 7),
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(X,Y)=(3,4),Z=28: (3, 4) nepexoaur B (2, 10, 8),
(X,Y)=(3,4),Z2=9: (3, 4) nepexoaurt B (5, 3, 9),
(X,Y)=(3,4),Z=10: (3, 4) nepexomaut B (8, 7, 10),
(X,Y)=(3,8),Z=1:(3, 8) nepexoaurt B (3, 8, 1),
(X,Y)=(3,8),Z=2: (3, 8) nepexoaur B (6, 5, 2),
(X,Y)=(3,8),Z=3:(3, 8) nepexoaur B (9, 2, 3),
(X,Y)=(3,8),Z=4: (3, 8) nepexoaur B (1, 10, 4),
(X,Y)=(3,8),Z=5:(3, 8) nepexoaur B (4, 7, 5),
(X,Y)=(3,8),Z=06: (3, 8) nepexoaurt B (7, 4, 6),
(X,Y)=(3,8),Z="17: (3, 8) nepexoaur B (10, 1, 7),
(X,Y)=(3,8),Z=28:(3, 8) nepexoaur B (2, 9, 8),
(X,Y)=(3,8),Z2=9: (3, 8) nepexoaur B (5, 6, 9),
(X,Y)=(3,8),Z=10: (3, 8) nepexoaut B (8, 3, 10),
(X,Y)=(4,0),Z=1: (4, 0) nepexoaur B (4, 0, 1),
(X,Y)=(4,0),Z=2: (4, 0) nepexoaur B (8, 0, 2),
(X,Y)=(4,0),Z=3: (4, 0) nepexoaur B (1, 0, 3),
(X,Y)=(4,0),Z=4: (4, 0) nepexoaurt B (5, 0, 4),
(X,Y)=(4,0),Z=5: (4, 0) nepexoaur B (9, 0, 5),
(X,Y)=(4,0),Z=06: (4, 0) nepexoaurt B (2, 0, 6),
X, Y)=(4,0),Z="17: (4, 0) nepexoaurt B (6, 0, 7),
(X,Y)=(4,0),Z=28: (4, 0) nepexoaur B (10, 0, 8),
(X,Y)=(4,0),Z=9: (4, 0) nepexoaut B (3, 0, 9),
(X,Y)=(4,0),Z=10: (4, 0) mepexomut B (7, 0, 10),
X,Y)=(4,2),Z=1:(4,2) nepexoaurt B (4, 2, 1),
(X,Y)=(4,2),Z=2: (4, 2) nepexoaur B (8, 4, 2),
(X,Y)=(4,2),Z=3: (4, 2) nepexoaur B (1, 6, 3),
X, Y)=(4,2),Z=4: (4, 2) nepexoaurt B (5, 8, 4),
(X, Y)=(4,2),Z=5: (4, 2) nepexoaurt B (9, 10, 5),
(X,Y)=(4,2),Z=6: (4, 2) nepexoaur B (2, 1, 6),
X,Y)=(4,2),Z="17: (4, 2) nepexoaurt B (6, 3, 7),
(X, Y)=(4,2),Z=28: (4, 2) nepexoaurt B (10, 5, 8),
X,Y)=(4,2),Z=9: (4, 2) nepexoaut B (3, 7, 9),
X,Y)=(4,2),Z=10: (4, 2) nepexomut B (7, 9, 10),
X,Y)=(5,1),Z=1:(5, 1) nepexoaur B (5, 1, 1),
X, Y)=(5,1),Z=2: (5, 1) nepexonur B (10, 2, 2),
X,Y)=(5,1),Z=3:(5, 1) nepexoaurt B (4, 3, 3),
X,Y)=(5,1), Z=4: (5, 1) nepexoaurt B (9, 4, 4),



(X,Y)=(5,1),Z=5: (5, 1) nepexoaut B (3, 5, 5),
X,Y)=(5,1),Z=6: (5, 1) nepexoaurt B (8, 6, 6),
X,Y)=(5,1),Z2="7: (5, 1) nepexoaut B (2, 7, 7),
X,Y)=(5,1),Z2=8: (5, 1) nepexoaurt B (7, 8, 8),
X,Y)=(5,1),Z2=9: (5, 1) nepexoaut B (1, 9, 9),

X, Y)=(5,1),Z2=10: (5, 1) mepexomur B (6, 10, 10),

X,Y)=(5,2),Z=1:(5, 2) nepexoaurt B (5, 2, 1),
(X,Y)=(5,2),Z=2:(5,2) nepexonur B (10, 4, 2),
(X,Y)=(5, 2), Z=3: (5, 2) nepexoaur B (4, 6, 3),
X,Y)=(5,2),Z=4: (5, 2) nepexoaurt B (9, 8, 4),
(X,Y)=(5,2),Z=5:(5,2) nepexoaur B (3, 10, 5),
(X,Y)=(5,2),Z=6: (5, 2) nepexoaur B (8, 1, 6),
X,Y)=(5,2),Z="17: (5, 2) nepexoaurt B (2, 3, 7),
(X,Y)=(5, 2),Z=28: (5, 2) nepexoaur B (7, 5, 8),
X,Y)=(5,2),Z2=9: (5, 2) nepexoaut B (1, 7, 9),
X,Y)=(5, 2),Z=10: (5, 2) nepexomaut B (6, 9, 10),
(X,Y)=(6,6), Z=1: (6, 6) nepexoaurt B (6, 6, 1),
(X,Y)=(6, 6), Z=2: (6, 6) nepexoaut B (1, 1, 2),
(X,Y)=(6, 6), Z=3: (6, 6) nepexoaurt B (7, 7, 3),
(X,Y)=(6, 6), Z=14: (6, 6) nepexoaurt B (2, 2, 4),
(X,Y)=(6, 6), Z=5: (6, 6) nepexoaur B (8, 8, 5),
(X, Y) = (6, 6), Z=6: (6, 6) nepexoaurt B (3, 3, 6),
(X,Y)=(6,6), Z="7: (6, 6) nepexoaut B (9, 9, 7),
(X, Y) = (6, 6), Z=8: (6, 6) nepexoaur B (4, 4, 8),
(X, Y) = (6, 6), Z=9: (6, 6) nepexoaur B (10, 10, 9),
(X,Y)=(6, 6), Z=10: (6, 6) mepexoaut B (5, 5, 10),
(X,Y)=(6,9),Z=1: (6, 9) nepexoaur B (6, 9, 1),
(X,Y)=(6,9), Z=2:(6,9) nepexoaur B (1, 7, 2),
(X,Y)=(6,9), Z=23:(6,9) nepexoaurt B (7, 5, 3),
(X,Y)=(6,9), Z=4:(6,9) nepexoaurt B (2, 3, 4),
(X,Y)=(6,9),Z=75:(6,9) nepexoaut B (8, 1, 5),
(X,Y)=(6,9), Z=6:(6,9) nepexoaur B (3, 10, 6),
(X,Y)=(6,9),Z="7:(6,9) nepexoaut B (9, 8, 7),
(X,Y)=(6,9), Z=28: (6, 9) nepexoaur B (4, 6, 8),
(X,Y)=(6,9),Z=29:(6,9) nepexonur B (10, 4, 9),
(X,Y)=(6,9),Z=10: (6, 9) nepexomut B (5, 2, 10),
(X,Y)=(8,3), Z=1:(8, 3) nepexoaurt B (8, 3, 1),

39



40

(X,Y)=(8, 3), Z=2: (8, 3) nepexoaur B (5, 6, 2),
(X,Y)=(8, 3), Z=3:(8, 3) mepexoaut B (2, 9, 3),
(X,Y)=(8, 3), Z=4: (8, 3) nepexoaur B (10, 1, 4),
(X,Y)=(8, 3), Z=5:(8, 3) nepexoaurt B (7, 4, 5),
(X,Y)=(8, 3), Z=6: (8, 3) nepexoaur B (4, 7, 6),
(X,Y)=(8,3),Z="7:(8, 3) nepexoaur B (1, 10, 7),
(X,Y)=(8, 3), Z=8: (8, 3) nepexoaurt B (9, 2, 8),
(X,Y)=(8,3),Z=9: (8, 3) nepexoaur B (6, 5, 9),
(X, Y)=(8, 3), Z=10: (8, 3) nepexomut B (3, 8, 10),
X,Y)=(9,2),Z=1:(9, 2) nepexoaurt B (9, 2, 1),
(X, Y)=(9,2),Z=2:(9, 2) nepexoaur B (7, 4, 2),
(X,Y)=(9, 2), Z=3: (9, 2) nepexoaur B (5, 6, 3),
X, Y)=(9, 2), Z=4: (9, 2) nepexoaurt B (3, 8, 4),
(X, Y)=(9, 2),Z=5:(9, 2) nepexonur B (1, 10, 5),
(X,Y)=(9, 2),Z=6: (9, 2) nepexoaur B (10, 1, 6),
X,Y)=(9,2),Z2="17:(9, 2) nepexoaur B (8, 3, 7),
X, Y)=(9, 2), Z=8: (9, 2) nepexoaur B (6, 5, 8),
X,Y)=(9,2),Z2=9: (9, 2) nepexoaurt B (4, 7, 9),
X, Y)=(9,2),Z2=10: (9, 2) nepexoaut B (2, 9, 10),
X,Y)=(9,5),Z2=1:(9, 5) nepexoaut B (9, 5, 1),
(X,Y)=(9,5),Z=2: (9, 5) nepexonur B (7, 10, 2),
(X,Y)=(9,5),Z=3: (9, 5) nepexoaur B (5, 4, 3),
(X,Y)=(9,5), Z=4: (9, 5) nepexoaut B (3, 9, 4),
(X,Y)=(9,5),Z=15: (9, 5) nepexoaur B (1, 3, 5),
(X, Y)=(9,5),Z=6: (9, 5) nepexoaur B (10, 8, 6),
(X,Y)=(9,5),Z2="7: (9, 5) nepexoaurt B (8, 2, 7),
(X,Y)=(9,5),Z=8: (9, 5) nepexoaur B (6, 7, 8),
(X,Y)=(9,5),Z2=9: (9, 5) nepexoaut B (4, 1, 9),
(X,Y)=(9,5),Z=10: (9, 5) mepexoaut B (2, 6, 10),
(X,Y)=(10,3),Z=1: (10, 3) nepexoaut B (10, 3, 1),
(X, Y) =(10, 3), Z=2: (10, 3) mepexoaut B (9, 6, 2),
(X,Y)=(10, 3),Z=3: (10, 3) nepexoaut B (8, 9, 3),
(X,Y)=(10, 3),Z=4: (10, 3) nepexoaut B (7, 1, 4),
(X,Y)=(10, 3), Z=5: (10, 3) nepexoaur B (6, 4, 5),
(X,Y)=(10, 3), Z=6: (10, 3) nepexoaur B (5, 7, 6),
(X,Y)=(10, 3),Z=7: (10, 3) nepexoaut B (4, 10, 7),
(X,Y)=(10, 3), Z =8: (10, 3) nepexoxaur B (3, 2, 8),



(X,Y)=(10, 3),Z=9: (10, 3) nepexoaur B (2, 5, 9),

(X,Y)=(10, 3),Z=10: (10, 3) mepexoaut B (1, &, 10),
(X,Y)=(10,5),Z=1: (10, 5) nepexoaut B (10, 5, 1),
(X,Y)=(10,5),Z=2: (10, 5) nepexoaut B (9, 10, 2),
(X,Y)=(10,5),Z=3: (10, 5) nepexoaur B (8, 4, 3),
(X,Y)=(10,5),Z=4: (10, 5) nepexoaut B (7, 9, 4),

(X,Y)=(10,5), Z=5: (10, 5) nepexoaur B (6, 3, 5),
(X,Y)=(10,5), Z=6: (10, 5) nepexoaur B (5, 8, 6),
(X,Y)=(10,5),Z=7: (10, 5) nepexoaur B (4, 2, 7),

(X,Y)=(10,5), Z=8: (10, 5) nepexonur B (3, 7, 8),
(X,Y)=(10,5),Z=9: (10, 5) nepexoaut B (2, 1, 9),
(X,Y)=(10,5),Z=10: (10, 5) mepexomut B (1, 6, 10).

WNuorpa B nanpHelimem HaMm OyzaeT yaoOHee MOJIb30BaThCs CIETKa MOAM(PUIMPOBAHHON
(bopMoii MPOEKTUBHOM IUIOCKOCTH, KOT/a MPOeKTHBHbIE kKoopauHatel (X, Y, Z) mpeacTaBisioT
apdunHyro TOuKy (X 122Y /Zg) :

PaccMmoTpuM mpejcTaBieHne MpoeKTuBHbIME Toukamu Buaa (X, Y, Z) moauduiupoBaH-

HOM (OpMBI MPOEKTUBHOM IJIOCKOCTH (B mMepBoM mpumepe) Hang moiem K = Fo = F3
npuair=0,a=0,a3=0, as = 2, as = 1 (2.10), oTJIMYHBIMHA OT OECKOHEYHO YAAJICHHOU TOUYKH
(Z #0), apduunbix Touek una (X /22,Y 1Z°):
(X,Y,2)=(0, 1, 1) npeacrasmusier (X /ZZ,Y/Z?’) :(0/12,1/13) =(0/1,1/1)=(0,1),
(X,Y,Z)=(0, 1, 2) npexcrasuser (X/22,Y/2%) =(0/22,1/2%) = (0, 1/8 (mod 3)) =
—(0,1/2)=(0, 1-2% (mod 3))=(0, 1 - 2) = (0, 2),
(X,Y,Z)= (0,2, 1) npexcrasaser (X/Z22,Y/2%) =(0/1%,2/13) =(0/1,2/1) = (0, 2),
(X, Y, 2) = (0, 2, 2) npencrasnsier (X/Z2,Y12%) =(0/22,2/2%) =(0,2/8 (mod 3)) =
=(0,2/2)=(0,2 -2 (mod 3))=(0, 2 - 2 (mod 3)) = (0, 4 (mod 3)) = (0, 1),
(X,Y,2)=(1, 1, 1) npeacrasmusier (X /ZZ,Y/Z?’) :(1/12,1/13) =(1/1,1/1)=(1,1),
(X,Y,2)=(1, 1, 2) npeacrasnsier (X/22,Y/2%) =(@1/2%,1/23) =

=(1/4(mod3),1/8(mod3)=(1/1,1/2)=
=(1,1-2Y(mod3))=(1,1-2)=(1,2),

(X,Y,2Z)=(1,2, 1) npeacrasnser (X/22,Y/1Z3) =/1%,2/23) =(1/1,2/1)=(1, 2),
(X,Y,2)=(1, 2, 2) npexcrasaser (X/Z22,Y123) =@/22,2/2%) =
=(1/4(mod3),2/8(mod3))=(1/1,2/2)=(1,1),
(X,Y,2)=(2, 1, 1) npexcrasaser (X/Z22,Y/2%) =(2/12,1/13) =(2/1,1/1) = (2, 1),
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(X,Y,2Z)=(2, 1,2) npeacrasnser (X/Z22,Y123) =(2/2%,1/12%) =
=(2/4 (mod3),1/8(mod3))=(2/1,1/2)=(2, 1 -2 (mod 3))
—(2,1-2)=(2,2),

(X,Y,Z)=(2,2, 1) npexcrasusier (X/Z22,Y/12%) =(2/1%,2/13) = (2/1,2/1) = (2, 2),

(X,Y,Z)=(2,2,2) npexcrasuser (X/22,Y/2%) =(2/2%,2/2%) =
=(2/4(mod3),2/8(mod3))=(2/1,2/2) = (2, 1).
O06o00mmas paccMOTpeHHBIE (B TIEPBOM IIPUMEPE) MPEACTABICHUS MPOCSKTUBHBIMA TOYKAMH

Buna (X, Y, Z) momuduimpoBaHHoM (GOpMbI IPOSKTUBHOM IUIOCKOCTH Hax moieM K = Fo = F3
npu a1 =0,a=0,a3=0, as = 2, as = 1 (2.10), oTu4HBIMUA OT OCCKOHEYHO YIAJICHHON TOYKH

(Z #0), abdpunnbIX TOUEK BUpa (X 122.Y1 Z3) UMeeM:
(0,1, 1) u (0, 2, 2) npexacrassior (0, 1),
(0, 1,2)u (0, 2, 1) npeacrassior (0, 2),
(1, 1, H)yu (1, 2, 2) mpencrasistor (1, 1),
(1,1,2)u (1, 2, 1) npeacrasmsor (1, 2),
(2,1, )u (2, 2, 2) npeacrasmsor (2, 1),
(2,1,2)u (2,2, 1) npeacrasusior (2, 2).
Bo BTOpOM mpuMepe npuBeeM MpeAcTaBlIeHHE MPOSKTUBHBIMU Toukamu Buaa (X, Y, Z)

MoudupoBaHHON (HOPMBI MPOSKTUBHOM MIIOCKOCTH Haj moiem K = Fp = Fg npu a1 = 0,
a2 =3, a3=4,a =0, as = 3 (2.11), oTiuyHBIMH OT OCCKOHEYHO yhajieHHOU Touku (Z # 0),

apduuHBIX ToUek Bua (X 122y /Zg) :
(1, 0, 4) mpencrasnser (1, 0),
(1, 2, 1) npencrasnser (1, 2),
(1, 3, 2) npexacrasiser (4, 1),
(1, 4, 1) npencrasnser (1, 4),
(1, 4, 2) npencrasnser (4, 3),
(1,4,4)u (4,2, 3) npeacrasisitor (1, 1),
(2, 0, 3) mpencrasmser (3, 0),
(2, 1, 4) npencrasinser (2, 4),
(2, 3, 2) mpencrasnsert (3, 1),
(2, 3, 3) npencrasinser (3, 4),
(2, 3, 4) npencrasnser (2, 2),
(2, 4, 2) npencrasinser (3, 3),
(3, 0, 2) mpencrasinser (2, 0),
(3, 1, 3) mpencrasinser (2, 3),
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(3, 2, 1) npencrasaser (3, 2),
(3, 2, 2) npencrasausiert (2, 4),
(3, 2, 3) npencrasausiet (2, 1),
(3, 4, 1) npencrasaser (3, 4),
(4, 0, 1) mpencrasauser (4, 0),
(4, 1, 1) mpencrasnsert (4, 1),
(4, 1, 3) mpencrasnser (1, 3),
(4, 1, 4) npencrasnser (4, 4),
(4, 3, 4) npencrasmser (4, 2).
B Tpetbem mpumepe mpuBeeM IpeICTaBICHUE MPOSKTHBHBIMU Toukamu Bujaa (X, Y, Z)

Mo pupoBaHHON (HOPMBI MPOEKTUBHOM MIIOCKOCTU Haj moiem K = Fo = F; opu a1 = 0,
a2=0,a=0,a =1, as = 3 (2.12), otiuuHBIMH OT OCCKOHEYHO yhaieHHOU Touku (Z # 0),

apunHBIX TOUYeK Buaa (X /ZZ,Y /Zg) :
(1, 0, 3) mpencrasuser (4, 0),
(1, 1, 6) mpencrasuser (1, 6),
(1, 2, 2) mpencrasusert (2, 2),
(1, 5, 2) mpencrasusert (2, 5),
(1, 6, 6) npencrasinser (1, 1),
(2, 0, 6) mpencrasmsiet (2, 0),
(2, 2, 5) npencrasnsier (4, 5),
(2, 3, 4) npencrasnser (1, 3),
(2, 4, 4) npencrasnser (1, 4),
(2, 5, 5) npencrasinser (4, 2),
(3, 0, 2) mpencrasnser (6, 0),
(3, 1, 6) mpencrasnser (3, 6),
(3, 3, 4) npencrasnser (5, 3),
(3, 4, 4) npencrasinser (5, 4),
(3, 6, 6) mpencrasmsiet (3, 1),
(4, 0, 5) npencrasinser (1, 0),
(4, 1, 1) npencrasnser (4, 1),
(4, 3, 3) mpencrasnusert (2, 4),
(4, 4, 3) npencrasinser (2, 3),
(4, 6, 1) npencrasinser (4, 6),
(5, 0, 1) mpencrasnser (5, 0),
(5, 2, 2) mpencrasinser (3, 2),
(5, 3, 3) mpencrasnser (6, 4),
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(5, 4, 3) npencrasauser (6, 3),
(5, 5, 2) npencrasaser (3, 5),
(6, 0, 4) npencrasnser (3, 0),
(6, 1, 1) npencrasnser (6, 1),
(6, 2, 5) npencrasiser (5, 5),
(6, 5, 5) mpencrasnser (5, 2),
(6, 6, 1) mpencrasmser (6, 6).
B derBeproM mpuMepe mpHBeneM Tpe/cTaBlIeHue MPOSKTUBHBIMU Toukamu Bua (X, Y, Z)

