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Abstract: It is considered the relationships for the Green-Lagrange strain tensor
in curvilinear orthogonal coordinates exactly representing arbitrarily large rigid-body
motions. This consideration is based on the kinematic Timoshenko hypothesis adopted
for every layer of the shell (piece-wise linear approximation). As unknown functions
3(N + 1) displacements of the face surfaces of layers are chosen, where N is a number of
layers. The deduced relationships may be used in the finite element method for con-
structing new and efficient elements for multilayered shells.

1 Introduction

One of the main requirements of a finite element that is intended for the general
non-linear analysis of shells is that it must lead to strain-free modes for large rigid-body
motions. The adequate representation of large rigid-body motions is a necessary condi-
tion if a non-linear element is to have the good accuracy and convergence properties.
Therefore, when an inconsistent non-linear shell theory is used to construct any finite
element, erroneous straining modes under arbitrarily large rigid-body motions may be
appeared. This problem has been only studied for the classical Kirchhoff-Love shell
theory [1-3] and Timoshenko-Mindlin shell theory [4-8]. Herein, the more general study
on the basis of the finite deformation layer-wise Timoshenko-Mindlin (LTM) shell
theory taking into account the transverse normal deformation response is considered. As
unknown functions 3(N+ 1) displacements of the face surfaces of layers are selected [9],
where N is a number of layers. Such choice of unknowns allowed to deduce non-linear
strain-displacement relationships of the LTM shell theory, which are completely free for
arbitrarily large rigid-body motions.

2 Strain-displacement relationships
of finite deformation elasticity theory

Let us consider a shell of the uniform thickness h. The shell may be defined as a

three-dimensional body of volume ¥ bounded by two bounding surfaces S~ and S™,

located at the distances 8~ and 8% measured with respect to the reference surface S,
and the edge boundary surface Q that is perpendicular to the reference surface (Fig. 1).
Let the reference surface S be referred to the orthogonal curvilinear coordinate system
a; and o, , which coincides with the lines of principal curvatures of its surface; e; and
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e, denote the tangent unit vectors to the lines of principal curvatures. The o5 axis is
oriented along the unit vector e; normal to the reference surface.

The curvilinear components of the Green-Lagrange strain tensor for the finite de-
formation analysis can be written in a vector form as

2¢e —Lu e+ ! u +Lu e +Lu (N
y Hi L T 2H/ >J H/ J| Tt 2H1 L
u=>wue;,  Hy=A4,(1+kgo3),  Hy=l,
i

where u is the displacement vector; u;(a, 0, a3) are the components of this vector,

which are measured in accordance with the total Lagrangian formulation from the initial
configuration (Fig. 1); A, and k. are the Lamé coefficients and principal curvatures

of the reference surface; H, are the Lamé coefficients of any surface parallel to the
reference surface. Here and in the following developments the abbreviation ( )[. im-
plies the partial derivative with respect to the coordinate o, and indices i, j take the

values 1, 2 and 3 while Greek indices o, 3, y take the values 1 and 2.
An arbitrarily large rigid-body motion can be defined as

u® =A+(®-E)R, )
A:ZA[el, R=l‘+0c3e3,
i

where R is the position vector of any point of the shell; r(ocl, az) is the position vec-
tor of any point of the reference surface; A is the constant displacement (translation)
vector; E is the identity matrix; @ is the orthogonal rotation matrix defined as
cosOcosy cosOsiny —sin®
@ =| —cos@siny +sin@sinBcosy cos@cos\y +sin@sinOsiny  sinpcosd |,  (3)
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Fig.1 Geometry and kinematics of the shell
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where ¢, 0 and  are the modified Euler angles [10] that characterize a rotation of the
shell around point O (Fig. 1).

The derivatives of the translation and position vectors with respect to the coordi-
nate o; can be written as

A,i :0, R,i =Hl-e,~. (4)
Taking into account (2)-(4), one obtains the following expression for derivatives:

LllR' :(I)el'—el'. (5)

H; '

1

It can be verified by using (5) that curvilinear components of the Green-Lagrange
strain tensor (1) are all zero in a general large rigid-body motion, i.e.,

285- :((I)e,-)((I)ej)—e[ej =0. (6)

This conclusion is true because an orthogonal transformation retains the scalar product
of the vectors.

3 Strain-displacement relationships of finite
deformation LTM shell theory

Let us consider a shell built up in the general case by the arbitrary superposition
across the wall thickness of N layers of uniform thickness #4;. The kth layer may be de-
fined as a 3-D body of volume V; bounded by two surfaces Sy, and S, located at the
distances d;.; and o, measured with respect to the reference surface S, and the edge
boundary surface Q; (Fig. 2). It is assumed that the bounding surfaces Sy, and S are
continuous, sufficiently smooth and without any singularities. The constituent layers of
the shell are supposed to be rigidly joined, so that no slip on contact surfaces and no

A 4

Fig. 2 Geometry of the multilayered shell
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separation of layers can occur. Let the reference surface S be referred to an orthogonal
curvilinear coordinate system o, and o,, which coincides with the lines of principal
curvatures of its surface. The o3 axis is oriented along the normal direction. Here and

in the following developments index & = LN.

The finite deformation LTM shell theory is based on the linear approximation of
the displacements in the thickness direction of the Ath layer [9