MOIU(HUIMPOBAHHON (POPMBI TPOSKTUBHOM TIOCKOCTH Haja moneM K = Fp = F11 mpu &g = 10,
=4 a=2 a =0, as = 4 (2.13), ominyHBIME OT OCCKOHEYHO yhaneHHou Touku (Z # 0),

apdunHBIX TOYeK BHaa (X /Z 2y /Z?’) ;
(0,1,2)u (0, 10, 9) mpeacrasustort (0, 7),
(0,1,4)u (0, 10, 7) mpeacrasiusiort (0, 5),
0,2,4)u (0,9, 7) npeacrasmusor (0, 10),
(0, 2,8) u (0, 9, 3) mpeacrassor (0, 4),
(0, 3,1) u (0, 8, 10) mpencrasisior (0, 3),
(0, 3,6) u (0, 8, 5) mpeacrassor (0, 2),
(0,4,5)u (0, 7, 6) npencrasmsror (0, 1),
(0, 4,8)u (0, 7, 3) npexncrasmsror (0, 8),
(0,5,9)u (0, 6, 2) npencrassror (0, 9),
(0, 5,10) u (0, 6, 1) mpeacrasmsior (0, 6),

(1, 0, 3) mpencrasmsier (5, 0),

(1, 1, 2) mpencrasnser (3, 7),
(1,3,5),(3,1,3),(5,6,2) u (9, 4, 4) npencrasmsitor (4, 9),
(1,4,1),(3,5,5),(4,1,9 u (9, 2, 8) npencrasmstor (1, 4),

(1, 5, 4) npencrasnser (9, 3),

(1,6, 1) u (4, 7,9) npencrasmnsor (1, 6),
(1, 6,3)u (4, 7, 5) npeacrasmstor (5, 10),
(1, 6, 10) mpencrasmser (1, 5),
(1,7,2)u (4, 10, 7) mpeacrasiusior (3, 5),

(1, 7, 9) npencrasmuser (3, 6),

(1, 8, 10) u (3, 10, 6) npeacrasmsror (1, 3),
(1,9,9), (3,8, 10), (4,5, 4) u (5, 4, 3) npencrasastor (3, 3),
(1,10, 4) u (3, 7, 9) mpencrasustor (9, 6),

(1,10, 5) u (3, 7, 3) mpencrasustor (4, 8),
(1,10,7),(4,3,3),(5,9,5 u (9,5, 1) npeacrasmstor (9, 5),
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(2, 0, 6) npencrasmusier (8, 0),
(2,1,2)u (8, 3, 7) npeacrasmsior (6, 7),
(2,1,6)u (8, 3, 10) mpeacrasustor (8, 8),
(2, 1, 9) npencrasmusier (6, 4),
(2, 2, 4) npencrasmser (7, 10),
(2,3,4)u (8,9, 3) npeacrasmsor (7, 4),
(2, 3, 7) npencrasnusier (7, 7),
(2,5,9) u (6,9, 1) npeacrasmsror (6, 9),
(2, 6, 10), (6, 2, 6), (7, 8, 8) u (10, 1, 4) npexacrasusior (2, 5),
(2,7,7),(6,5,9), (8, 10, 8) u (10, 8, 6) npexacrasnsror (7, 9),
(2,8, 2), (6,10, 10), (7,4,5) u (8, 2, 7) npencrarsor (6, 1),
(2,9,3), (7, 10, 2), (8, 6, 6) u (10, 7, 10) mpeacrasisrot (10, 4),
(2,9,8)u (6, 3, 7) npeacrasmsror (10, 7),
(2,9, 10) u (6, 3, 6) mpeacrapiusioT (2, 2),
(2, 10, 8) mpeacrasmnser (10, 9),
(3, 0, 9) npencrasaser (9, 0),
(3,2,8)u (9, 8, 7) npencrasnsor (4, 4),
(3, 3, 6) npencrasaser (1, 2),
(3, 4, 1) npencrasaser (3, 4),
(3, 7, 8) npencrasmusier (4, 3),

(3,8,1)u (9, 10, 5) mpeacrasiusior (3, 8),
(3,8,4)u (9, 10, 9) mpencrasisior (5, 7),
(3,9,4),(4,7,6), (5 1,1)u (9, 3, 9) npeacrassior (5, 1),
(3, 10, 5) mpencrasmser (1, 8),

(4, 0, 1) npencrasnser (4, 0),

(4, 2,1)u (5, 6, 9) npeacrasnsiot (4, 2),

(4,2,4)u (5, 6, 3) npeacrasstror (3, 10),

(4, 2, 7) npencrasmusier (3, 1),

(4, 4, 8) mpencrasnser (9, 8),

(4, 6, 3) npencrasmsier (9, 10),

(4,6, 8) u (5,7, 6) npencrasmsror (9, 1),

(4, 9, 5) npencrasnser (5, 5),

(5, 0, 4) npencrasser (1, 0),

(5, 2, 1) mpencrasmser (5, 2),

(5, 2,10) u (9, 6, 2) mpencrasustor (5, 9),

(5, 3, 9) npencrasnser (4, 1),

(5, 5, 10) mpencrasmser (5, 6),

(5, 8,4) u (9, 2, 3) npeacrasusiot (1, 7),
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(5,8,5)u (9, 2, 1) npencrasmsior (9, 2),
(5, 8, 6) npeacrasser (9, 9),
(6, 0, 7) npencrasmsier (10, 0),
(6, 3, 5) npencrasmuser (2, 9),
(6,4,5)u (7,5, 3) npeacrasmsmor (2, 1),
(6,5,2)u (7,9, 10) mpeacrasisior (7, 2),
(6,5,8)u (7,9, 7) npeacrasmstor (8, 10),
(6, 6, 1) npencrasser (6, 6),
(6,7,8),(7,6,7),(8,3,1)u (10, 2, 2) npencrasmustor (8, 3),
(6, 8, 2) npencrasmuser (7, 1),
(6,9, 10) mpencrasmiser (6, 2),

(7, 0, 10) mpencrasmaser (7, 0),
(7,1,4)u (10, 4, 9) nmpenacrasiusior (8, 5),
(7, 2, 6) npencrasmusier (6, 5),
(7,4,2)u (10, 5, 10) npeacrasmstor (10, 6),
(7, 4,6) u (10, 5, 8) mpexacrasisror (6, 10),
(7, 5, 8) mpencrasiser (2, 10),

(7,7, 3) npencrasmuser (2, 8),

(7,9, 4) npencrasmusier (8, 1),

(8, 0, 2) mpencrasmusier (2, 0),

(8,1, 5)u (10, 3, 1) mpencrasisiot (10, 3),
(8, 1, 6) mpencrasnser (10, 8),
(8,4,2)u (10, 1, 7) mpencrassior (2, 6),
(8, 4, 3) npencrasnser (7, 3),
(8,4,8)u (10, 1, 6) mpeacrasmusior (7, 8),
(8,7, 10) mpencrasmser (8, 4),

(8, 8, 5) npencrasmnser (10, 2),

(9, 0, 5) npencrasnser (3, 0),

(9, 1, 3) npencrasnser (1, 9),

(9, 8, 4) npencrasnser (4, 7),

(9,9, 7) npencrasmnser (4, 10),

(9, 10, 2) mpencrasmser (5, 4),

(10, 0, 8) mpeacrasmser (6, 0),

(10, 4, 2) npexacrapnusieT (8, 6),

(10, 5, 1) mpeacrasusiet (10, 5),

(10, 6, 7) npencrasnser (2, 3),

(10, 10, 9) npencrasnser (8, 7).



JIns SJUTMNTHYEeCKUX KPUBBIX, 33aHHBIX [UIMHHOM (2.2) wim apdunHou (2.14) Bepcusimu
ypaBHeHMsI Beliepmrpacca, BBeAeM ClleAyIOUIME KOHCTAHThI, KOTOpbIe OyIyT HCIOJIb30BAHBI

B II&JIBHCFIH.II/IX q)opMynax JJI BBIYUCIICHUA JUCKPUMHWHAHTOB 3TUX KpI/IBbIX:
b, = a12 + 4a,,
by = aja3 + 24y,
bg = a§ + 4ag,
bg = a12a6 + 4ajsag — ajazay + a2a32 - ag,
cq = bZ — 24by,
Cg =—h3 + 36byb, — 216 bg .
JIMCKpUMHMHAHT TMITUYECKON KpuBOH E ompenensiercs no ¢popmymne
= —b3hg — 8bj — 27bZ + 9bybybg. (2.19)
3amMeTHM, 4TO eclii xapakrepuctuka moisi char K ¢ {2, 3}, To AMCKPUMHHAHT MOYKHO BBIYHC-

JIMTH HE TOJILKO 110 (opmyie (2.19), Ho u o popmyie

3 .2
A = C4-C6 ) (2.20)
1728

6

3amernm, uro 1728 = 64 - 27 = 27 - 33, TaK 4YTO HCHOJb30BaHue (Gopmyibl (2.20) s

BBIYUCIICHUSA OUCKPUMHWHAHTA SIUJITUIITUYECKON KpPIBOfI HUMECT CMBICJII TOJIBKO B TE€X IIOIAX,
Ybid XAPAKTCPUCTHKA OTINYHA OT ABYX U OTJIIMYHA OT TPEX. B IPOTUBHOM CJIy4aC 3HAMCHATCJIb
1728 dopmyis (2.20) oOparaercst B HyIb.
BeruncinuM ITUCKpUMHUHAHT ([IEPBOrO TpHMEpa) SJUTUITHYSCKOW KPHBOW Haa IOJeM
K=F,=Fnpuai=0,a=0a=0,a=2, as=1(2.10) no popmyzne (2.19):
b, = af + 4a, (mod p) = 0% + 4-0 (mod 3) =0 + 0 (mod 3) =0,
by = yag + 2a4 (modp) =0-0 + 2-2 (mod 3) =0+ 4 (mod 3) =1,
bg = a3 + 4ag (mod p) = 02 + 4-1 (mod 3) =0 + 4 (mod 3) = 1,
bg = a12a5 + dajag — ajazay + a2a§ - aﬁ (mod p) =
=0%.1+4-0-1-0-0-2 + 0-0° — 2% (mod 3) =
=0+0-0+0-4 (mod 3) =—4 (mod 3) = 2,
Cy = b22 — 24b, (mod p) =
= 02 — 24-1 (mod 3) = 0 — 24 (mod 3) =24 (mod 3) = 0,
Cg =—b3 + 36byb, — 216hg (mod p) =
=03+ 36-0-1-216-1 (mod 3) =0 +0—216 (mod 3) =-216 (mod 3) = 0.
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A =—b3hg — 8b; — 27bZ + 9bybyb (Mod p) =

~0%.2-8-12- 2712 + 9.0-1-1 (mod 3) =
0-8-27+0(mod 3) ==-35(mod 3) =1.

ITockonbky 3namenarens 1728 dopmyisr (2.20) mo moaymo p = 3 obpalaercsi B HyIb,

BBIYHCIIATh JUCKPUMHUHAHT JJUIMNITUYECKOW KpHBOW Haa mojeM K = Fp = F3 npu a1 = 0,

a2=0,a3=0,a: =2, as =1 (2.10) o popmyse (2.20) He MMeeT CMBICTIA.

[IpencraBuM AMCKPUMHMHAHT (BTOPOro IMPUMEpA) SJUIMIITUYECKOM KpHUBOM Haja IOJIEM
K = Fp =Fgompuar=0,a =3 a =4, as =0, as = 3 (2.11), BeruncieHHbli 110 hopmyiam
(2.19) u (2.20):

by, = a12 + 4a, (mod p) =12 (mod 5) = 2,
by = ajag + 2a4 (mod p) =0 (mod 5) =0,

bg = a3 + 4ag (mod p) = 28 (mod 5) = 3,
bg = alzae + dajag — yazay + a2a§ — af (mod p) =84 (mod 5) =4,
cq = b — 24b, (mod p) = 4 (mod 5) = 4,
Cg =—b3 + 36hyb, — 216bg (mod p) =656 (mod 5) = 4,

A =—b2bg — 8b3 — 27bZ + 9bybybs (Mod p) = —259 (mod 5) = 1,

3 2 3 2
_ C4—Cg _4 -4 _
A =="2—2 (modp)= mod 5) =
1728 ( P) 1728 ( )

_ 64-16(mod5) _ 48(mod5) _ 3(mod5) _
1728 (mod5) 3(mod5)  3(mod5)

= 3.371 (mod 5) = 3-2 (mod 5) = 6 (mod 5) = 1.
B tpetheM nmpumepe AMCKPUMHHAHT SIUTMITHYECKON KpuBoii Hax monem K = Fp = F;
npu a1 =0,a,=0,a3=0, as =1, as = 3 (2.12), Beruncnennsiii mo popmymnam (2.19) u (2.20):
b, = a12 + 4a, (mod p) =0 (mod 7) =0,
by = ajag + 2a4 (mod p) =2 (mod 7) = 2,

bg = a§ + 4ag (mod p) =12 (mod 7) =5,
bg = a12a6 + dajyag — yagay + a2a32 — af (mod p) =-1 (mod 7) =6,
¢4 = b — 24b, (mod p) =48 (mod 7) = 1,
Cg =—b3 + 36byb, — 216bg (mod p) = -1080 (mod 7) = 5,
= —b3bg — 8b3 — 27bg + 9bybybs (Mod p) =739 (mod 7) = 3,
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3 2 3 g2 _ _
A= Cy —C§ (mod p) = 1°-5 (mod 7) = 1-25(mod7) _ —24(mod7) _ 4(mod7) _
1728 1728 1728 (mod7) 6 (mod7) 6 (mod7)

=4.671 (mod7)=4-6 (mod 7) = 24 (mod 7) = 3.
B tlCTBCpTOM IMpuMEpe JUCKPUMUHAHT 3J'IJII/IHTI/I‘ICCKOI71 KpHBOﬁ Hall ITOJIEM

K=Fy=Fynpnar=10,a=4,a3=2 a1 =0, as = 4 (2.13), BeIUKCIIEHHBIH 11O (hopMyIaM
(2.19) u (2.20):

b, = a12 + 4a, (mod p) = 116 (mod 11) = 6,

by = ajagz + 2a4 (mod p) =20 (mod 11) =9,

bg = a3 + 4ag (mod p) = 20 (mod 11) = 9,
bg = a12a6 + dazag — yagzay + a2a32 - a§ (mod p) =480 (mod 11) =7,
¢4 = b — 24b, (mod p) =180 (mod 11) = 7,
Cg =—b3 + 36hyb, — 216hg (mod p) =216 (mod 11) = 4,

= —b3bg — 8b3 — 27b% + 9byhybg (mod p) = —3897 (mod 11) = 8,

3 .2 3 42 _
A= €1 —C§ (mod p) = 7 -4 (mod 11) = 343-16 (mod11) _ 327 (modll) _
1728 1728 1728 (mod11) 1(mod11)
_ 8(mod1l)

= =8-17% (mod 11) = 8-1 (mod 11) = 8 (mod 11) = 8.
1(mod1l)

W3BecTHO, 4TO »/uIMIITHUECKass KpuBas E sBnsercs HeocoOol Toraa M TOJBKO TOI/A,
Korga ee nuckpumuHaHT A # 0.

3aMeTHM, UYTO BBIYMCICHHbIE JUCKPUMHHAHTBI A TIEpBOro, BTOPOTO, TPETHETO U YETBEP-
TOTO NPUMEPOB MILIUNTHICCKUX KpBbIX Hax moneM K = Fy = F3 mpn a1 =0, 8 =0, a3 =0,
a4 =2,a=1(2.10), nanmonem K = Fy = Fs mpna1 =0,a2=3,a3=4, a4 = 0, as = 3 (2.11),
Hag nonem K = Fp =F,ompua=0,a =0 a=0 a =1, as = 3 (2.12) u Han monem
K=Fy=Finpnar=10,a=4a=2 a1=0,a8 =4 (2.13), paBHBI OTHOMY, TPEM M BOCBMH

COOTBETCTBEHHO. [103TOMY Kak/1asi U3 3THX (QJUIMITHYECKUX) KPUBBIX SBISICTCS] HEOCOOOH.

C sroro MomeHTta OyJeM MpeAarnoyiarate, 4YT0 AUCKPUMHHAHT (SJUIMOTHYECKHX) KPUBBIX
A # 0, T.e. paccMaTpuBaTh TOJIBKO HEOCOOBIE KPUBHIE.

Jlns HeocoObIX KpuBBIX E BBeZeM HEKOTOpPOE CBOMCTBO, OCTAlOIIeecs HEHM3MEHHBIM,

TaK Ha3bIBACMBIH J-UHEaApUaHm VT UHBAPUAHT |

I(E) = o (2.21)
J A :
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BbrunciuMm  j-uHBapuadT (MEPBOro MpHMeEpa) OSJUIMINTHYECKOW KPHBOH Haa IOJIeM

K=Fp= Fs mpuai=0,a,=0,a3=0, a= 2, as = 1 (2.10) o hopmyue (2.21):

3 3
. Ca 0 0
EyY=2 =" =-_=0
I(E) A 1 1

[IpeacTaBuM BBIYHCICHUE |-WHBapHaHTa (BTOPOTO IMpHMEpA) SIUIMITHYSCKON KpUBOU

Hap nojieM K = Fp =Fgnpuai=0,a=3,a3=4,a: =0, as = 3 (2.11) no hpopmyue (2.21):

. ci _ 43%(mod5) _ 64(mod5) _ 4 _
J(E) == = = = — =4
A 1 1 1
B Tperbem mpumepe j-MHBapUaHT SJUTHUITUYECKON KpUBOM Hax moiiem K = Fp = F

npuar =0,a,=0,a3=0, a4 =1, as = 3 (2.12), BeruucieHusii mo Gpopmyie (2.21):

i(E) = ﬁ _ 13(mod7) _ 1(mod7) _
J A 3(mod7) 3(mod7)

=1-371 (mod 7) = 1-5 (mod 7) = 5.
B uerBeproM mpuMepe j-MHBapHAHT SIUIMITHYCCKOW KPUBOW Haja moiieM K = Fp = Fi1
npu a1 = 10, a2 =4, a3 =2, a4 =0, as = 4 (2.13), BeruucieHHsbIi 0 popmyie (2.21):

ci _ 7°(mod11) _ 343(mod11)

‘A 8(modll)  8(modll)
= 2-7 (mod 11) =14 (mod 11) = 3.

i(E) = = 2.871 (mod 11) =

VHBapHaHT | TECHO CBSI3aH C MOHITHEM U3OMOPPUIMA DIAUNMUYECKUX KpUeblx. | OBOPAT,
4TO AITUNTHYecKast KpuBas E ¢ koopaunatamu X u Y Hag noneM K uzomopdHa 31IunTuaeckon

kpuBoii E’ ¢ koopmunatamu X' wu Y' wnanm momem K (0obe KpuBbIe 3aJaHbl ypaBHEHHEM

*
Beliepmitpacca), ecnu Haiinyres Takue KOHCTaHTHI I, S,t € Ku U € K , 4ro mpu 3amene nepe-

MCHHBIX.
X=u?X" +r,
Y= udy + sulX’ +t (2.22)
kpuBas E nepeiiner B kpuByro E'. OTnensHO OTMETHM, YTO M30MOPGH3M JBYX DIUTMITHYECKHUX

KPHBBIX OMPEACIICH OTHOCUTCIBHO OJHOTO U TOI'O 7K€ ITOJIA K.

Paccmotpum (TiepBblif) mpuMep oiMnTHYecKkoi kpusoi E Hax momem K = F, = F3

npu a1 = 0, a2 =0, a3 = 0, a4 = 2, as = 1, ynosnerBopsiromieli appuHHON BEepCUU ypaBHEHUS

Beiiepmtpacca (2.14):
E: Y2+a1XY +agY :X3+a2X2+a4X +ag,
E: Y2+0-XY +0-Y =X3+0.-X2+2X +1,

E: Y2 =X3+2X +1. (2.23)
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CraenaeM 3aMeHy TNEpEeMEHHBIX ¢ HaOOpOM KOHCTaHT (U, I, S, t), Hampumep, paBHBIM

(2,1, 2, 2), 1.e. B coOTBeTCTBUU C (2.22) MOJIOKUM:
X =uX’ + r (mod p) = 22(mod3)X' +1(mod3)=4(mod3)X" +1= X" +1,

Y= udy’ + su®X’ +t(mod p) = 23(mod3)Y' + 2-22(mod3)X' +2=
=8(mod3)Y' + 8(mod3)X' +2=2Y" + 2X' +2.

[ToncraBuB mosyueHHble BhipakeHust st X u Y B (2.23), noayunM u3oMophHYIO ei

AJUIANITUYECKYIO KPUBYIO:
E: (Y +2X'+2)2 = (X' +17 + 2(X'+1) +1,
E': (2Y'+2X)2 +2(2Y'+2X")2 + 22 = (X' +1)3 + 2(X'+1) +1,
E': (2Y)% +2:2:2.YX' + (2X)? +8Y' + 8X' +4=
= (X)3 +3:(X)2-1+3X" 12+ 13+ 2X" +2+1,
E': 4(Y)2 +8YX' + 4(X)2 +2Y +2X +1=
= (X)3 + 3-(X)? + 3X' +1+ 2X' +3,
E'r (V)2 +2YX' + (X)2 +2Y +2X +1=(X)3 +2X' +1,
E': (V)2 +2YX + (X)2 +2Y = (X3,
E: (V)2 +2XY +2Y = (X)® + (-1)- (X)),
E': (Y)2+2XY' +2Y = (X)3+ 2.(X)2+ 0-X' +0,
E': (Y)2+2XY' +2Y = (X)® + 2.(X")2. (2.24)
[Monyduennas smmnTudeckas kpuBas E' wam momem K = Fo = F3 (2.24) snsercs

U30MOpGHOI MO OTHOIIECHHIO K (MIEPBOMY) MPHUMEPY SIUIMNTHYECKOH KpuBoi E Ham momem
K=F,=Fnouna=0a=0a=0a=2a=1 (2.23) u ynosierBopsierT ahbUHHOMN

BepcuM ypaBHeHust Beiieprurpacca (2.14) npu a1 =2, a2 =2, a3 =2, as = 0, as = 0. Boruucium ee

nuckpuMuHAHT A U j-unBapuanT J(E') mo popmynam (2.19) u (2.21) cOOTBETCTBEHHO:

b, = a? + 4a, (mod p) = 22 + 4-2 (mod 3) = 12 (mod 3) = 0,
by = ajag + 2a4 (modp) = 2-2 + 2-0 (mod 3) =4 (mod 3) =1,

bg = a3 + 4ag (mod p) = 22 + 4.0 (mod 3) = 4 (mod 3) = 1,
bg = a12a6 + dazag — qazay + a2a§ - af (mod p) =

=22.0+4.2.0-2.2.0+2-22 — 0% (mod 3) =8 (mod 3) = 2,
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Cy = b22 — 24b, (mod p) = 02 - 241 (mod 3) =
=0-24 (mod 3) =-24 (mod 3) =0,
Ce :—bg + 36byby — 216bg (Mod p) =
=-0%+36-0-1- 216-1 (mod 3) =0+ 0—216 (mod 3) =-216 (mod 3) = 0.
= _b3bg — 8b3 — 2702 + 9byhybg (Mod p) =

=-0%.2-818-27.12+9.0-1.1 (mod 3) =
=0-8-27+0(mod 3)=-35(mod 3) =1,

J( '):i:g_gzo
A 1 1

3ametum, uto j-unBapuant J(E') aroii kpusoit E' (2.24), Tak ke Kak W j-MHBapUAHT
J(E) ucxomnoii kpusoii E (2.23), paBeH Hy:tO.

Paccmotpum (BTOpO#t) mpuMep auMntudeckod kpuBoil E Hag monem K = Fp = Fy
npu a1 = 0, a2 = 3, a3 = 4, a4 = 0, as = 3, ynouerBopstomiel aQpuHHON BEepCUU ypaBHEHUs

Beiiepmirpacca (2.14):
E: Y2+ XY +agY = X2 + ayX2 + a4X + ag,
E: Y2 +0-XY +4.Y =X3+3.X2+0-X +3,

E: Y2 +4.y =Xx3+3.x2+3 (2.25)
Cnenaem 3aMeHy MEepeMEHHBIX ¢ Habopom KoHcTaHT (U, I, S, t) = (2, 2, 4, 1), T.e. (U = 2,

r=2,s=4,t=1). CienoBareabHO, B COOTBETCTBHH C (2.22) MOIOKHM:
X=ulX' +r (mod p) = 22(mod5)x’ +2(mod5) =4 (mod5) X" +2=4X"+2,

Y=udy’ + su?X’ +t(mod p) = 23(mod5)Y' + 4-22(mod5)X’ +1=
=8(mod5)Y’' + 16 (mod5) X' +1=3Y"+1. X" +1=3Y" + X' +1.

[ToacraBuB mony4deHHble BoipaxkeHus aist X u Y B (2.25), moaydum uzomopdHyo e

SJUTUINITHYCCKYIO KPUBYIO!:
E': (BY'+X'+1)2 + 4-BY'+ X'+1) = (4X'+2)° + 3-(4X'+2)% +3,
E': (3Y'+X)2+2:3BY' +X)-1+12 +12Y" + 4X' +4=
= ((4X")% +3-(4X")%.2 + 3.(4X")- 22 + 2%) +
+3-((4X")? + 2-(4X")-2 + 2%) +3,
E': (3Y)2 + 2-(3Y")- X'+ (X)2 +2:(3Y") + 2X' +1+12Y' + 4X' +4=
= (43 (X2 +3-42.(X)%.2 + 3-(4X")-4 +8) +
+3-(4%(X)2 + 4-4-X" +4) +3,
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E': 9-(Y)2 +6X'Y' + (X)2 +6Y +2X +1+12Y' + 4X' +4=
= 64-(X)° + 96-(X')? + 48X’ +8+ 3-(16-(X')? + 16- X' +4) + 3,
E': 9.(Y)2 +6X'Y" + (X)? +18Y' +6X' +5=
= 64-(X")2 + 96-(X')? + 48X’ +8+ 3-(16-(X)% + 16- X' +4) +3,
E': 4-(Y)2 + X'Y' + (X)? +3Y + X' +0=
= 4. (X3 + (X)% + 3X' +3+ 48-(X")? + 48-X' +12+ 3,
E': 4-(Y)2+ XY + (X)2 +3Y" + X' = 4-(X")® + 49-(X')? + 51X’ +18,
E': 4-(Y)2+ XY+ (X)2 +3Y" + X' = 4-(X)3 +4-(X)% + X' +3,
E': 4-(Y)2 + XY +3Y = 4-(X)% +3.(X)% +3,
E': 4-475Y)2+ 471Xy + 347y = 4478 (X3 + 3471 (X)? +3- 47,
E': (Y)2 +4X'Y' +3.4.Y" = (X)3 +3.4-(X)% +3-4,
E': (Y)2+4X'Y +2Y" = (X)3 + 2.(X)? +2. (2.26)
[Monyduennas smummnTudeckas kpuBas E' wam momem K = Fp = Fg (2.26) sBasiercs

U30MOP(HOI MO OTHOIIEHHIO K (BTOPOMY) IPUMEPY SJLTUNTHYECKOW KpuBOoH E Hax momem

K=Fy=Fmpna=0a=3a=4a=0 a=3 (2.25) u ymosnerBopsieT adHUHHOI

Bepcuu ypaBHeHus Beliepintpacca (2.14) npu a1=4, a2 =2, a3 =2, a4 = 0, as = 2. Beruucium ee

TUCKpUMUHAHT A 1o dpopmyaam (2.19), (2.20) u j-unsapuant j(E') mo dpopmyse (2.21):
b, = a? + 4a, (mod p) = 4% + 4.2 (mod 5) = 24 (mod 5) = 4,
by = ;ag + 2a, (modp)=4-2 + 2-0 (mod 5) =8 (mod 5) = 3,
bg = a3 + 4ag (mod p) = 2% + 4.2 (mod 5) = 12 (mod 5) = 2,
bg = a12a6 + dasag — yazay + a2a§ - aﬁ (mod p) =
=42.24+4.2.2 -4.2.0 + 2-22 — 0% (mod 5) =
=32+16-0+8-0 (mod 5) =56 (mod 5) = 1,
cq = b3 — 24b, (mod p) = 42 — 24-3 (mod 5) = 16 — 72 (mod 5) = -56 (mod 5) = 4,
Cg =—b5 + 36byb, — 216bg (Mmod p) =—4° + 36-4-3 — 216-2 (mod 5) =
= 64 + 432 — 432 (mod 5) = 64 (mod 5) = 1.
= —b3bg — 8b3 — 27b + 9bybybs (mod p) =421 - 8.3% — 27.22 + 9.4.3.2 (mod 5) =
=16 — 216 — 108 + 216 (mod 5) = —124 (mod 5) = 1,
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3 2 3 2
= M mod = 4" -1 mod 5) =
1728 ( P) 1728 ( )

_ 64 —1(mod5) _ 63 (modb) _ 3 (modb5) _
1728 (mod5) 1728(mod5) 3 (modb5)

3-371 (mod 5) = 3-2 (mod 5) = 6 (mod 5) = 1.

i(E") = ci _ 4> _ 64(mod5) _ 4(mod5) _
A 1 1 1

= 4-171 (mod 5) = 4-1 (mod 5) = 4 (mod 5) = 4.
3ametum, urto j-unBapuant j(E') aroit kpusoii (2.26), Tak ke kak u j-unBapuant j(E)
ucxoHoi kpuBou E (2.25), paBeH ueThipeM.

Paccmotpum (Tpertuii) mpumep 3JuIMNTHYECKON KpuBoM E wag momem K = Fp =k

npu a1 = 0, a2 =0, a3 = 0, a4 = 1, ag = 3, ynosuerBopstomieil ahGuUHHON BepcHH ypaBHEHUs

Beiiepmirpacca (2.14):
E: Y2+ XY +agY = X2+ ayX2 + a4X + ag,
E: Y2 +0-XY +0-Y = X3+0.-X2+1.X +3,

E: Y2 =X3+ X +3. (2.27)
Cnenaem 3aMeHy MEepeMEHHBIX ¢ Habopom KoHcTaHT (U, I, S, t) = (2, 3, 4, 5), T.e. (U = 2,

r=3,s=4,t=5). CinenoBareiabHo, B COOTBETCTBUH C (2.22) MOIOKUM:
X=ulX' +r (mod p) = 22(mod7)x’ +3(mod7)=4(mod7)X" +3=4X"+3,

Y=udy’ + su?X’ +t(mod p) = 23(mod7)Y’ + 4-22(mod7)x’ +5=
=8(mod7)Y" +16(mod7)X" +5=Y" + 2X" +5.
[MoacraBuB mony4deHHble BhipaxeHus st X U Y B (2.27), noiaydum u3oMopdHYO ei

AIUIUNTUYECKYIO KPUBYIO:
E: (Y +2X'+5)7 = (4X'+3)> + (4X'+3) +3,
E': (Y +2X)2 + 2-(Y'+2X")-5 + 52 =
= (4X")3 + 3.-(4X")2 -3+ 3-(4X")-3% + 3B + 4X' +3+3,
E': (Y)2 +2.Y2- X"+ (2X)? +10-(Y'+2X') +25=
= 64-(X")2 + 9-(4X")% +3-9-(4X") +27 + 4X’ +6,

E': (Y)2 +4-X"-Y' + 4(X)% +10-Y' + 20-X' +25=

= 64-(X)° +9:16-(X')? + 27-4-X' + 4X' + 33,
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E': (Y)2 +4X'Y +4(X)% +10Y' + 20X’ +25=
= 1-(X")3 + 144-(X")? + 108 X' + 4X’ +5,
E': (Y)2 +4X'Y" +10Y" = (X)% +140-(X")? + 92X’ - 20,
E': (Y)2 +4X'Y +3Y = (X)2+0-(X)2+1.X +1,
E': (V)2 +4X'Y +3Y = (X)) + X' +1. (2.28)
[Monyuennas smumnTudeckas kpuBas E' wam momem K = Fo = F; (2.28) sBisercs

U30MOP(HOI MO OTHOIICHUIO K (TpeTheMy) MpUMEPY JIUIMITHYECKOH KpuBod E Han momem

K=F,=F mpna=0aa=0a=0a=1a=3 (2.27) u ynosnerBopsieT apuHHOM

Bepcuu ypaBHeHus Beliepmpacca (2.14) npu a1 =4, a2=0, a3 =3, a4 = 1, as = 1. Beruucium ee

TUCKpUMUHAHT A 1o dpopmyaam (2.19), (2.20) u j-unsapuant j(E') mo dpopmyse (2.21):
b, = a? + 4a, (mod p) = 4% + 4.0 (mod 7) = 16 (mod 7) = 2,
by = aqyag + 2a4 (modp) = 4-3 + 2.1 (mod 7) = 14 (mod 7) = 0,
bg = a3 + 4ag (mod p) = 3% + 4-1 (mod 7) = 13 (mod 7) =6,
bg = a12a6 + dapag — yqazay + a2a§ - aAZr (mod p) =
=42.1+4.01-4.31+0-32-1% (mod 7) =
=16+0-12+0—-1(mod 7) =3 (mod 7) = 3,
cq = b — 24b, (mod p) = 2% — 24-0 (mod 7) =4 —0 (mod 7) = 4 (mod 7) = 4,
Cg =—b5 + 36byb, — 216bg (mod p) =23 + 36-2-0 — 216-6 (mod 7) =
=-8+0-1296 (mod 7) =-1304 (mod 7) = 5.
A =—b3hg — 8b; — 27bZ + 9bybyb (Mod p) =

=-22.3-8.03-27-6%2+9-2.0-6 (mod 7) =
=12 -0-972+0 (mod 7) = -984 (mod 7) = 3,

3 2 3 g2 _
A= Ca—C6 (mod p) = 4° -5 (mod 7) = 64— 25 (mod7) _
1728 1728 1728 (mod7)

_ 39 (mod7) _ 4 (mod?7) _
1728(mod7) 6 (mod7)

= 4-671 (mod 7) = 4-6 (mod 7) = 24 (mod 7) = 3 (mod 7) = 3.

i(E") = ﬁ - f _ 64(mod7) _ 1(mod7) _

A 3 3 3

=1.31 (mod 7)=1-5 (mod 7) = 5 (mod 7) = 5.
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3ametum, uto j-uaBapuant j(E') aroit kpusoii (2.28), Tak ke Kak u j-uaBapuant |(E)

UCXOJHOM KpuBoii E (2.27), paBeH nstu.
PaccmoTtpuM (4eTBepThIii) IpUMep IUIMNTHYECKON KpruBo# E Hag monem K = Fp = k1

npu a1 = 10, a2 = 4, a3 = 2, a4 = 0, as = 4, ynosierBopsronieii ahPpuHHON Bepcun ypaBHEHUS
Betiepmirpacca (2.14):

E: Y2+ XY +agY = X3 + ayX2 + a4X + ag,
E: Y2 4+10-XY +2.Y = X3+4.X2+0.X +4,
E: Y2 +10-XY +2.Y = X3+ 4.X2 +4,

(2.29)
Craenaem 3aMeHy IepeMeHHBIX ¢ Habopom KoHctaHT (U, I, S, t) = (9, 5, 2, 4), t.e. (U =9,

r=>5,s=2,t=4). CienoBareibHo, B COOTBETCTBHU C (2.22) MOJIOKUM:
X=ulX' +r (mod p) = 92(mod11)X’ +5(mod 11) = 81 (mod1) X" +5=4X" +5,
Y=udY + su®X’ +t(mod p) = 93(mod11)Y’ + 2-92(mod11)X' +4=
= 729 (mod11)Y' + 162 (mod1) X' +4=3Y' + 8X' +4.

[MoncraBuB mony4deHHble BoipaxeHus mist X U Y B (2.29), nonaydum u3omMopdHyO ei
AIUTMNITUYECKYIO KPUBYIO:

E': (3Y'+8X'+4)> +10-(4 X' +5)-(3Y'+8X'+4) +2-(3Y' +8X' +4)=
= (4X'+58 + 4.(4X'+5) +4,
E': (3Y' 48X +2-(3Y'+8X/)-4 + 4% +
+10-(4 X'-3Y'+4X"-8X +4X - 4+5-3Y'+5-8X'+5-4) +
+6Y +16X" +8=
= (4X'? + 3-(4X')? -5 + 3-(4X")-5% + 53 + 4.((4X")? +2-(4X")-5+5%) +4,
E': (3Y')2 +2-3Y-8X" + (8X') +
+8-(3Y'+8X") +16 +

+10-(12 X' Y'+32(X")2 +16 X' +15Y' +40 X' +20) +
+6Y +16X'+8=

64-(X')® +3.5.16-(X')? + 3:25.4- X' + 125+ 4.(16-(X")2 +2-5-4. X' +25) +4,
E': 9-(Y')P+48X'Y' +64-(X')> +24Y'+ 64X +16+ 120 X'Y' +
+320 (X)? + 160X’ +150Y’ + 400X’ +200+ 6Y' + 16X’ +8=

= 64-(X')® + 240-(X')? + 300X’ + 125 + 64-(X')% + 160- X' + 100 + 4,



E': 9-(Y')? + (48+120) X'Y’ + (24+150+6) Y’ =
= 64- (X' + (240—320)-(X')? + (300—64—400—16) X' + (229 — 224),
E': 9-(Y’)? + 168 (mod11) X'Y' + 180 (mod11) Y’ =
= 64 (mod11)-(X')® + (=80) (mod11)-(X')? + (~180) (mod11)X' +5,
E': 9-(Y)P+3X'Y +4Y' =
= 9-(X'P® +8-(X')? + 7TX' +5,
E: 9971 (YP+@ohxy +@ohy =
= (@97 (XP + @97 (X + (797X + (5:97),
E: (Y)P+@5X'Y + (45 =
= (X' + (8:5)-(X')’ + (7-5)X’ + (55),
E": (Y'P +15(mod12) X'Y’ + 20 (mod11) Y’ =
= (X')® + 40 (mod11)- (X')? + 35 (mod11)X’ + 25 (mod11),
E (YR +4X'Y +9Y = (X' +7.(X)?+2X" +3. (2.30)
onyyennas smmnruyeckas kpusas E' nan momem K = Fy = Fp (2.30) sBisercs

M30MOP(HOI MO OTHOIIEHUIO K (YETBEPTOMY) MPHUMEPY ILIMNTHYECKONW KpuBoil E Han monem

K=Fy,=Fympna1=10,a=4,a3=2 a=0a=4 (2.29) u ynosnerBopsier adHuHHOI

Bepcuu ypaBHeHus Beliepmtpacca (2.14) npu ai1=4, a2=7, a3 =9, as = 2, as = 3. Beruuciaum ee

TUCKpUMHUHAHT A 1o dopmyinam (2.19), (2.20) u j-unsapuant j(E') mo popmyne (2.21):
b, = a? + 4a, (mod p) = 4% + 4.7 (mod 11) = 44 (mod 11) = 0,
by = yag + 2a, (mod p) = 4-9 (mod 11) + 2-2 (mod 11) = 40 (mod 11) =7,
bg = af + 4ag (mod p) = 92 + 4-3 (mod 11) = 93 (mod 11) =5,
bg = a12a6 + dajag — ajaza, + a2a§ - aﬁ (mod p) =
=42.3+4.7.3-4.9.2+7.92_ 2?2 (mod 11) =
=48 + 84 — 72 + 567 — 4 (mod 11) = 623 (mod 11) = 7,
Cqy = b22 — 24b, (mod p) = 0% - 24-7 (mod 11) =0 - 168 (mod 11) =— 168 (mod 11) = 8,
Cg =—b3 + 36 byb, — 216 by (mod p) =—0% + 36-0-7 — 216-5 (mod 11) =
=0+0-1080 (mod 11) =-1080 (mod 11) =9,
A =—b3bg — 803 — 27bZ + 9byhybg (mod p) =—0%-7 — 8-7% — 27.5% + 9.0-7-5 (mod 11) =
=-0-2744-675+ 0 (mod 11) =-3419 (mod 11) = 2,
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3 2 3 g2 _
A= CaC6 (mod p) = 8°-9 (mod 11) = 512-81(mod1l) _ 431(modl1l) _ 2 _9
1728 1728 1728 (mod11) 1 1
3 3
i(E) = c; _ 8 _512(modll) _ 6(modll) _ 6.0 (mod 11) =
A 2 2 2

= 6-6 (mod 11) = 36 (mod 11) = 3.
3ametum, uro j-uaBapuant [(E') sroit kpusoii (2.30), Tak ke kak u j-mHBapuant |(E)

ucxoHoi kpuBoii E (2.29), paBen tpem.
H3oMophu3M  IIUIMITHYECKUX KPUBBIX SIBJISICTCS OTHOLICHUEM OKBHBAJCHTHOCTH.

CJ'IGIIYIOH_[aH JJIEMMa ITIOKa3bIBaA€T, 4YTO j'I/IHBapI/IaHT pasacia€T KJIaCChbl 3KBUBAJICHTHOCTHU 3TOI'O

OTHONICHUS HaJ anreOpanyeckuM 3aMmbikanueM K moms K.
Jlemma 2.1. UzomopdHubie Hax monem K amunTHYECKHUE KPUBBIE UMEIOT OJIUH U TOT K€

j'I/IHBapI/IaHT. bonee TOro, JIFOOBIE DIUIMIITHYECKHE KpUBBIC C COBIIaJarOIMMH j'I/IHBapI/IaHTaMI/I

n30MOp(HBI HaJ aNredpandecKuM 3aMbIKaHHEM K momst K.

[Tpu sTOM mox anreOpanyecKHM 3aMbIKAHHEM TIOJsI MOHUMAETCs €ro (€IMHCTBEHHOE
C TOYHOCTBIO JIO M30MOp(HU3Ma) anredpandeckoe pacIiupeHHe, SBISFONICeCS aNreOpandecKu
3aMKHYThIM. Hampumep, anreOpandeckuM 3aMbIKAHUEM TIOJISl BEIICCTBEHHBIX YHUCEI SIBIISICTCS

0JIe KOMIUICKCHBIX YHUCell, alireOpandecKuM 3aMbIKAaHHEM KOHEYHOTO TIOJIS Fpk (nmonsa INamya)
SIBIISICTCS TIOJIC Fpoo .

3ameTuM, 4TO eciau m3oMopdHbIe HaX mojieM K AUIMNTHYEeCKHEe KPUBBIE BCETAa UMEIOT
OJIMH W TOT XK€ |-MHBapHAaHT, TO JIUIMITHYECKAE KPHUBBIC C OAHUM U TEM JKE |-HHBAPHAHTOM
He 00s13aTebHO n30MOpGhHBI HaJl (OCHOBHBIM) mojieM K.

JInst mostydeHust Hen30oMOp(hHOM MO OTHOIIECHHIO K (TPEThEMY) MPUMEPY SIUTHITUICCKOM
KpuBod E Han monem PZ(K) = PZ(Fp) = P2(F7) npu a1 =0, a2=0,a3=0, a3 =1, ag = 3,

yaoBieTBopsironield ahGduHHON BepcuM ypaBHeHHs Beiiepiitpacca (2.27), ciemaem 3aMeHy

HepEMEHHBIX:
X=3X", Y=46Y". (2.31)
[Tpu sToM, moacTaBuB 3asBieHHbe B (2.31) Boipakenus mis X u Y B (2.27), momyuum

SJUTHITHYECKYIO KPUBYIO:
E": (VoY"f = (3x") + 3x" +3,
E”: 6(Y")? = 27(mod7)(X")® + 3X" +3,
E": 6(Y")? =6(X") + 3X" +3,
E”: 6-671 (mod7) (Y")? = 6-67(mod7) (X")® + 3-67(mod7) X" + 3-67L(mod7) ,
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E”: (Y7)? = (X”)® + 3-6(mod7) X" + 3-6(mod7) |,
E": (Y")* = (X")® + 18(mod7) X" + 18(mod7) ,
E: (Y')2 = (X" +4X"+4. (2.32)
[Tonyyennas snunTUYeckas kpusas E” Ham monem PZ(K) = PZ(Fp) = P2(|_7) (2.32)
ynoBiieTBopsieT ahduHHON Bepcun ypaBHeHusi Beiiepmtpacca (2.14) npu a1 =0, a2=0, a3 =0,
a4 = 4, as = 4. Beuucnum ee auckpumuHaHnT A no dopmynam (2.19), (2.20) u j-unBapuaHT
J(E") o dopmyse (2.21):
b, = af + 4a, (mod p) = 0% + 4.0 (mod 7) = 0 (mod 7) =0,
by = ajag + 2a4 (modp)=0-0 + 2-4 (mod 7) =8 (mod 7) = 1,
b = a3 + 4ag (mod p) = 02 + 4-4 (mod 7) = 16 (mod 7) = 2,
bg = a12a6 + dasag — yazay + a2a§ - aﬁ (mod p) =
=0%2.4+4.04-0-0-4+0-02— 42 (mod7) =
=0+0-0+0-16 (mod 7) =-16 (mod 7) =5,
Cy = b22 — 24by (mod p) = 0% - 241 (mod 7) =
=0-24 (mod 7) =-24 (mod 7) = 4,
Cg =—b3 + 36hyb, — 216bg (mod p) =03 + 36-0-1 — 216-2 (mod 7) =
=-0+0-432 (mod 7) =432 (mod 7) = 2,
= _bdbg — 8bF — 27b2 + 9bybybg (Mod p) =

=-0%.5-8.13-27.22 +9.0-1.2 (mod 7) =
=-0-8-108+0(mod 7) =-116 (mod 7) = 3,

3 2 3 52
_ C3—Cg _4 -2 _
A=""2—2 (modp)= mod 7) =
1728 ( P) 1728 ( )

_64-4(mod7) _ 60(mod7) _ 4(mod7) _
1728(mod7)  1728(mod7) 6(mod7)

= 4.6 (mod 7) = 4-6 (mod 7) = 24 (mod 7) = 3 (mod 7) = 3.

i(E" = c; _ 4% _64(mod7) _ 1(mod7) _
A 3 3 3

=1.31 (mod 7)=1-5 (mod 7) = 5 (mod 7) = 5.
3amerum, uto j-unBapuant j(E") kpuBoit E” (2.32), Tak e kak u j-unBapuant j(E)
UCXOHOM KpHBoii E (2.27), paBeH nsTu.

[Tonmyuaercs, uto kpusble E (2.27) u E" (2.32) onpenenenst Han monem K = Fo = F7

n ux j-I/IHBapI/IaHTLI PaBHbI, HO OHU HC I/IBOMOp(I)HBI Ha 9TUM II0JICM, ITOCKOJIbKY KpHUBas E”
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MoJydeHa B pe3yjbTarTe, B YaCTHOCTH, HEKOPPEKTHON MOACTAHOBKH Y = J6Y" u3 (2.31).
[TpryrHOI HEKOPPEKTHOCTH 3TOW MOJCTAHOBKH SIBIISIETCS TO, YTO KO3(duumeHt ud npu Y
B cooTBercTBUU ¢ (2.22) nmomkeH mnpuHamiexkate K = Fp = F;. Ognaxo, \/6 ¢k

(cM. Tabn. 2.1), a 3TO MPOTUBOPEUUT paHee AAHHOMY ONPEIEICHHIO M30MOP(GHBIX SJUIUAINTHU-

YEeCKUX KPUBBIX, BKIIFOUAIOIIEMY BbIpaxeHus (2.22).
Kak cienyer u3 tabm. 2.1, Her takoro a € F7, kBagpat kotoporo b = a’ (mod 7) paBen
LIeCTH, 4, CIeIOBATENbHO, /6 B F; He cymecrtByer W TOrja, ClelaHHas IOJCTaHOBKA

Y=16Y" us JBYX MOJCTaHOBOK (2.31) mpu monyyenuu kpuBoit E” (2.32) u3 xpusoii E (2.27)
ObLIa HEKOPPEKTHA.

[To Takoil e mpUYUHE HEKOPPEKTHOCTH MOJCTAHOBKH Y = J6Y" u3 (2.31) xpuBsie E
(2.27)u E" (2.32) He OyayT u3oMOp(OHBIMHU M HAJl HEKOTOPHIMH alreOpanvdecKUMH PacIIipeHu-

amu nonst F;7, mHanpumep, Hax nonsmu Fpq, Fi3 u Fi7, mockoneky V6 ¢ Fi1, J6 ¢ Fi3 u
V6 ¢ Fi7.

Kpusbie E (2.27) u E" (2.32) He Oynyt uzomMopdHbIMH, HapuMep, U Haj mojem Fpg,
TaKOKE SBJISIOMIMMCS aIreOpandeckuM paciuiupeHueM mois F7, mockombKy, B HEM, XOTS U Cylie-
CTBYET J6 , paBHBIN, Hampumep, HATH (cM. Tabn. 2.2), HO HE CYIIECTBYET 3JjieMeHTa U, KyO

KOTOPOTO ud paBeH J6 , re. mamm (cm. Tabm. 2.3). IMocmemnuit (hakT O HECyIIeCTBOBAHUU

areMeHTa U, Ky0 KOToporo us paBeH V6 , Taxxke IPOTUBOPEUYUT ONPEETCHUIO N30MOP(HBIX
AITUNTUYECKUX KPUBBIX, BKIIOYAIOIIEMY BbhIpaykeHus (2.22).

3ametum, uto kpuBble E (2.27) u E" (2.32) OyayT uzoMopdHbI APYT APYTY, HO HAJ JIFO-

ObIM anreOpamyecKuM paclHImpeHneM oyt F7, copepikammM Kak dJIeMEHT V6 , Tak u snmement

U, Ky0 KOTOpOTro ud paBeH V6 .

Taoauna 2.1
aeky b= a? (mod 7) Vb (mod 7)
0 0(mod7)=0 Jo =0
1 1(mod7)=1 V=1
2 4 (mod 7) = 4 Ja =2
3 9 (mod7)=2 J2 =3
4 16 (mod 7) =2 J2 =4
5 25 (mod 7) = 4 J4 =5
6 36 (mod7)=1 J1 =6
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Taoauua 2.2

ae kg b= a2 (mod 19) Vb (mod 19)
0 0 (mod 19) =0 Jo =0
1 1 (mod 19) =1 J1=1
2 4 (mod 19) = 4 V4 =2
3 9 (mod 19) = 9 J9 =3
4 16 (mod 19) = 16 J16 =4
5 25 (mod 19) = 6 J6 =5
6 36 (mod 19) = 17 J17 =6
7 49 (mod 19) = 11 Vi1 =7
8 64 (mod 19) = 7 J7 =8
9 81 (mod 19) =5 J5 =9
10 100 (mod 19) =5 V5 =10
11 121 (mod 19) = 7 J7 =11
12 144 (mod 19) = 11 Vi1 =12
13 169 (mod 19) = 17 V17 =13
14 196 (mod 19) = 6 J6 =14
15 225 (mod 19) = 16 J16 =15
16 256 (mod 19) = 9 V9 =16
17 289 (mod 19) = 4 Ja =17
18 324 (mod 19) = 1 J1 =18

Taoauma 2.3

ue Fpg u? (mod 19)

0 0% (mod 19) = 0 (mod 19) = 0
1 13 (mod 19) = 1 (mod 19) = 1
2 23 (mod 19) = 8 (mod 19) = 8
3 3% (mod 19) = 27 (mod 19) = 8
4 43 (mod 19) = 64 (mod 19) = 7
5 53 (mod 19) = 125 (mod 19) = 11
6 6% (mod 19) = 216 (mod 19) = 7
7 73 (mod 19) = 343 (mod 19) = 1
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IIpooonscenue mabn. 2.3

ue Fg u2 (mod 19)

8 8% (mod 19) = 512 (mod 19) = 18

9 9% (mod 19) = 729 (mod 19) = 7

10 10% (mod 19) = 1000 (mod 19) = 12
11 113 (mod 19) = 1331 (mod 19) = 1
12 123 (mod 19) = 1728 (mod 19) = 18
13 13% (mod 19) = 2197 (mod 19) = 12
14 143 (mod 19) = 2744 (mod 19) = 8
15 15% (mod 19) = 3375 (mod 19) = 12
16 16% (mod 19) = 4096 (mod 19) = 11
17 173 (mod 19) = 4913 (mod 19) = 11
18 18% (mod 19) = 5832 (mod 19) = 18

Hanpumep, kpussie E (2.27) u E" (2.32) 6ynyt usomopdubl Hax moseM Fpz, MOCKOIb-
Ky, BO-IICPBBIX, CYIIECTBYeT /6 € Fog:
112 (mod 23) =6 = /6 (mod 23) =112 (mod 23) =11 € Fy3,
— 3 _ .
a, BTOPBIX, cymmecTsyeT U = 10 u3 Fp3, ms kotoporo uS = /6 :

10° (mod 23) = 1000 (mod 23) = 11 = +/6 (mod 23).
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2.2. TPYIIIIOBOM 3AKOH
2.2.1. UBOMOP®HA S DJIJIMIITUYECKA S KPUBAS

Homyctum, uto xapaktepuctuka char K monss K He paBHa NIByM M HE paBHa TpeM,

U pacCMOTPUM 3aMEHY IIEPEMEHHBIX:

x=x -2 y=y & [yx_b)_ 3 (2.33)
12 2 12) 2

MEPEBOIAIIYIO DIUIMITHYECKYI0 KPUBYIO, 3amaHHyro ummHHOW (adduunoit) dopmoii Beiiep-
mrpacca (2.14), B u30MOpPOHYIO €i SIUIMITHYCCKYIO KPHUBYIO, ONPEIACIIEMYIO KOPOMKOLU
¢opmoii Betiepuwmpacca.

E: Y2=X3+aX +bh, (2.34)
npu HekoTopeiX &, b € K.

Paccmotpum (BTOpOIf) mpuMep AmunTH4eckoi kpuBoi E Han monem K = Fp = Fg npu
a1=0,a =3 a=4,as= 0, as = 3, ynosneropsitomiecii appuHHON Bepcun ypaBHeHUs Beiiep-
mrpacca (2.25), T.e. kpusyio E: Y244y = x34+3.X2+3,

YCcTaHOBUM KOHKPETHYIO 3aMeHY MepeMeHHbIX Buna (2.33), ucrons3ys mnpu 3tom a1 = 0,

a2=3,a3=4,as=0, as= 3 u ko> dunment by = 2, onpeaeaeHHbIN MPU BEIYUCICHUN IUCKPHMH-

HAaHTa 3TOW JUIMITUYECKON KPUBOM:

X:)('_b_zzx’_gz)('_#:
12 12 12 (mod5)
—_ ! 2 —_ !’
=X'———=X"-1, (2.35)
2 (mod5)
y=y 8 [y P2} 3
2 12 2
_Y’_g-(x’_l)_iz

=Y -0-2=
=Y' -2 (2.36)
[Monyunm uzomopduyro kpuBoii E (2.25) kpuByto E', mpoBezst yCTaHOBICHHYIO 3aMeHY
nepemenHbIx (2.35), (2.36):

E: Y2 +4.Y = X3+3.X%+3,
B (Y/=2P +4-(Y'=2) = (X' =1)® + 3-(X'=1)? +3,
E: (Y2 +2Y (-2 + (-2 +4.Y —8=
= (XP+3(XP (=) +3- X (D> + (-3 + 3-((X’)2+2-X’~(—1)+(—1)2) +3,
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E: (YY) —4.Y +4+4.Y —8=
= (X)P-3(XP+3X -1+ 3-((X')2—2-X'+1)+3,
E: (V)P —4=(XP -3 (XP+3X -1+3(X)P-6-X +3+3,
E: (Y -4=(X)® 3-X'-5(mod5),
E': (V)2 = (X')® +(3)(mod5)- X' —0+4,
E:(Y)P=(X)P+2- X' +4. (2.37)
Kak Mbl yOemuwmich, momyucHHas kpusas E' (2.37), sBmtomascs m3oMopHOM

0 OTHOMICHHIO K KpuBoii E (2.25), mmeer Bua KopoTkoii (opmbl Beitepmrpacca (2.34).

[Mpustoma=2ub=4(a,be K = Fp = F5 ={0,1, 2, 3, 4}).
Paccmotpum (Tpetuil) mpumep smiunTuyYeckoil kpuBod E Ham momem K = Fp = F,
npu a1 = 0, a2 =0, a3 = 0, a4 = 1, as = 3, ynosnerBopsronicii adhpGUHHON BepcHH ypaBHEHUS

Beitepmtpacca (2.27), T.e. kpuByio E: Y2 = X3+ X +3.
VY CTaHOBUM KOHKPETHYIO 3aMEHY MepeMeHHbIX BHaa (2.33), ucrnons3ys mpu 3tom a1 = 0,
a2=0,a3=0,as=1, as = 3 u koapdunment by = 0, onpeaeIeHHBIN MPU BEIYUCICHUN IUCKPHUMH-

HaHTa 3TOH 3JUIUIITHYECKOMN KpHBOfII

x=x -2 =% _ 0oy g=x, (2.38)
12 12
y=y 8 [y P2} 3
2 12) 2
0 0
=y - 2 (X -0) - 2 =
y (X-0 -5
=Y 0 X' -0=Y' -0-0=Y". (2.39)

[Monyunm nzomopduyto kpuBoii E (2.27) kpuByto E', mpoBens ycTaHOBICHHYIO 3aMEHY
nepemenHbIx (2.38), (2.39):

E: Y2=X3+ X +3,
E': (Y)2=(X)+ X +3. (2.40)
Kak Buano, nonydennas kpuBas E' (2.40), sBistoniascs n30MOpQHHOH MO OTHOIICHHIO
Kk kpuBoi E (2.27), cpa3y ke mpuoOpena kopotkyto ¢opmy Beitepmrpacca (2.34). [Tpu stom
a=lub=3(@be K=F,=F ={01,23,4,5,6}).
Paccmotpum (dueTBepThIit) MpuMep UMNTHYeCKor KpuBoi E Hag monem K = Fp =k
npu a1 = 10, a2 = 4, a3 = 2, a4 = 0, as = 4, ynosierBopsroniel ahpPuHHON BEepCUU ypaBHEHUS

Beitepurrpacca (2.29), T.e. kpusyio E: Y2 +10- XY +2.Y = X3 + 4.X? +4.
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Y CTaHOBHM KOHKPETHYIO 3aMeHY repeMeHHbIX Buaa (2.33), ucmonb3ys mpu 3tom ai = 10,
a2=4,a3=2,a4=0, as = 4 u kod3pdunment by = 6, onpeneneHHBIN MPU BBIYUCICHUN UCKPHUMH-

HaHTAa 3TOW JUIMIITUYECKON KPUBOM:

X=x -2y 8oy 6y 8oy g (2.41)
12 12 12 (mod11) 1
y=y 8 [y P2} 3
2 12) 2
10 2
=y -2 (x'—6) - £ =
7 (X85

=Y -5-(X'-6)-1=
=Y -5-X"+30-1=
=Y'-5-X"+29 (mod 11) =
=Y ' -5-X"+T. (2.42)
[Monyuum uzomopduyto kpusoit E (2.29) kpuByro E', nmpoBens ycTaHOBICHHYIO 3aMEHY
nepemeHHbIX (2.41), (2.42):

E: Y2 +10-XY +2.Y = X3 +4.X2 +4,
E: (Y'=5-X'+7)2 +10-(X'=6)-(Y'=5-X'+7) + 2-(Y'=5-X'+7) =
= (X =6) + 4-(X'—6)% +4,

E': (Y =5-X'F +2:(Y'=5-X)-7+ 7%+
+10-(X'Y'=5-(X)2+7-X'=6-Y'+30- X' —42) + 2.Y'~10- X' +14 =
= (X" P +3-(X'V-(=6)+3- X' (—6)° + (-6)° +
+4-((X)?+2:X"-(-6)+ (-6)°) +4,

E': (V)2 +2.Y'-(<5-X') +(=5- X'V + 14-(Y'=5-X') + 49 +
+10-(X'Y' =5-(X)2+37-X'=6-Y'—42) + 2.Y'=10- X' +14 =
= (X')® +(~18)-(X')? +108- X' — 216 +
+4-((X)? +(=12)- X' +36) +4,

E': (V)2 —10-X'-Y' + 25.(X')? +14-Y' — 70- X' +49 +
+10-X'Y" = 50-(X')? + 370- X’ — 60-Y’ —420 + 2-Y'—10- X' +14 =
= (X")? —18-(X'V + 108- X' —216 + 4-(X')? — 48- X' + 144 + 4,
E': (Y')? — 25-(X")? — 44-Y’ + 290- X’ —357 =
= (X")® —14-(X')? + 60- X' — 68,
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E': (V)2 = (X')® +11-(X")? — 230- X’ + 44-Y’ + 289,
E': (V)2 = (X')® + 11(mod11)-(X')? - 230 (mod11)- X' + 44 (mod11)-Y’ + 289 (mod 11),
E: (VP = (X)P+0-(X)P+1.X +0Y +3,
E: (Y)2 =(X)+ X' +3, (2.43)
Kax BiHo, nonyuenHas kpusas E (2.43), sBnsiomascst H30MOpHOI 10 OTHOLIEHHIO K

kpuBoii E (2.29), umeer Bua kopoTkoii hopmsl Beiiepiurpacca (2.34). IIpusroma=1u b = 3 (a,
b e K= Fp = F]_]_ = {O| 1| 2| 3| 4| 5| 6! 7! 8! 9! 10})

2.2.2. TPYTIIIOBOM 3AKOH
1O METOAY XOP U KACATEJIBHBIX

Ha npeacraButensx KiaccoB M30MOPQHBIX JUTUITHYSCKUX KPUBBIX Buaa (2.34) MOXHO
HATJISITHO BBECTH TPYIIOBOIM 3aKOH METOAOM XOpJ U KacarenbHbIX. [Ipu 3TOM Memoo xopo u
KacamenbHblX TIO3BOJISIET BHINIOIHATD CIOXKEHHUE, a, CJIeI0BATEeIbHO, 1 YMHOKEHHE TOUEK AJLUTHUII-
TUYECKUX KPUBBIX.

CrnosxeHue TOYEK SJUTUIITHYECKON KPUBOM peanusyercs ¢ momombio xopa. [lycts P u Q
SIBIISTIOTCSI IByMsI Pa3IMYHBIMU TOYKaMU HEKOTOpOW KyOmdeckoil kpuBoi E man momem K Buma
(2.34). Ecnu mpoBecTr yepe3 3TH TOUkH P 1 Q mpsMyro JMHHUIO, TO OHA 00sI3aTEIbHO MepeceyeT
suntadeckyio kpuByio E(K) B kakoi-HuOynb TpeThelt Touke R. 3amerum, 4To MoJydeHHAs
TakuM 00pa3zoM Touka R Oyner ompezeneHa Haja TeM ke mosneM K, 4To M cama aunTuyeckas
kpuBas E, a Taxxke ucxomnpie Touku P u Q. OTpa3uB 3areM TOYKYy R OTHOCHTEIIBHO TOPH30H-
TaIbHOW OCH, TIOJyYUM TOUKY 3iutunrtiueckoi kpuBoi E(K), mpencrapnsronryro cymmy P + Q
(cM. puc. 2.1).

VYMHOKeHHE (CIT0KEHHE OTMHAKOBBIX) TOUEK AIUIMNTHYeCKOH KpuBoi E(K) BbimonHseTcs
C MIOMOIIBIO KacaTeNIbHBIX, ITOCKOJIBKY CJIOKUTh TOUKY KPUBOH ¢ cO0O HEBO3MOXKHO C MOMO-
b0 xopasl. [lycts P sBasieTcst kakoit-mubo Toukoil kyouueckoil kpusoi E Hax nonem K Buaa
(2.34). Ecnu npoBectH 4epe3 Touky P kacaTenbHyr K Hamied amnTudeckoi kpupoit E(K),
TO OHA TMEpeceyueT ee B KaKOW-HUOYIb IPYroi TouKe (Takas mpsmas JOJDKHA TepeceKaTh dJUIATI-
TUYECKYI0 KpPUBYIO POBHO B OJIHOM ApYrod TOYKe, MOCKOJIbKY KpHBas OIpeneseTcs Kyoude-
CKUM ypaBHEeHHeM). HazoBeM 3Ty TOuKy nepecedeHust Toukoi R. OtpasuB Touky R oTHOCHTEH-
HO TOPH30HTAJIBHOW OCH, TOJyYHM TOUKY dumnTHdeckoil kpuBoit E(K) mon o6o3nauenuem [2]
P, koropas mpencraBnser cymmy P + P, T.e. yosoennyro mouxy P wnmm mouxy nopsoka 2

(cm. puc. 2.2).
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Puc. 2.1

Puc. 2.2
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Ecnu ke Touka P Ha smmntudeckoit kpuBoit E(K) BeiOpaHa Tak, 4To poBeICHHAS Yepes3
Hee KacaTenbHasi Oy/eT BEpTUKAIBLHOM MPSMOM, TO KacaTelabHas «IIepecedery AITUNTHYECKYIO
KPHUBYIO B OeCKOHEUHO ynaneHnHoi Touke O, T.e. P + P = O. [lycte ganee O = (0, 0).

3amMeTuM, 4TO METOJ XOpJ U KacaTeJIbHbIX HAJENISIET 3JUIMITUYECKYI0 KPUBYIO CTPYKTY-
poit abesieBoi rpymnbl ¢ 0ECKOHEUHO yAAJICHHOUW TOYKOM O B KaueCTBE HEUTPAIBHOTO 3JIEMEHTA
10 CJIOKEHUIO, T.€. HyJs. [Ipudem onpenenenue onepaunii MOXHO J1IOCTaTOYHO JIETKO MEPEHECTH
Ha CITy4yail 00IIeH 3JUIMNITHYECKOW KPUBOM, 3aJaHHOM MHHOM (popmoii Beiiepmitpacca (B yact-
HOCTHU, C JII0OOOM XapaKTepuUCTHKON mosis). Tonbko mpu 3TOM Ha WUTFOCTPALUSAX BBITOJIHEHUS
orepanuii He00X0MMO 3aMEHHUTh OTPAKEHUE TOYCK AIIUITHYECKON KPUBOW OTHOCHUTEIHLHO OCH

a6CL[I/ICC Ha OTPaXCHUEC TOUCK OTHOCUTCIBHO HpﬂMOfI:

Y=g X + a3. (2.44)

2.2.3. PEAJIM3ALIMSA CJIOXXKEHUS TOYEK DJIJIMIITUYECKOM KPUBOU

[TockonbKy BbIUCpYMBAHME JHMArpaMM B II0JIE KOHEYHON XapaKTEPHCTUKHU SIBIISCTCS
JICJIOM TIOYTH HEPEaTbHBIM, ITPUBEACM alreOpandeckue GopMyIbl, ¢ TOMOIILI0 KOTOPBIX MOYKHO
peaT30BaTh CIIOKEHUE TOUEK DIUTMIITUICCKON KPUBOW METOIOM XOPJ U KacaTelbHbIX.

Jlemma 2.2. Ilycte E sBusiercs smimmTuyueckoidl KpuBOH, ompexaenseMont adduHHON

Bepcuel ypaBHenus Beitepuitpacca (2.14):
E: Y2+a1XY +a3Y:X3+a2X2+a4X +ag

M Ha Hel BeIOpaHbl ToukH P = (X, Y1) 1 Po = (X2,Y2).

Ecim PL=0wu P, =0, 10
X3 =0, y3 =0; (2.45)
uHaue, ecia P = O, 1o:
X3 = X2 M Y3 = Yy, (2.46)
uHaue, ecnu P, = O, to:
X3 = X| M Y3 = Yp; (2.47)
WHade, eCIIU X1 # X2, TO:
a=J2 7Y p=J1X2"¥2'% (2.48)
X2—% X2—%

Y 3HAYCHUS X3 U Y3 BBIYHUCIISIOTCS 10 (OPMYyJIam:
X3:7»2+a1-k—a2—x1—x2, y3:—(k+a1)-x3—u—a3 (249)
B IIPOTHBHOM ciiydae (X1 = X2) OnpeAessieTcsi ¢ IOMOIIBI0 COOTHOIIEHHUs (2.44) MPOTHBOIOIOXK-

Has K P; Touka:

P =0, -y1—a X —a3) (2.50)
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u ecau P2 #-P1, To

_3-x12+2-a2-x1+a4—a1-y1 “_—xf+a4~xl+2~a6—a3-y1

A : (2.51)
2-y1+a1'X1+a3 2-y1+a1-xl+a3
Y 3HAYCHUS X3 M Y3 BRIYUCIIAIOTCA 110 hopmysnam (2.49), Ho eciu P2 = —P1, T0
P+P =0. (2.52)

[Tpumenum mnpuBeneHHble anrebpandeckue Gopmynsl (2.45) — (2.52) mis ciaoxeHus

TOYEK JJUIUNITUICCKUX KPUBBIX Ha TPUMEpax.

Paccmotpum (BTOpOit) mpumep suntTudeckord kpuBoil E nHag monem K = Fo = Fg
nmpu a1 = 0, a2 = 3, a3 = 4, as = 0, as = 3, ynosieTBopsromnieii aphuHHON BEpCHH ypaBHEHUS
Beiiepmirpacca (2.25), T.e. kpuByio E: Y2 44y =Xx3+3.X2+3,

Panee Hamu ObUTO YCTAaHOBJICHO, YTO HA 3TOW SJUTMITHYECKON KPUBOH CYIIECTBYET IIECTh
Toyek (2.16):
{(17 2)’ (11 4)! (3l 2)1 (31 4)! (41 0)! (41 l)} (2.53)

1 OECKOHEYHO YAaJIeHHAA TOYKa 0.

PaccmoTpuM onepanuio ClioskeHus ABYX TOYEK AIUIMITHYECKOH KpuBoi E: Y 244y =
=X3+3.X2+3(@m=0a=3 a=4 a=0, as = 3).

Beibepem, Hampumep, OeckOHEYHO yhaleHHbie Touku P = (X,y1) = (0, 0) u
P> = (X2,Y¥2) =(0, 0) Ha 3TOi1 KpUBOH, T.e. X =0, ¥y =0, X0 =0, yo =0.

[Mockonmbky P =0 =(0,0)u P, = O = (0, 0), To B coorBercTBuU ¢ (2.45):

X3 =0, y3 =0.

CaenosarensHo, O + O = O.

Beibepem, Temepb OeckoHeuHO yhaneHHyoo Touky P = (X,yp) = (0, 0) u Touky
P, = (X2,Y¥2) = (1, 2) na o10i e kpuBoii, .. X; =0, y; =0, Xo =1, yp, =2.

[Mockoneky P, m P, He paBHBI OIHOBPEMEHHO OECKOHEYHO yIaleHHOW Touke O, HO
P, = O, 1o B cootBercTBUH C (2.46):

X3 =Xy =1lmyg =y, =2

Crenoarenbro, O + (1, 2) = (1, 2).

3aMeTHM, 4TO CI0XKeHHe OecKoHeuHO yaanenHoi Touku O ¢ Toukamu (1, 4), (3, 2), (3, 4),
(4, 0) u (4, 1) Oyner BBIMONHEHO aHATOTHYHBIM 00pa3zom, T.e. O + (1, 4) = (1, 4), O + (3, 2) =
=(3,2,0+3,4)=(3,4),0+(4,00=(4,0u0+(4,1)=(4,1).

[Tyctp Temepb BbiOepeM Touky P = (X1,¥1) = (1, 2) 1 GECKOHEUHO YAAJICHHYIO TOYKY

P> = (X2,Y¥2) =(0, 0) Ha 3TOi1 KpUBOH, T.e. X =1, ¥y =2, Xo =0, yo =0.
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Ilockoneky P, m P, He paBHBI OJJHOBPEMEHHO OECKOHEYHO yJajJeHHOW Touke O, HO

P> = O, o B cootBetcTBUM C (2.47):
X3 =X =luyz =y =2

CaenmoBarenbHo, (1, 2) + O = (1, 2).

Bemmonaum cnokenne touek P = (X,y1) = (1, 2) u P, = (X2,Y7) = (1, 2) Ha aroii
KpUBOH, T.€. X1 =1, y1 =2, Xo =1, y, =2.

ITockonbky HUM onHa U3 Touek P u P, He sABnserca GecKOHEUHO ynaneHHOW Toukoil O
U X1 = X2, TO OIPEIEIHM C TIOMOIIbI0 cooTHOIEeHHUs (2.50) MpoTHBOONIOKHYIO K P; TOUKy:

-P =0, -y1-a-x-a3) = (1 (-2-0-1-4) (mod3)) =
= (L -6(mod5)) = (1, (-6+5+5) (mod5)) =
= (L, 4(modb5)) = (1, 4),

u Tak kak (P2 # —P1) = ((1, 2) # (1, 4)) = UCTUHA, To BblUKCIUM KOIDPUIMEHTHI A U L
no ¢popmynam (2.51):
_3x{+2-@-x+ag—a-y _ (31°+2:3:140-0-2) (mod5) _

A 2-y1+a1-X1+a3 (22+01+4) (mOdS)
_ (3-1+6+0-0) (mod>b) _ 9 (mod5) _ (9-5) (mod5) _
(4+4) (mod5) 8(mod5) (8-5) (mod5)

4(mods) _ (4-37") (mod5) _ (4-2) (mod5) _
3(mod5)  (3-371) (mod5) 1(mod5)

= 8 (mod>5) = (8—5) (mod5) = 3(mod5) =3,

2.y1+al.xl+a3 (2-2+0-1+4) (mod5)

_ (-2*+01+2-3-4-2) (mod5) _ (-1+0+6-8) (mod5) _
(2-2+0-1+4) (mod5) (4+0+4) (mod5)

_ (-3)(mod5) _ (-3+5) (mod5) _ 2(mod5) _ (2-37Y) (mods) _
8 (mod5) (8-5)(mod5)  3(mod5)  (3-371) (mod5)

_ (2-2) (mod5) _ 4 (mod5) _
1(mod5) 1(mod5)

4 (mod5) =4

Y BBIYMCITM 3HAYEHHS X3 U Y3 110 popmynam (2.49):
X3 =72 +ap-A—ay —X —Xo = (32 +0-3-3-1-1) (mod5) =
= (9+0-5) (mod5) = 4 (mod5) =4,
y3=—(A+a1)-x3—pn—ag = (-(3+0)-4—4-4) (mod5) =
= (-3-4-8) (mod5) = (-12-8) (mod5) = (-20) (mod5) =
= (-20+4-5) (mod5) = (—20+ 20) (mod5) = 0 (mod5) =0.

70



CrnenmoBarenbHo, (1, 2) + (1, 2) = (4, 0).

Bemonaum teneps cnoxkenne touek P = (xq,y1) = (1,2)u P, = (X2,Y2) = (1, 4) na
3TOM KpuBOii, T.6. X1 =1, y1 =2, Xo =1, y, =4.

ITockonbky HUM onHa U3 Touek P u P, He sABnsercd GecKOHEUHO ynaneHHOW Toukoil O
U X1 = X2, TO OIPEIEINM C TIOMOIbI0 cooTHOIEeHHUs (2.50) mpoTHBOONIOKHYIO K P; TOUKYy:

-R =0, -y1-8-x-a3) = (1 (-2-0-1-4) (mod>5)) =
= (1 (-2-0-4) (modb)) = (4, (-6) (mod5)) = (1, (-6+2-5) (mod5)) =
= (4, (-6+10) (modb)) = (L, 4 (mod5)) = (1, 4),

u TaKk kak (P2 = —P1) = ((1, 4) = (1, 4)) = UCTUHA, 1o B cootBercTBUH ¢ (2.52) moiyyum, 4To
1,2)+(@1,4)=0.

BemmonauM teneps cioxkenue touek P = (X, y1) = (1, 2)u P, = (X9,Y7) = (3, 2)
Ha 3TOM KpUBOH, T.€. X1 =1, y1 =2, Xo =3, yp =2.

[TockonbKy HEM ogHa U3 ToueKk P, u P, He sBisercs OeCKOHEYHO yIaleHHOW TOYKOH O
U (X1 # X2) = (1 #3) = UCTUHA, To B cootBeTcTBHH C (2.48) monyuum:

L _Y2=Y1 _ (2-2)(mod5) _ 0(modS) _ 0 _
Xp—-¥% (-1 (mod5) 2(mods) 2

_NX—YorX (2-:3-2-1) (mod5) _
Xo — X (3-1) (mod5)

_ (6-2)(mod5) _ 4 (mod5) _ 4 _o
2 (mod5) 2(mod5) 2

Y BBIYUCIIUM 3HAYCHHS X3 U Y3 110 popmynam (2.49):

1)

X3 =22 +a;-h—ay—X —Xp = (02 +0-0—3—-1—3) (mod5) =
= (0+0-7) (mod5) = (-7) (mod5) =(-7+2-5) (mod5) =
= (=7+10) (mod5) = 3(mod5) =3,
y3=—(A+a1)-xg—p—ag = (—(0+0)-3—2—-4) (mod>5) =
= (-0-3-6) (mod5) = —6 (mod5) = (-6+2-5) (mod5) =
= (-6+10) (mod5) = 4 (mod5) =4.
CrnenoBatenbHo, (1, 2) + (3, 2)=(3, 4).
3ametuM, 4to cnoxkenue Touku (1, 2) ¢ touxkamu (3, 4), (4, 0) u (4, 1) Oyzmer
BBITIOJIHEHO aHaJOTUYHBIM oOpaszoMm, T.e. (1, 2) + 3,4) =4, 1), (1, 2) + 4,0 =3, 2) u
1,2)+4,1)=(1,4).
[IpoBeneHHBIE pacyeThl MO3BOJISIOT 3aMOJHUTH TIEPBBIC JIBE CTPOKU TAOIHIIBI CIIOKECHHS
TOYEK IJUTMNITHYCCKON KpuBoi E Hax motem K = Fp =Fgompmar=0,a =3, a3=4,a4=0,

a = 3, Kxoropas ymoBiIeTBOpseT apQuHHONW Bepcuu ypaBHeHHs Beliepmrpacca (2.25),

T.e. KpuBoil E: Y2 + 4. = X3 + 3.X? + 3. Belnoanus ocTabHble pacueTsl, IOJyYuM I0JI-

HYI0 Ta0uIy cioxenus (cMm. Tadm. 2.4).
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Taoauua 2.4

+ @) (1,2) (1, 4) 3,2) (3,4) (4, 0) 4,1)

@) O (1,2) (1, 4) 3,2) (3,4) (4, 0) 4,1)
(1,2 (1,2) (4, 0) @) (3,4) 4,1) (3,2) (1, 4)
(1, 4) (1, 4) ) (4,1) (4, 0) (3,2 (1, 2) (3, 4)
(3,2 (3,2) (3,4) (4,0) (1, 4) @) 4,1) (1,2
(3,4) (3,4) 4,1) (3,2) @) 1,2 (1, 4) (4, 0)
(4, 0) (4, 0) 3,2) (1,2 4,1) (1,4) (3,4) @)
4,1) 4,1) (1, 4) (3,4) (1,2) (4,0) @) 3,2)

Paccmotpum (Tperuit) npumep 3mMnTUYecKoil kpuoil E Han nonem K = Fp = F; npu
a1=0,a=0,a3=0, as= 1, as = 3, ynosnerBopstoiieii appuHHON Bepcuu ypaBHeHUs Beiiep-

mrpacca (2.27), T.e. kpuByto E: Y 2= X3+ X +3.
Panee Hamu ObLIO yCTaHOBJICHO, YTO HA ITOH JUIMITUYCCKONH KPUBOW CYIIECTBYET ISITh
Touek (2.17):
{(4.1),(4,6), (5,0, (6, 1), (6,6)} (2.54)

1 OeCKOHEYHO ynaneHHas Touka O.

+

PacCMOTPHM ONeEPALMIO CIOKEHH ABYX TOUEK HJUTMITHUeCKoii kpuBoit E: Y2 = X3
X +3(@=0,a=0a=0,as=1, as=3).

Beibepem, Hampumep, OeCKOHEYHO ynaleHHbie Touku P = (X,¥1) = (0, 0) u P,
(X2,¥2) =(0, 0) na sroii kpuBoii, T.e. X, =0, y; =0, xo =0, y, =0.
[MTockoneky P =0 =(0,0)u P, = O = (0, 0), To B coorBercTBHH C (2.45):
X3 =0, y3 =0.

CaenosarensHo, O + O = O.

Beibepem Tenepb OeckoHeuHO ynaneHHyoo Touky P = (X,y;) = (0, 0) u Touky P
(X2,Y2) = (4, 1) Ha 1ol e kKpuBoii, T.. X3 =0, Y1 =0, Xp =4, yp, =1,

ITockonbky P; 1 Py He paBHBI OTHOBpEMEHHO OECKOHEUHO yAajneHHOH Touke O, Ho Py

O, T0 B cooTBeTCTBUH C (2.46):
X3 =Xo =4mn yz =yr =1
Cnenoarenbro, O + (4, 1) = (4, 1).
3amMeTuM, 4TO CIOXeHue OeCKoHeuHO yaaieHHo Touku O ¢ Toukamu (4, 6), (5, 0), (6, 1)
u (6, 6) OyJeT BBIMOJHEHO aHATOTHYHBIM oOpa3om, T.e. O + (4, 6) = (4, 6), O + (5, 0) = (5, 0),
0O+(6,1)=(6,1)u 0O+ (6,6)=(6,6).
[Tyctp Temepb BbiOepeM Touky P = (X1,Y1) = (4, 1) u GECKOHEUHO YHAJICHHYIO TOYKY

P> = (X2,Y¥2) =(0, 0) Ha sT0i1 kpuBOH, T.€. X =4, ¥y =1, X0 =0, yo =0.
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Ilockoneky P, m P, He paBHBI OJHOBPEMEHHO OECKOHEUHO YynajeHHoW Touke O,
HO P, = O, 1o B cootBeTcTBUM C (2.47):
X3 =X =4nmy3 =y =1
CnenoBarensHo, (4, 1) + O = (4, 1).
Bemmonaum crnokenne touek P = (X,y1) =&, 1) u P, = (X9,Y) = (4, 1) Ha 3o
KpUBOH, T.€. X1 =4, y1 =1, Xo =4, y, = 1.
ITockonbky HUM onHa U3 Touek P u P, He sABnserca GecKOHEUHO ynaneHHOW Toukoil O
U X1 = X2, TO OIPEIEINM C TIOMOIIbI0 cooTHOIEeHHUs (2.50) MpoTHBONONIOKHYIO K P; TOUKYy:
-P =, -y1-a-x-a3) = (4(-1-0-4-0) (mod7)) =
= (4,-1(mod7)) = (4, (-1+7) (mod7)) =
= (4,6 (mod7)) = (4,6),

¥ TaK Kak P2 # —P1, To Beruucianm koaddunnentst A u p no ¢popmynam (2.51):

_3:xf+2-ayxq+ag—a;-y; _ (3:4°+2:0:4+1-0.1) (mod7) _

A
2-y1+al'X1+8.3 (21+04+0) (mOd?)
_ (3-16+0+1-0) (mod7) _ 49 (mod7) _ O _o
(2+0) (mod 7) 2(mod7) 2
_—xf+a4-x1+2-a6—a3~yl _ (—43+1-4+2-3—0-1)(mod7) _
2'y1+a1'X1+a3 (21+04+0) (mOd?)
_ (-64+4+6) (mod7) _ —54 (mod7) _ (-54+7-8) (mod7) _
2 (mod?7) 2 (mod7) 2
_ (-54 +56) (mod7) _ 2 (mod7) _ 2 _1
2 2 2

Y BBIUMCITUM 3HAYCHHS X3 U Y3 110 popmyam (2.49):
X3 =22 +ap-A—ay —X —Xp = (0% +0-0—0—4—4) (mod7) =
= (-8) (mod7) = (-8+7-2) (mod7) = (-8+14) (mod7) = 6 (mod7) =6,
y3=—(A+a)-x3—p—ag = (—(0+0)-6—-1-0) (mod7)
= (-1 (mod7) = (-1+7) (mod7) = 6 (mod7) =6.
Cnenosarenbho, (4, 1) + (4, 1) = (6, 6).

BemonaumM teneppb ciokenue Touek P = (X, ¥1) = @4 D u Py

(x2,¥2) = (4, 6)
Ha 9TOH KpUBOH, T.e. X; =4, Y1 =1, Xo =4, yo =6.
[TocKkoNbKY HM OfHa M3 Touek Py u P, He sBseTcs GECKOHEYHO yIaleHHON TOYKOM O
H X1 = X2, TO ONPEAETUM C MOMOIIBIO cooTHOMIEH s (2.50) MPOTHBOMONIOKHYIO K P TOUKY:
-R =, -y1-a-x-a3) = (4,(-1-0-4-0) (mod7)) =
=(4,-1(mod7)) = (4,(-1+7)(mod7)) == (4,6 (mod7)) = (4,6)
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u tak kak (P2 = —P1) = ((4, 6) = (4, 6)) = UICTHUHA, To B cooTBercTBUU ¢ (2.52) momy4mm,
gro (4, 1) + (4, 6) = O.

Bemonnum teneppb ciokenue Touek P = (x,¥1) = @&, D u P, = (X2,y2) = (5, 0)
Ha 9TOW KpHBOH, T.€. X; =4, y1 =1, Xo =5, yp, =0.

[Tockonbky HEM onHA U3 ToueK P; m P, He sBnsercs OECKOHEUHO yNalIeHHOW TOukoi O
u (X1 #X2) = (4 #£5) = UICTUHA, T0 B coorBercTBHH C (2.48) momyunm:

s Ye—y1 _ (0-1)(mod7) _ (1) (mod7) _
Xo =%  (5—4) (mod7) 1(mod7)

_ (-1+7) (mod7)

1 = 6 (mod7) =6,
_Yi-X—Y2-% _ (1:5-0-4)(mod7) _
" Xo —Xq (5—-4) (mod7)

_5(mod7) _ 5 _5

1(mod7) 1
Y BBIYMCIIUM 3HAYCHHS X3 U Y3 110 popmyinam (2.49):
X3 =22 +a-h—ay—X —X = (6°+0-6—0—4—5) (mod7) =
= (36-9) (mod7) = 27 (mod7) = (27-7-3) (mod7) =
= (27-21) (mod7) = 6 (mod7) =6,
y3=—(A+a1)-Xxg—p—ag = (—(6+0)-6-5-0) (mod7) =
= (-36-5) (mod7) = —41(mod7) = (-41+7-6) (mod7) =
= (-41+42) (mod7) = 1(mod7) = 1.
CnenoBatenbHo, (4, 1) + (5, 0) = (6, 1).
3ameTuM, 4TO cioxeHue Touku (4, 1) ¢ Toukamu (6, 1) u (6, 6) OyAeT BBIIOJIHEHO aHAJIO-
TMYHBIM 00pasom, T.e. (4, 1) + (6, 1) =(4,6) u (4, 1) + (6, 6) = (5, 0).
ITpoBeneHHbIE pacyeThl MO3BOJISAIOT 3aNOJHUThH HEPBbIE JABE CTPOKU TAOIMIIbI CIOKEHUS
TOYEK IJUTMNITHYCCKON KpuBoi E Hax moem K = Fp =F, mpnai=0,a=0,a3=0, as =1,
as = 3, KoTopas ynosieTBopsier apduHHON Bepcuu ypaBHeHus Beitepuirpacca (2.27), T.e. Kpu-
poit E: Y2 = X3 + X + 3. BelmonHus ocTanbHbIe pacyeTsl, MOTYYUM TMOTHYIO TabJIUIly CIIOXKe-
Hus (cM. Tabm. 2.5).
PaccmoTpuM (ueTBepThIit) mpuMep TunTHYeckoi KpuBoi E Hax moem K = Fp =k
npu a1 = 10, a2 = 4, a3 = 2, a4 = 0, as = 4, ynoierBopsroniel ahpPuHHON BEepCUU ypaBHEHUS

Betiepmpacca (2.29), T.e. kpuByto E: Y2 +10-XY +2.Y =X3+4.X%+4
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Taoauua 2.5

+ @) 4,1) (4, 6) (5, 0) (6, 1) (6, 6)

o) 0] 4,1) (4, 6) (5,0) (6,1) (6, 6)
4,1) 4,1) (6, 6) @) (6, 1) (4, 6) (5, 0)
(4, 6) (4, 6) 0] (6,1) (6, 6) (5,0) 4,1)
(5,0) (5,0) (6,1) (6, 6) o) 4,1) (4, 6)
(6,1) (6, 1) (4, 6) (5, 0) 4,1) (6, 6) @)
(6, 6) (6, 6) (5,0) 4,1) (4, 6) o) (6, 1)

Panee Hamu OBUIO YCTAHOBJIEHO, YTO HA 3TOH OSJUTUNTHYECKOW KPHBOH CYIIECTBYET
ceMHaIaTh To4yek (2.18):
{(0,3),(0,6), (1,4),(1,6),3,4), (38), (40), (4 2), (5, 1), 5, 2),
(6, 6), (6,9), (8,3), (9, 2), (9, 5), (10, 3), (10, 5)} (2.55)

1 OECKOHEYHO YAaJICHHAaA TOYKa 0.

PaccMmoTpuM omepanuio ClosKeHus IByX TOYEK SJUTMNTHYECKON KpuBoi E: Y 2 +10- XY
++2.Y = X3+ 4-X%2 +4(a1=10,a,=4,a3=2, a4 =0, as = 4).

Beibepem, Hanpumep, OeckoHeuHO yaaneHHble Toukd P = (X,y1) = (0, 0) u
P, = (X2,Y¥2) =(0, 0) Ha 3T0ii KpuBOH, T.e. X1 =0, ¥y; =0, X, =0, y, =0.

[Tockoneky P =0 =(0,0)u P, = O =(0, 0), To B coorBercTBHH C (2.45):

X3 =0, y3 =0.

CnepoBarensro, O + O = O.

Bribepem, Temeph OeckoHEYHO ynmaleHHYO Touky P = (Xg,¥1) = (0, 0) u Touky
P, = (X2,Y2) = (0, 3) na sroii ke kpuBoii, T.e. X, =0, y; =0, X, =0, yo =3.

[Tockoneky P, u P, He paBHBI OJHOBpEeMEHHO OECKOHEYHO YyAaleHHOW Touke O,
HO P, = O, 10 B cooTBeTcTBHU C (2.46):

X3 = Xo=0mn y3 =y, =3.

Cnenosarenbho, O + (0, 3) = (0, 3).

3amMeTHM, 4TO CloXkeHHne OeckoHeuHo ynanennoi touku O ¢ Toukami (0, 6), (1, 4), (1, 6),
(3,4),(3,8),(4,0),(4,2), (5 1),(5,2), (6, 06), (6,9), (8, 3), (9, 2), (9, 5), (10, 3) u (10, 5) 6yzner
BBIMTOJIHEHO aHAIOTHYHBIM obOpasom, T.e. O + (0, 6) = (0, 6), O + (1, 4) = (1, 4), O + (1, 6) =
=(1,6),0+(3,4)=(3,4),0+(3,8=(3,8),0+(4,00=(4,0,0+(4,2)=(4,2),0+(5,1) =
=(5,1),0+(5,2)=(5,2),0+(6,6)=(6,6),0+(6,9)=(6,9),0+(8,3)=(8,3),0+(9,2) =
=(9,2),0+(9,5) =(9,5),0+(10,3)=(10,3) m O + (10, 5) = (10, 5).

[Tycts Tenepb BoiOepeM Touky P = (X1,¥p) = (0, 3) u OeckoHEUHO yIANCHHYIO TOUKY
P> = (X2,Y¥2) = (0, 0) Ha 3TOi1 KpUBOH, T.e. X =0, ¥y =3, Xo =0, yo =0.
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ITockonbky P, m P, He paBHBI OJHOBPEMEHHO OECKOHEUHO ynaneHHoW Touke O,

HO P, = O, 1o B cootBercTBUH C (2.47):
X3 =% =0my3 =y =3

Caenmosarenbho, (0, 3) + O = (0, 3).

Bemmonaum cnoxkenne touek P = (X,y1) = (0, 3) u P, = (X2,Y7) = (0, 3) Ha aroii
KpuBOH, T.€. X1 =0, y1 =3, Xo =0, yp, =3.

ITockonbky HUM oHa U3 Touek P u P, He sABnserca GecKOHEUHO ynaneHHOW Toukoil O
U X1 = X2, TO OIPEIEIINM C TIOMOIbI0 cooTHOIEeHHUs (2.50) MpoTHBONONIOKHYIO K P; TOUKy:

-P =, -Y1—-&-%—-a3) = (0,(-3-10-0-2) (mod1l)) =
= (0,-5(mod11)) = (0, (-5+11) (mod11)) == (0, 6 (mod11)) = (O, 6),

¥ TaK Kak P2 # —P1, To Beruucianm koaddunuentsr A u p no ¢popmynam (2.51):
_3:xf+2-ay x+ag—a;-y _ (3:0°+2:4:0+0-10-3) (mod1l) _

2-y1+8-% +a3 (2-3+10-0+2) (mod1l)

_ (0+0+0-30) (mod11) _ (-=30+3-11) (mod1l) _
(6+2) (mod1l) 8 (mod11)

A

_ (-30+33) (mod11) _ 3(mod1l) _ (3-87") (mod1l) _
8 (mod11) 8 (mod11) (8-8_1) (mod11)

_ (3-7) (mod1l)
1(mod11)

= 21(mod1l) = (21-11) (mod1l) = 10 (mod1l1) = 10,

_—Xf’+a4-X1+2'a6—a3'Y1 3 (—03+0-0+2-4—2-3)(m0d11) _
2.y1+al.xl+a3 (23+100+2)(m0d11)

_ (0+0+8-6) (mod1l) _ 2(mod1l) _ (2-87") (mod1l) _
(6+0+2)(modll)  8(modll) (8-871) (mod1l)

_ (2-7) (mod1l1)
1(mod1l)

=14 (mod1l) = (14-11) (mod1l1) =3

Y BBIYUCITUM 3HAYCHHS X3 U Y3 110 popmynam (2.49):
X3 =22 +a)-A—ay — X —Xp = (10° +10-10—4—0—0) (mod11) =

= (100+100—4) (mod11) =196 (mod1l) = (196—17-11) (mod1l) =

= (196-187) (mod11) = 9 (mod1l) =9,
y3=—(A+a1)-x3—pn—az = (-(10+10)-9-3-2) (mod1l) =

= (-180-5) (mod1l) = —185(mod1l) = (-185+17-11) (mod1l) =

= (-185+187) (mod1l) = 2 (modl1l) =2.
CrenosarenbHo, (0, 3) + (0, 3) = (9, 2).
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BemonaumM teneppb ciokenue Touek P = (xq,¥1) = (0, 3) u P, = (X2,y2) = (0, 6)
Ha 3ToM KpuBOH, T.e. X1 =0, y1 =3, Xo =0, y, =6.

ITockonbky HUM onHa U3 Touek P u P, He sABnserca GecKOHEUHO ynaneHHOW Toukoil O
U X1 = X2, TO OIIPEJEIIUM C IOMOIIBIO0 COOTHOIIEHH (2.50) MpOTHBOMNONOXKHYIO K P| TOUKy:

-P =0, -1—-a-%—-a3) = (0,(-3-10-0-2) (mod1l)) =
= (0, (-3-0-2) (mod11)) = (0, -5 (mod11)) =
= (0, (-5+11) (mod11)) = (0, 6 (mod11)) = (O, 6),

u tak kak (P2 = —P1) = ((0, 6) = (0, 6)) = UCTHUHA, 10 B coorBercTBUU ¢ (2.52) momy4um,
gro (0, 3) + (0, 6) = 0.

Bemonnum tenepp ciokenue Touek Pp = (x,¥1) = (0, ) u P, = (X2,y¥2) = (1, 4)
Ha 3ToM KpuBOH, T.e. X1 =0, y1 =3, Xo =1, yp, =4.

[TockonbKy HEM ogHa U3 ToueKk P, m P, He sBisercs OeCKOHEYHO yIaleHHOW TOYKOH O

U (X1 #X2) = (0 # 1) = UCTUHA, To B cootBeTcTBHH C (2.48) monyuum:

poY2 =Y (4-3)(mod1l) _ 1(modll) _1 _ 1
Xo—X  (1-0)(mod1l) 1(modll) 1

_ Vi Xp—Y2-X _ (3-1-4-0) (mod11) _
Xo — X1 (1-0) (mod11)

1)

_ (3—0) (mod11) _ 3(mod1l) _
1(mod1l) 1(mod1l)

3.3
1

¥ BBIYHCIIUM 3HAUYCHUS X3 U Y3 110 popmynam (2.49):
X3 =A% +ag-h—ay—X —Xp = (1> +10-1-4—0-1) (mod11) =
= (1+10-5) (mod11) = 6 (mod1l) =6,
y3=—(A+a) - X3—p—az = (-(1+10)-6—-3-2) (mod1l) =
= (-66—-5) (mod11) = (-71) (mod1l) = (-71+7-11) (mod1l) =
= (-71+77) (mod11) = 6 (mod11) =6.
CnenoBarenbHo, (0, 3) + (1, 4) = (6, 6).
3amernmM, urto crnoxenue ToukH (0, 3) ¢ Toukamu (1, 6), (3, 4), (3, 8), (4, 0), (4, 2), (5, 1),
(5, 2), (6, 6), (6,9), (8, 3), (9, 2), (9, 5), (10, 3) u (10, 5) OyzneT BBHINOIHEHO aHAJOTHYHBIM 00pa-
3oM, T.¢. (0, 3) + (1, 6) = (1, 4), (0,3) + (3, 4) = (5, 2), (0,3) +(3,8) = (10, 3), (0,3) + (4,0) =
=(5,1),0,3)+(4,2)=(4,0),(0,3)+(5,1)=(3,8),(0,3) +(5,2) = (4, 2), (0, 3) + (6, 6) =
=(9,5),(0,3)+(6,9) =(1,6),(0,3)+(8,3)=(10,5),(0,3) +(9,2) =(6,9), (0,3) +(9,5) =
=(0,6),(0,3)+(10,3)=(8,3)u (0,3)+(10,5)=(3, 4).
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HpOBC,I[eHHI)IC PaCUCThI IMO3BOJIAIOT 3allOJTHUTH IICPBBIC ABC CTPOKHU Ta6J'II/II_[I>I CJIIOKCHHUA

TOYEK AILTUNTHYECKON kpuBol E Han monem K = Fp = Fqiopuar=10,a:=4,a3=2,a4=0,
as = 4, xoTopas ynoBieTBopsieT appuHHON Bepcuu ypaBHeHus: Beliepiurpacca (2.29), 1.e. xpu-

Boit E: Y2 + 10-XY + 2.Y = X3 + 4.X? + 4. Bemonuus ocransHbie pacyeTsl, MOITyIuM

MOJIHYIO TabnuIy cinokenus (cMm. Tadi. 2.6, 2.7).
Onucannbplil paHee N30MOP(HU3M ILTUNTHYECKUX KPUBBIX COXPAHSET CTPYKTYPY TPYIIIIHL.
[TosToMy Ha W30MOP(MHBIX KPUBBIX HPUBEACHHBIC BHINIE (DOPMYIBI OMPEACISIOT CTPYKTYPHI

M30MOPGHBIX a0eIeBbIX IPYIIIL.

Tab6iumna 2.6

+ 0] (0, 3) (0, 6) (1, 4) (1,6) (3,4) | (3,8 | (40 | 4,2

) ) (0, 3) (0, 6) (1, 4) (1,6) (3,4 | (3,8 | 40 | 42
0, 3) ©, 3) 9, 2) ) (6, 6) (1,4) (5,2) |(10,3)| (5,1) | (4,0
(0, 6) (0, 6) ©) (9, 5) (1, 6) 6,9 | (10,5) | (5,1) | 4,2) | (52
(1, 4) (1, 4) (6, 6) (1, 6) ©, 3) 0] (3,8) | 5,2) | (10,5)| (8,3)
(1, 6) (1, 6) (1, 4) (6,9) 0] (0, 6) (5,1) | 3,4) | (8,3) |(10,3)
(3, 4) (3, 4) (5,2) | (10,5) | (3,8) (5,1) (1, 6) 0] (9,5) | (6,6)
(3, 8) (3,8) | (10,3) | (5,1) (5, 2) (3,4) 0] (1,4 | 6,9 | (92
4,0) 4,0) (5,1) (4,2) | (10,5) | (8,3) (9,5) | (6,9 | (0,3) o)
4, 2) 4, 2) 4, 0) (5, 2) 8,3) | (10,3) | (6,6) | (9,2 @) (0, 6)
(5,1) (5,1) (3, 8) 4,0) (3,4) | (10,5) | (0,6) | (1,6) | (9,2) | (0,3)
5, 2) 5, 2) 4,2) (3,4) | (10,3) | (3,8) (1,4) | (0,3) | (0,6) | (9,5)
(6, 6) (6, 6) 9,5) (1, 4) 9, 2) 0,3) | (10,3) | (4,2) | (3,4) |(10,5)
(6,9) (6,9) (1, 6) 9, 2) (0, 6) (9,5) (4,0) |(10,5) | (10,3) | (3,8)
(8, 3) (8,3) | (10,5) | (10,3) | (4,0) 4,2) 9,2 | (95 | (1,4 | (1,6)
9, 2) 9, 2) (6,9) ©, 3) (9, 5) (6, 6) 4,2) | 83 | (8 | (51
(9, 5) (9, 5) (0, 6) (6, 6) (6,9) 9, 2) 8,3) | 40) | (5,2 | (3,4
(10,3) | (10,3) | (8,3) (3,8) 4,2) (5,2) 0,3) | (6,6) | (1,6) | (6,9)
(10,5) | (10,5) | (3,4) (8,3) (5,1) (4,0) 6,9) | (0,6) | (6,6) | (1,4)
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Taoauna 2.7

+ G.1) | 52 | 66) | 6,9 | 83 | 92 | ©5) |(10,3)](105)
o | G| G2 | 66 | 69 | 63 | 92 | ©5) |(103)](10,5)
03 | 38 | 42 | 95 | @6 | (10,5 | 69 | (0.6) | ®3) | (3 4)
©0,6) | (40 | (34 | @4 | 92 | 103 | (0,3 | (66) | 3,8 | (83)
1,4 | 34) | 10,3 | 92 | 06) | 40 | (95 |69 | &2 | (51)
(1,6) | (10,5) | (3,8) | 0,3) | 9,5 | 42 | (66) | (92 | 5,2) | (40)
3,4) | (0,6) | (1,4 | (10,3) | 40 | 92 | 42 | 83 | (03) | (69
3,8 | (1,6) | (0,3) | 4,2 | 10,5 | 95 | (83) | (40) | 66) | (0,6)
40 | 92 | (0.6 | B4 | 10,3 | L4 | 38 | 52 | @6) | (66)
4,2 | (0,3 | (9,5 | (10,5 | 3,8 | (L.6) | (51) | (34) | 6,9 | (1, 4)
G1) | 69 | 0 | 2 | 83 | 66) | (10,3) | 42 | @4 | (95)
G2 | O | (66 | 83 | G1) | 69 | (40 |(10,5)] 92 | (16)
6,6 | 52 | (83 | 6,9 | O | 51 | (0,6) | (16) | 40) | (38)
69 | 83 | 1) | O | 66 | 52 | (L4 | (03] G4 | @42
83 | 66) | 69 | 61 | G2 | O | (34 |38 | 06)]|(03)
9,2) | (10,3) | 4,00 | ©,6) | @4 | 34 | (1,6) | O |@05) | (52
95 | 42 | @5 | @6 | 03 | 38 | O | @4 | 61 |103)
10,3) | (L4 | (92 | 4,0 | 3,4 | 06 | (10,5 | 51 | @5 | ©
10,5 | 9,5 | (1.6) | 3,8 | 42 | 0,3 | 52 |103)| 0 | (92

2.2.4. TUCKPETHOE JIOTAPUOMIUPOBAHUE
HA DJUITUIITUYECKOU KPUBOM

PaccmoTpuMm 3amauy AMCKPETHOTO JOrapu(pMHUpOBaHHUS Ha DIUIMITUYECKOM KpPHUBOMA.
Jlist aTOr0 3aUKCUPYEeM HEKOTOPOE HATYpAIbHOE YHCII0 M 1 0003HaYUM uepe3 [M] P pesynbrar

BBIMIOJTHEHUS OJTHOMECTHOM oriepanuu [M], BBIYUCIISIONIEH cCyMMy U3 M To4ek P:

[M: P>P+P+...+P. (2.56)
\__ﬁf——d
m
Bosbmem (BTOpo#t) mpumep siunTHYecKoil kpuBoil E Hanm momem K = Fp = Fg

npu a1=0, a2= 3, a3 =4, a4 = 0, as = 3. Dra KpuBas yJaoBiaeTBopseT adp(HUHHON BepcUn ypaBHe-

Hust Belieprurpacca (2.25), T.e. sBisercst kpusoii E: Y 2 4+4.Y = X3 + 3.X? +3. B coorser-

CTBUU C BBIPpAKCHHUEM (256) BBIUUCIIUM PE3YJIbTAThI BBLIITOJHCHUA BBEACHHOM OJHOMECTHOM

ornepanuu [M] Hag P ams pasauunsix 3HaueHuit P u3 Muokectsa (2.53).
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[Tycts BHauase P = (1, 2), Toraa B coorBercTBUH ¢ (2.56) momydnm:
m=1(m: P>P+P+...+P)=([1]: P>P+P+...+P) =
| NS _1_—/
m
= (AP —-P)=([1]: (1,2) — (1, 2));

m=2:(m]: P>P+P+...+P)=([2: P>P+P+...+P)=
\__ﬂ/_—J f
m

=([2:P->P+P)=(2]: (1,2) = (1,2) + (1, 2)) = ([2]: (1, 2) — (4, 0));

m=3:(m]: P>P+P+...+P)=([8]: P>P+P+...+P)=
—_—— \__ﬁé_—J
m

=(Bl:P—>P+P+P)=([3]:(1,2) > (1,2) +(1,2) +(1,2)) =
=Bl (1,2) = 4,0+ (1,2)) = ([3]: (1, 2) = 3, 2));

m=4:([m: P>P+P+...+P)=([4: P>P+P+...+P)=
4
m

=([4:P>P+P+P+P)=([4]: (1,2) > (1,2) +(1,2) + (1,2) + (1,2)) =
=41 (1,2) = G3,2) +(1,2) = ([4]: (1, 2) = 3, 4));

m=5(m]: P>P+P+...+P)=([5]: P>P+P+...+P)=
— f
m

=(Bl:P>P+P+P+P+P)=([5]:(1,2) > (1,2) +(1,2) +(1,2) + (1,2) + (1,2)) =
=([5]: (1,2) = 3,4 +(1,2)) = ([5]: (1, 2) = (4, 1));

m=6:(Im]: P>P+P+...+P)=(6]: P>P+P+...+P) =
—_—— \__ﬁé__/
m

=([6:P—>P+P+P+P+P+P)=
= ([6]: (1,2) = (1,2) + (1, 2) + (1,2) + (1, 2) + (1, 2) + (1, 2)) =
=([6]: (1,2) — (4, D) + (1, 2)) = ([6]: (1, 2) — (1, 4));

m=7:([m]: P>P+P+...+P)=(7]: P>P+P+...+P) =
m 7

=([7:P—>P+P+P+P+P+P+P)=
=([7]: (1,2) > (1,2)+(1,2) +(1,2) +(1,2) +(1,2) + (1, 2) + (1, 2)) =
=([7]: (1,2) > (1,4) + (1, 2)) = ([7]: (1, 2) — O).
3aMeTnM, 4TO B pe3ysbTaTe BBIMOJHEHHS OJHOMECTHOM omneparuu (2.56) Han P = (1, 2)

HIOJTy4EHBI BCE AJIEMEHTHI (BTOPOTo MpUMepa) dJUTHIITUYECKON KpuBoii E Han monem K = Fp = kg

npu a1=0,a,=3,a3=4, a4=0, as = 3, 1.¢. kpuBoii E: Y2 +4.Y = X3+ 3-X2 + 3. [Toatomy
MOKHO TOBOPUTH O TOM, YTO JIaHHas JJUIMIITUYECKAash KpHUBas MPEACTaBIsSeT cCOOON KOHEUHYIO
UKJIMYECKYIO TPYIITY CEbMOTO Mopsiika, a Touka P = (1, 2) sensercs ee oOpasyromiei (mpumu-
TUBHBIM 3JIEMEHTOM).

3agaauMm ananoruyHo (1.15) yHkuuio auckperHoro jorapupmMupoBaHus (IO OCHOBa-

HUto (1, 2)) B 3TOM rpyIIe NepeurciIeHueM €€ dJIEMEHTOB:
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dlog@2O0=7
(muckpernsriii torapudm smementa O = (1,2) +(1,2)+(1,2) +(1,2) +(1,2) +(1,2) + (1,2) =
= (1, 2) - 7 no ocunoBaunuto (1, 2) pasen 7),
dloga2 (1,2)=1
(muckpetHsii Jorapudm snementa (1, 2) = (1, 2) =
=(1,2) - 1 mo ocnoBanuro (1, 2) pasen 1),
dlog@2 (1,4)=6
(muckpetHsiit morapudm snementa (1,4)=(1,2)+(1,2)+(1,2) +(1,2) + (1,2) +(1,2) =
= (1, 2) - 6 mo ocuoBanuto (1, 2) paseH 6),
dlog@.2 (3,2)=3
(muckpetHbIii norapudm amementa (3, 2) =(1,2) +(1,2) + (1, 2) =
=(1, 2) - 3 mo ocHoBanuro (1, 2) paBen 3),
dloga 2 (3,4)=4
(muckpernpiid norapudm snementa (3,4) =(1,2) +(1,2) + (1,2) +(1,2) =
=(1, 2) - 4 mo ocHoBanuto (1, 2) paBeH 4),
dlog@ 2 (4,0)=2
(muckperHsiid norapudm snementa (4, 0) = (1,2) + (1, 2) =
= (1, 2) - 2 mo ocuoBanuto (1, 2) paseH 2),
dlog@ 2 (4,1)=5
(muckpeTHbIN orapudm atementa (4, 1) =(1,2) +(1,2) +(1,2) +(1,2) +(1,2) =
=(1,2) - 5 no ocHoBaunuto (1, 2) paseH 5).

ITpoBepum Temeppr Touky P = (1, 4) smauntuyeckoil kpusoit E: Y2 + 4y =

= X3+ 3.X% +3ma MpeIMET TOTO, SBJSIETCS JIM OHA OOpa3yromedl NUKIUYEeCKOW TPYIIIHL.
B atom ciydae B cootBeTcTBHH € (2.56) momyunm:
m=1(m]: P>P+P+...4+P)=([1: P>P+P+...+P)=
—_——— %/—/

m 1
=([1]: P — P) = ([1]: (1, 4) — (1, 4);
m=2:(m: P>P+P+...+P)=([2]: P>P+P+...+P) =

m 2
=([2:P—>P+P)=([2]: (1,4) — (1,4) + (1, ) = ([2]: (4, 4) — (4, 1));
m=3:.(m: P>P+P+...+P)=([3: P>P+P+...+P)=

m 3
=([81:P—=P+P+P)=(3]: (1,4 - (1,4 +(1,4)+(1,4) =
= ([3]: (1.4 > 4, 1) + (1, 4) = ([38]: (1. 9) > (3, 3));
m=4:(m: P>P+P+...+P)=([4: P>P+P+...+P) =
m 4
=([4:P—->P+P+P+P)=([4]: (1,4) - (1,4)+(1,4)+ (1,4 +(1,4) =
=([4]: (1,4) = G, 4 + (1, 4) = ([4]: (1, 4) — (3, 2));
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m=5(m]: P>P+P+...+P)=([5]: P>P+P+...+P)=
\__\/_—J \__ﬁé_—J
m

=([51: P >P+P+P+P+P)=([5]:(1,4) > (1,4 + (L, 4) + (1,4 + (L, 4) + (1, 4) =
=([5]: (1.4 — (3,2) + (1, 4) = ([3]: (1. 4) — (4, 0));

m=6:(m]: P>P+P+...+P)=([6]: P>P+P+...+P)=
%,—/ T/
m

=(6]:P—>P+P+P+P+P+P)=
=(6]:(1,)—-> 1, H+L,H+Q,H+(1,4)+(1,4)+1,4)=
= ([6]: (1, 4) — (4, 0) + (1, 4)) = ([6]: (1, 4) — (1, 2));

m=7:(m]: P>P+P+...+P)=([7]: P>P+P+...+P)=
m 7

=([7:P—>P+P+P+P+P+P+P)=
=(["1: 1, 9)-1L,H+ (1L, )+ (1L, H+ (L, D)+ (1L, H+ (1,4 +(1,49)=
=([7]: (1,4) - (1,2) +(1,4) =([7]: (1, 4) — O).
3amMeTuM, 4TO B pe3y/IbTaTe BHINOJHEHHS OJHOMECTHOM oneparuu (2.56) Han P = (1, 4)

TAK)KE MOJYYEeHbI BCE 3JCMEHTHI (BTOPOro MpHUMepa) SJUIMITHYECKONW KpuBOd E Ham monem
K = Fp = Fg mpu a1 =0, a2 =3, a3 =4, as = 0, as = 3, T.e. kpuBoii E: Y2 4+ 4.Y =

= x% + 3.x2% +3. [TosToMy Takke MOXKHO TOBOPHUTH O TOM, YTO JaHHAs SJUTUNTHYECCKAs
KpHBasi MPEJCTABISACT COOOW KOHEUHYIO LUKIMYECKYIO TPYIIY CEJIbMOrO IMOpsAKA, a TOYKa
P = (1, 4) sBistercs ee elie 0JHON 00pa3yrolei (MIPUMHUTHBHBIM JIEMEHTOM).
3amaaum ananornvHo (1.15) eme ogHy (QYHKIUIO JUCKPETHOTO JOTapuU(pMHPOBAHUS
(Terrepb mo ocHoBaHuO (1, 4)) B 3TOI HUKINYIECKOMH TpyIIIIE:
dlog@,40=7
(muckpetHbrii torapudm smementa O = (1, 4) + (1,4)+ (1, 4) + (1,4 + (1,4 + (1, 4) +(1,4) =
= (1, 4) - 7 no ocHoBauwuio (1, 4) pasen 7),
dlog@ 4 (1,2)=6
(muckpetHsii norapudm snementa (1,2)=(1,4)+(1,4)+ (1,4 + (1,4 + (1,4 +(1,4) =
= (1, 4) - 6 mo ocnoBanuio (1, 4) paseH 6),
dlog@ 4 (1,4)=1
(muckpetHbIii torapudm snementa (1, 4) = (1, 4) =
= (1, 4) - 1 o ocuoBanwuio (1, 4) pasen 1),
dlog@, 4 (3,2)=4
(muckpernsiii jorapudm snementa (3,2)=(1,4) +(1,4)+ (1,4) + (1,4) =
= (1, 4) - 4 o ocuoBauwuio (1, 4) pasen 4),
dlog@, 4 (3,4)=3
(muckpernsiii torapudm snementa (3,4)=(1,4) +(1,4) + (1,4) =

= (1, 4) - 3 mo ocHoBanwmto (1, 4) pasen 3),
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dlog,4) (4,0)=5
(muckperHbii torapudm snementa (4, 0)=(1,4) +(1,4)+ (1,4) + (1,4) + (1, 4) =
= (1, 4) - 5 no ocxoBanwuio (1, 4) pasen 5),
dlog@ 4 (4,1)=2
(muckperHbiii orapudm snementa (4, 1) =(1,4) + (1, 4) =
= (1, 4) - 2 mo ocuoBanwuio (1, 4) paBen 2).
PaccmoTpuM 3a1a4y JUCKPETHOTO JIorapru(GMUpPOBaHKs Ha (TPETheM) MPUMEPE IUITUITHYC-

ckoi kpuBoii E Hax momem K = Fp = F; mpua1=0,a:=0,a3=0, a4 =1, as= 3, ynoBnerBops-

ronieit adduHHOM Bepcun ypaBHeHus: Beitepitpacca (2.27), T.e. kpuBoi E: Y 2=x3+ X +3.
B coorBercTBHM ¢ (2.56) BBIYMCINM Pe3yJabTaThl BBIOJIHEHHS BBEJCHHOW OJIHOMECTHOMW orepa-
uu [M] Haa P uist pa3nuyHbix 3HaueHui P u3 mHOkecTBa (2.54).
[Tycts BHauane P = (4, 1), Torna B coorBercTBUU ¢ (2.56) momydmm:
m=1:(m}: P>P+P+...+P)=(1]: P>P+P+...+P) =
m 1
= ([1: P = P)=([1]: (4, 1) > (4, D);
m=2:(m]: P>P+P+...4+P)=([2: P>P+P+...+P)=

m 2
=([2:P—>P+P)=([2]: (4, 1) — (4, 1)+ (4, 1)) =([2]: (4, 1) — (6, 6));

m=3:(m]: P>P+P+...+P)=([8: P>P+P+...+P) =
— f
m

=([81:P—>P+P+P)=([3]: (4, 1) > (4, 1)+ (4, 1)+ (4, 1) =
=([8]: (4. 1) = (6,6) + (4, 1)) = ([3]: (4. 1) — (5, 0));

m=4:(m: P>P+P+...+P)=([4: P>P+P+...+P) =
4
m

=([4:P>P+P+P+P)=([4]: (4, 1) —> (4, 1)+ (4, 1)+ (4, 1)+ (4,1) =
=([4]: (4. 1) = (5,0) + (4 1)) = ([4]: (4. 1) — (6, 1));

m=5(m]: P>P+P+...+P)=([5]: P>P+P+...+P)=
\__ﬁ/_—J \__ﬁsf_—J
m

=(5]:P—>P+P+P+P+P)=(5]:4,) -4, 1)+(41D+(4 1)+41)+41)=
=([5]: (4, 1) — (6,1) + (4, 1)) =([5]: (4, 1) — (4, 6));
m=6:(ml: P>P+P+...4+4P)=([6]: P>P+P+...+P)=

m 6
=([6]:P—>P+P+P+P+P+P)=
=([6]:(41)—>41+41D)+@D+@G,D+4, 1D+ 4,1)=
=([6]: (4, 1) — (4, 6) + (4, 1)) = ([6]: (4,1) — O).
3aMeTuM, 4TO B pe3y/ibTaTe BHIMOJHEHHS OJHOMECTHOMH omneparmu (2.56) van P = (4, 1)

TOMTyYeHBI BCE DIIEMEHTHI (TPETHEro PUMepa) SIUMITHYECKOH KprBoii E Hax monem K = Fp = F7
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npu a1 =0, a2=0,a3=0, a4 =1, as = 3, T.e. kpusoii E: Y2=x3+ X +3. [TosTOMy MOXKHO
TOBOPHTH O TOM, YTO JAHHAS DJUIMIITHYCCKAs KPUBast TPEACTABISET COO0H KOHCUHYIO [IHKIINYE-
CKYIO TPYIIITY IIECTOro Mmopsijika, a Touka P = (4, 1) sBasercs ee obpasyromnieil (MpUMUTHBHBIM
AIIEMEHTOM).
3amganum ananorudHo (1.15) gyHkuoo muckpetHoro sorapudmupoBanus (IO OCHOBa-
Hu1o (4, 1)) B 3T0i1 rpynne nepeyrcieHueM €€ JIEMEHTOB:
dlog@s,1)0=6
(muckpernsrii torapudm smemerta O = (4, 1)+ (4, 1)+ (4, 1)+ (4, )+ (4, 1)+ (4,1) =
= (4, 1) - 6 mo ocHoBanwuio (4, 1) pasen 6),
dloge 1 (4,1)=1
(muckpertHsIi torapudm snementa (4, 1) = (4, 1) =
=(4,1) - 1 no ocuoBanwuio (4, 1) pasen 1),
dlog 4,1 (4,6) =5
(muckpertHsbiii torapudm snemenra (4,6) = (4,1) + (4, 1)+ (4, 1)+ (4,1) +(4,1) =
= (4, 1) - 5 mo ocHoBanwuio (4, 1) pasen 5),
dlog 4,1 (5,0)=3
(muckperusrii torapudm smementa (5,0) = (4,1) + (4, 1)+ (4,1) =
= (4, 1) - 3 mo ocuoBanuio (4, 1) paBen 3),
dlog 4,1 (6,1) =4
(muckperuslii torapudm snemenra (6, 1) = (4,1) + (4, 1)+ (4, 1)+ (4,1) =
= (4, 1) - 4 mo ocuoBaunuio (4, 1) paBen 4),
dlog @, 1) (6, 6) =2
(muckpeTHbIi Torapudm snemenTta (6, 6) = (4, 1) + (4, 1) =
= (4, 1) - 2 mo ocuoBauuio (4, 1) paseH 2).

[IpoBepum Tenepp Touky P = (4, 6) (Tperbero mpumepa) 3JUIMNTHYECKOW KpuBon E:

2 . o
Y2 = X34+ X +3ma IpeIMET TOTO, SBJISIETCS JIM OHA 0Opa3yromieil MUKIMYECKON TPYIIIBL.
B atom ciydae B cootBeTcTBHH € (2.56) momyunm:

m=1:(m]: P>P+P+...+P)=(1]: P>P+P+...+P)=

m 1
= ([1]: P — P) = ([1]: (4, 6) — (4, 6));
m=2:(m]: P>P+P+...+P)=([2: P>P+P+...+P)=

m 2
=([2]: P — P +P)=([2]: (4,6) — (4,6) + (4, 6)) = ([2]: (4,6) — (6, 1));
m=3:(m: P>P+P+...+P)=([8]: P>P+P+...+P)=

m 3
=([3: P — P +P+P) = ([3]: (4,6) — (4,6) + (4,6) + (4,6)) =
= ([3]: (4, 6) — (6, 1) + (4, 6)) = ([3]: (4, 6) — (5, 0));
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m=4:(m]: P>P+P+...4+P)=([4: P>P+P+...+P)=

m 4
=(4:P—>P+P+P+P)=([4]: (4,6) > (4,6) +(4,6) + (4,6) + (4,6)) =
= ([4]: (4,6) — (5, 0) + (4, 6)) = ([4]: (4, 6) — (6, 6));

m=5(m]: P>P+P+...+P)=([5]: P>P+P+...+P) =
\__ﬁ/_—J \__ﬁsf_—J
m

=([5]:P—>P+P+P+P+P)=([5]: (4,6) — (4,6)+(4,6)+(4,6)+ (4,6) + (4,6) =
= ([5]: (4, 6) — (6,6) + (4, 6)) = ([3]: (4, 6) — (4, 1));

m=6:(m]: P>P+P+...+P)=([6]: P>P+P+...+P)=
%,—/ T/
m

=(6]:P—>P+P+P+P+P+P)=
= ([6]: (4, 6) — (4, 6) + (4, 6) + (4, 6) + (4,6) + (4, 6) + (4,6)) =
= ([6]: (4, 6) — (4, 1) + (4, 6)) = ([6]: (4, 6) — O).
3aMeTHM, YTO B PE3yJIbTaTe BBIMOJHEHHS OJHOMECTHOM onepaiuu (2.56) Hax P = (4, 6)

TaKXe TOJY4YeHbl BCE DJIEMEHTHI (TPEThEro MpHMEpa) IILIMNTUYCCKON KpuBou E Ham mosmem
K = Fp =F, omgpuar=0,a=0,a3=0, as= 1, as = 3, 1.e. KpuBoii E: Y2 = x3 + X + 3.

[TosTOMYy Takke MOXHO TOBOPUTH O TOM, YTO JAaHHAs JJUIMIITUYECKAas KPUBas MPEICTABIISICT
c000H KOHEYHYIO IIUKIMYECKYIO TPYIIIY MIECTOro mopsjka, a Touka P = (4, 6) sBisercs ee eie
0JIHOH 00pa3yroueil (MPUMUTUBHBIM JIEMEHTOM).
3amaaum ananornvHo (1.15) eme ogHy (QYHKIUIO JUCKPETHOTO JOTapU(pMHPOBAHUS
(Temeps Mo ocHOBaHUIO (4, 6)) B 3TOM HMKIMYECKON TpyImIe:
dlog 4,600 =6
(muckpetHsIii torapudm snementa O = (4, 6) + (4, 6) + (4, 6) + (4,6) + (4,6) + (4,6) =
= (4, 6) - 6 mo ocHoBauuio (4, 6) paBeH 06),
dlog a6 (4,1)=5
(muckpetHslid Jorapudm snemenTa (4, 1) =(4,6) +(4,6)+(4,6) +(4,6) + (4,6) =
= (4, 6) - 5 no ocHoBaunuto (4, 6) paBeH 5),
dlog 4,6 (4,6) =1
(mrcKpeTHBIN JTorapudm snemenTa (4, 6) = (4, 6) =
= (4, 6) - 1 mo ocuoBauuio (4, 6) pasen 1),
dlog 4,6) (5,0) =3
(muckperuslii torapudm smemenra (5, 0) = (4, 6) + (4, 6) + (4, 6) =
= (4, 6) - 3 mo ocHoBauuio (4, 6) paseH 3),
dlog 4,6) (6,1) =2
(muckperHsIi torapudm siementa (6, 1) = (4, 6) + (4, 6) =

= (4, 6) - 2 mo ocHoBaHwu1o (4, 6) paBeH 2),
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dlog @4,6) (6, 6) = 4
(muckperHsIii torapudm snemenra (6, 6) = (4, 6) + (4, 6) + (4, 6) + (4, 6) =
= (4, 6) - 4 o ocHoBanwuio (4, 6) paBen 4).
PaccMoTpHM 3a1ady JAUCKPETHOTO JIOrapu(pMUPOBAHKS Ha (4ETBEPTOM) MIPUMEPE DILTHII-

Thueckor kpuBod E mag momem K = Fp = Fq1nopuai=10, a2=4,a3=2, a4« =0, as = 4,
yaoBieTBopsitomieii apdunHOM Bepcuu ypaBHeHHs Beitepmrpacca (2.29), T.e. kpuBoit E:

Y2 +10-XY + 2.Y = X3 + 4.X? + 4. B cooTBeTCTBHH C (2.56) BBIYMCIUM pe3yIbTATHI

BBITIOJIHCHHSI BBEJACHHOW OJHOMECTHOW omeparuu [M] Hax P g pasnuyHbix 3HadeHuid P
u3 MHOKecTBa (2.55).
ITycts BHauane P = (0, 3), roraa B coorBercTBuH ¢ (2.56) moaydmm:

m=1:(m]: P>P+P+...+P)=(1]: P>P+P+...+P)=

m 1
= ([1]: P — P) = ([1]: (0, 3) — (0, 3));

m=2:(Im]: P>P+P+...+P)=(2]: P>P+P+...+P) =
\__ﬂ/_—J f
m

=([2]: P — P +P)=([2]: (0, 3) — (0, 3) + (0, 3)) = ([2]: (0, 3) — (9, 2));
m=3:(m: P>P+P+...+P)=([3: P>P+P+...+P)=

m 3
=(Bl:P—>P+P+P)=([3]: (0,3) = (0,3) +(0,3) + (0, 3)) =
=([3]: (0, 3) — (9, 2) + (0, 3)) = ([3]: (0, 3) — (6, 9));
m=4.(m: P>P+P+...4+4P)=([4]: P>P+P+...+P)=

m 4
=([4:P—>P+P+P+P)=([4]: (0,3) = (0,3) +(0,3) + (0,3) + (0, 3)) =
=([4]: (0,3) = (6,9) + (0, 3)) = ([4]: (0, 3) — (1, 6));
m=5:(m]: P>P+P+...+P)=(5]: P>P+P+...+P)=

m 5
=([5]:P—-P+P+P+P+P)=([5]: (0,3) — (0,3) +(0,3) +(0,3) + (0, 3) + (0, 3)) =
=([5]: (0,3) = (1,6) + (0, 3)) = ([3]: (0, 3) — (1, 4));
m=6:(m]: P>P+P+...+P)=([6]: P>P+P+...+P)=

m 6
=([6:P—>P+P+P+P+P+P)=
= ([6]: (0,3) — (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3)) =
= ([6]: (0, 3) — (1, 4) + (0, 3)) = ([6]: (0, 3) — (6, 6));

m=7:(m]: P>P+P+...+P)=([7]: P>P+P+...+P)=
m 7

=([7:P—>P+P+P+P+P+P+P)=
= ([7]: (0, 3) = (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3)) =
= ([71: (0, 3) = (6, 6) + (0, 3)) = ([7]: (0, 3) = (9, 5));

86



m=8:(m: P—>P+P+...+P)=(8]: P>P+P+...+P)=

m 8
=(8]:P—>P+P+P+P+P+P+P+P)=
= ([8]: (0, 3) — (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3)) =
= ([8]: (0, 3) = (9, 5) + (0, 3)) = ([8]: (0, 3) — (0, 6));

m=9:(m]: P>P+P+...+P)=(9]: P>P+P+...+P)=
—_—— \__ﬁgf_—J
m

=(9]:P—>P+P+P+P+P+P+P+P+P)=
= ([9]: (0, 3) — (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3) + (0, 3)) =
=([9]: (0, 3) = (0, 6) + (0, 3)) = ([9]: (0, 3) — O);

m=10: ([m: P>P+P+...+P)=([10]: P>P+P+...+P) =
m 10

=([10:P—>P+P+P+P+P+P+P+P+P+P)=
=([10]: (0,3) > 9-(0,3)+ (0, 3)) =
=([10]: (0, 3) — O + (0, 3)) = ([10]: (0, 3) — (0, 3)).
3ameTuM, 4TO pe3yiabTarT BhimoJHEHHs omepaipu [M] = [10] waxg smementom (0, 3)
HOBTOPHJI pe3yJbTaT BBINOJIHEHHs onepauuu [M] = [1] Hax stum ke snemeHtom. M3 3toro
CIIelyeT, YTO B pe3yjbTaTe BBINOJIHEHHS OJIHOMECTHOW omepamnuu (2.56) wag P = (0, 3)
HE MOTYT OBITh TOJYYCHBI BCE DJIEMEHTHI (YETBEPTOro MpHMEpa) JUIMITUYECKOW KpuBoW E

Han moimem K = Fp = Fjq npu a1 = 10, a2 = 4, a3 = 2, a4 = 0, as = 4, T.e. xpuBoit E:

Y2 +10-XY + 2.Y = X3 + 4-X? + 4, u touxa P = (0, 3) He sBAseTCA ee 0Opazyromeit
(MPUMUTUBHBIM SJIEMEHTOM).

Ilo amamormyHBIM PACCYKACHUAM HE SABJIAIOTCA 06pa3yI-OHII/IMI/I (HpI/IMI/ITI/IBHLIMI/I 3JIC-

MEHTaMH ) JUTMIITHYeCKor KpuBoi E: Y 2 410-XY +2.Y = X3+ 4-X? + 4 v rouxu (0, 6),
(1, 4) u (1, 6) aTOM KPUBOIA.

[IpoBepum Teneps Touky P = (3, 4) (deTBepTOro mpuMepa) SJUIUNTHYECKOW KpuBoid E:
Y2 +10-XY +2.Y = X3+ 4.X? +4ma MPEAMET TOTO, SIBIISETCS JIM OHA 00pa3yrole

LUKIMYECKOU rpymibl. B aToM citydae B cootBeTcTBHU ¢ (2.56) momyunm:

m=1:(m]: P>P+P+...+P)=(1]: P>P+P+...+P)=

m 1
=([1]: P = P)=([1]: 3, 4) — (3, 4));

m=2:(m: P>P+P+...+P)=([2]: P>P+P+...+P) =
\__ﬂ/_—J f
m

=([2:P—>P+P)=(2]: 3,49 — (3,49 +(3,4)=(2]: 3,4 — (1, 6));
m=3:(m: P>P+P+...+P)=([8]: P>P+P+...+P)=

m 3

=(B:P—>P+P+P)=([3]: 3,4) — (3,4 +(3,4) + (3,4)) =

87



88

=([31: 3,4 —(1,6)+(3,49)) = ([3]: 3, 4 — (5, D))

m=4:([m: P>P+P+...+P)=([4: P>P+P+...+P) =
4
m

=([4:P>P+P+P+P)=([4]:(3,4) > (3,4 +(3,4) +(3,4)+(3,4)) =
=G H—-G DG4 =41 G, 4 —(0,6));

m=5(m]: P>P+P+...+P)=([5]: P>P+P+...+P) =
—_—— \__ﬁé_—J
m

=(5]:P—>P+P+P+P+P)=([5]: (3,4 —> (3,4 +(3,4) +(3,4)+(3,4)+(3,4) =
=([5]: (3,4) — (0, 6) + (3, 4)) = ([5]: (3, 4) — (10, B));

m=6:(m]: P>P+P+...+P)=([6]: P>P+P+...+P)=
%,—/ T/
m

=(6]:P—>P+P+P+P+P+P)=
=([6]:(3,4) > (3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)=
= ([6]: (3, 4) — (10, 5) + (3, 4)) = ([6]: (3, 4) — (6, 9));
m=7:(m]: P>P+P+...4+P)=([7]: P>P+P+...+P)=

m 7
=([7l:P—>P+P+P+P+P+P+P)=
=(7]: 3,4 —>B,4)+3,4)+(3,4)+(3,4)+(3,4)+(3,4) +(3,4) =
=([7]: B, 4) — (6,9) + (3,4)) = ([7]: 3, 4) — (4, 0));

m=8: (m: P>P+P+...+P)=([8]: P>P+P+...+P)=
— T
m

=(8:P—>P+P+P+P+P+P+P+P)=
=(8]:(3,4) > (3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4+(3,4)=
= (18]: (3,4) — (4,0) + (3, 4) = ([8]: (3,4) — (9, 5));
m=9:(m]: P>P+P+...4+P)=(9): P>P+P+...+P)=
m 9
=(9]:P >P+P+P+P+P+P+P+P+P)=
=(9:3,4)—>B,4)+B,4)+(3,4)+(3,4)+(3,4)+3,4)+(3,4) +(3,4) +(3,4) =
= (191: (3,4) — (9,5) + (3,4)) = ([9]: (3,4) — (8, 3));

m=10:([m]: P>P+P+...+P)=(10]: P>P+P+...+P)=
m 10

=([10: P >P+P+P+P+P+P+P+P+P+P)=
=([10]: (3,4) - 9-(3,4) +(3,4)) =
= ([10]: (3,4) — (8, 3) + (3, 4)) = ([10]: (3,4) — (9, 2));

m=11:(m]: P>P+P+...+P)=(11]: P>P+P+...+P) =
m 11

=([11]:P >P+P+P+P+P+P+P+P+P+P+P)=
=([11]: 3,4) — 10+ (3,4) + (3, 4)) =
=([11]: 3,4) > (9,2) + (3, 4) = ([11]: (3, 4) — (4, 2));



m=12:(m]: P>P+P+...+P)=(12]: P>P+P+...+P) =
m 12

=([12:P—>P+P+P+P+P+P+P+P+P+P+P+P)=
=(12]: 3,4)—>11-3,4)+(3,4)) =
=([12]: 3,4) — (4,2)+(3,4))=([12]: (3,4) — (6, 6));

m=13:(m: P>P+P+...+P)=(13]: P>P+P+...+P) =
m 13

=([13]:P >P+P+P+P+P+P+P+P+P+P+P+P+P)=
=([13]: 3,4) > 12-(3,4) + (3, 4)) =
= ([13]: 3, 4) > (6, 6) + (3, 4)) = ([13]: (3, 4) — (10, 3));

m=14:(m}: P>P+P+...+P)=([14]: P>P+P+...+P) =
m 14

=([14]:P>P+P+P+P+P+P+P+P+P+P+P+P+P+P)=
=([14]: 3,4 —13-3,49 +(3,4)) =
=([14]: 3,4) — (10, 3) + (3, 4)) = ([14]: 3, 4) — (0, 3));
m=15:(m]: P>P+P+...+P)=([15]: P>P+P+...+P) =
m 15
=([15:P—>P+P+P+P+P+P+P+P+P+P+P+P+P+P+P)=
=([15]: (3,4) —>14-(3,4)+(3,4)) =
=([15]: 3,4) = (0,3) + 3, H) = ([15]: 3, D) — (5, 2));
m=16:(m}: P>P+P+...+P)=([16]: P>P+P+...+P) =
m 16
=([16]:P>P+P+P+P+P+P+P+P+P+P+P+P+P+P+P+P)=
=([16]: 3,4 —15-(3,49 +(3,4)) =
= ([16]: (3,4) — (5,2) + (3, 4)) = ([16]: (3, 4) — (1, 4));

m=17:(m: P>P+P+...+P)=([17]: P>P+P+...+P) =
m 17

=([17:P >P+P+P+P+P+P+P+P+P+P+P+P+P+P+P+P+P)=
=([17]: 3,4) > 16 - (3,4) + (3, 4)) =
=([17]: 3,4) > (1,4) + (3, 4) = ([17]: 3, 4) — (3, 8));

m=18:(m: P>P+P+...+P)=([18]: P>P+P+...+P) =
m 18

=([18]:P—>P+P+P+P+P+P+P+P+P+P+P+P+P+P+P+P+P+P)=
=(18]: (3,4)—17-3,4)+(3,4)) =
=([18]: (3,4) — (3,8) +(3,4))=([18]: (3,4) — O).
3amMeTuM, 4TO B pe3ysibTaTe BHIMOJHEHHS OJHOMECTHOMH omnepanuu (2.56) van P = (3, 4)

MOJIy4Y€Hbl BCE HJIEMEHTHI (YETBEPTOro IMpuMepa) JIUIMNTHYECKOM KpuBo E Hax mosem

K = Fp = Fynopnai1=10,a=4,a3=2,a4=0, as = 4, 1.e. kpuBoii E: Y2 +10-XY +2.Y =
= X3+ 4.X2 + 4. [TosTOMy MOKHO TOBOPHUTH O TOM, YTO JaHHAs JJUTHITHYCCKAs KpUBas
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MPEACTABISIET COO0M KOHEUHYIO IIMKIMYECKYIO Tpymy mopsiaka 18, a touka P = (3, 4) sBasercs
ee oOpasyroieit (MPUMUTHBHBIM HJIEMEHTOM).
3aganum ananorudHo (1.15) ¢yHKIMO mucKkpeTHOro sorapudmupoBanus (MO OCHOBA-
HUIO (3, 4)) B 3TOM IpyIIe NEPEUUCICHUEM €€ SJIEMEHTOB:
dlog 40 =18
(muckpernsiii torapudm smementa O = (3,4) +(3,4)+(3,4) +(3,4) +(3,4) +(3,4) + (3,4) +
+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4 =
= (3, 4) - 18 no ocHoBauuto (3, 4) pasen 18),
dlog @z, 4 (0,3) =14
(nuckpernsii norapudm snementa (0,3)=3,4)+(3,4)+3,4)+(3,49)+3,49)+(3.4)+
+(3,4)+(B,4)+(B4H+(BHN+(B,HN+(B,4H+(B,4H+(B, 4=
=(3,4) - 14 nmo ocHoBanwuto (3, 4) paBex 14),
dlog s, 4 (0,6) =4
(muckpernsiid norapudm snementa (0, 6) =(3,4)+(3,4)+ 3,4)+(3,4) =
= (3, 4) - 4 no ocHoBanuio (3, 4) paseH 4),
dlog s, 4 (1, 4) =16
(muckpetnsiii orapudm smementa (1,4)=3,4)+(3,4)+3,4)+3,4)+(3,4)+(3,4) +
+(3,4)+3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4) =
=(3,4) - 16 no ocHoBanuto (3, 4) pasen 16),
dlog (s, 4) (1, 6) =2
(nuckpetHsii norapudm snementa (1, 6) =(3,4) + (3,4) =
=(3,4) - 2 mo ocuoBaunuto (3, 4) paBeH 2),
dloge 4 (3,4)=1
(muckpetHsiii Jorapudm snemenTa (3, 4) =(3,4) =
=(3,4) - 1 no ocuoBanuto (3, 4) pasen 1),
dlog s, 4 (3, 8) =17
(muckpetnsrit morapudm snementa (1,4)=3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4) +
+(3,4)+(B4)+(B4HN+BHN+BH+BH+BH+BAH+(BAH+(B 4 +(B 4=
=(3,4) - 17 no ocnoBanuto (3, 4) pasen 17),
dlog s, 4) (4,0) =7
(muckpetHslii norapudm snementa (4, 0)=3,4)+(3,4)+(3,4)+(3,4) +
+(3,4)+3,4)+(3,4)=
=(3,4) - 7 no ocuoBaunuto (3, 4) pasen 7),
dlog s, 4 (4,2) =11
(muckperHslii torapudm snemenra (4,2)=(3,4)+(3,4)+(3,4)+(3,4) +
+(3,4)+(3,4)+(33,4)+(3,4)+(3,4)+(3,4)+3,4=
=(3,4) - 11 no ocnoBanwuto (3, 4) pasen 11),
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dlog .4 (5,1)=3
(muckpetHslii Jorapudm snementa (5, 1) =(3,4) +(3,4) + (3,4) =
=(3,4) - 3 no ocuoBaunuto (3, 4) paseH 3),
dlog@s,4 (5,2)=15
(muckpetHsii norapudm smementa (5,2)=3,4)+(3,4)+3,4)+(3,4)+3,4)+(3,4)+
+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4) =
=(3,4) - 15 no ocHoBanuto (3, 4) pasen 15),
dlog @3, 4) (6, 6) =12
(muckpeTHbIN Torapudm sementa (6, 6) =(3,4)+ 3,4+ 3,4+ (3,4)+(3,4) +
+(3,4)+B,4)+(3,4)+(3,4)+(3,4)+3B,4)+(3,4)=
=(3,4) - 12 no ocHoBanuto (3, 4) pasen 12),
dlog 3,4 (6,9) =6
(muckpetHbIii orapudm amementa (6,9)=3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4) =
= (3, 4) - 6 mo ocHoBaHuo (3, 4) paBeH 6),
dlog 3,4 (8,3)=9
(muckpetHsIit morapudm snementa (8, 3)=(3,4)+(3,4)+ (3,4) +
+3,4)+@B3,4)+@3,4)+3,4)+3,4)+(3,4)=
=(3,4) - 9 mo ocHoBaHu (3, 4) paBeH 9),
dlog s, 4 (9, 2) =10
(muckpetHsIit morapudm snementa (9, 2)=(3,4)+(3,4)+ (3,4) +
+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)+(3,4)=
=(3,4) - 10 mo ocunoBanuto (3, 4) pasen 10),
dlog 3,4 (9,5)=8
(muckpetHsiii norapudm snementa (9, 5) =(3,4) + (3,4) +
+3,4)+13,4)+13,4)+3,4)+3,4)+(3,4)=
=(3,4) - 8 mo ocHoBaunuto (3, 4) paseH 8),
dlog s, 4) (10, 3) =13
(muckpetHslii torapudm snementa (10, 3)=(3,4)+(3,4) +(3,4)+(3,4) +(3,4) +
+(3,4)+(3,4)+(3,4)+(3,4)+(3,4) +(3,4) +(3,4) +(3,4) =
=(3,4) - 13 no ocuHoBanuto (3, 4) pasen 13),
dlog 3,4 (10,5) =5
(muckpernsiii torapudm snementa (10, 5)=(3,4)+(3,4)+(3,4)+(3,4)+ (3,4) =
=(3,4) - 5 no ocHoBauuio (3, 4) paseH 5).
3ameTuM, uyTO OTOOpakeHue (2.56) SBJIAETCS OCHOBOW KPHUNTOTPAPHUSCKHUX CHUCTEM,

OIUPAIOIINXCS Ha JUTHIITHYECKYIO KPUBYIO, TIOCKOJIBbKY 3Hauenue [M] P = (X', y') mis ussect-
HOM Toukd P = (X,Y) BBIYHCIUTH JIETKO, a 3HaYeHHE (JIUCKPETHOTO JorapudMa Mo CI0KCHHIO)

m o u3BectHbIM [M] P = (X, y) u P = (X, y), Kak Mbl yOeIHUINCh, HAWTH OYEHb TPYIHO.
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3AKINIOYEHUE

TpeTbst 4acTh y4eOHOTO MOCOOHS MOCBSIICHA N3YYCHHUIO BOTIPOCOB, CBSI3aHHBIX C BBEJIC-
HUEM B JJUTUIITUYCCKUE KPUBBIE U TPYMIIOBOMY 3aKOHY, KOTOPOMY YOBJICTBOPSIIOT JUIUIITHYC-
CKHE KPHBEHIE.

Uepes Bech y4eOHBIN MaTepual TPEThEH YacTH MOCOOHSI MPOXOJAT YEThIpE MpHUMepa
AIUTUIITUYECKUX KPUBBIX, JIJIS1 KOTOPBIX MPECTABICHBI: IPOSKTUBHBIC IIJIOCKOCTH, TPOSKTUBHBIC
TOYKH MPOCKTUBHBIX IJIOCKOCTEH, MpoeKTHBHBIE U adduHHbIe hopmbl BeliepmTpacca, mepexo-
JIbIl OT TIPOCKTUBHBIX (GopM B adduHHBIE U 00paTHO, MOIUUITIPOBaHHBIE (DOPMBI TPOCKTHB-
HBIX IJIOCKOCTEH, MUCKPUMUHAHTHI M WHBAPHAHTHI JJUTMIITUYECKUX KPUBBIX, H30MOPOHBIC U
HEH30MOP(HBIC JUTMIITUYCCKUE KPUBBIE, METO XOPJ ¥ KacaTeNIbHBIX JJIs1 BHIIIOJHEHHS CIIOKE-
HUS TOYCK DJUTMIITUYECKUX KPHUBBIX, AITOPUTM U TAOJMIIBI CIIOKCHHS TOYEK, a TaKkke (QYHKIIUU
JMCKPETHOTO JIorapu()MUPOBaHUS B IUKIMYECKUX TPYIINax, 00pa30BaHHBIX UX MPUMUTHBHBIMU
AIIEMEHTAMHU.

Haneemcsi, uto m3ydeHue MoIpOOHBIX MPUMEPOB MPAKTUYCCKH K KAXKJIOMY J1aBaeMOMY
OTIPENICJICHUIO, MTOHATHIO U aJITOPUTMY ITO3BOJIUT CTYJCHTaM JTOCKOHAIBHO pa3odpaThes ¢ yued-
HBIM MaTEepPUAIIOM ITOCOOMSI ¥ TIOATOTOBUTHCS K TIPUMEHEHUIO MOJyYCHHBIX 3HAHUN B mpodeccu-
OHAJILHOU JISSATSIIBHOCTH P PEIICHUH PA3IMYHBIX PUKIIATHBIX 3a/1a4.

ABTOpBI TUTAHUPYIOT TOJATOTOBKY U YE€TBEPTOM YaCTH JIAHHOTO MOCOOMSI, MOCBSIIIEHHON

TAKXEC SJNTMIITHYCCKUM KPHBBIM.
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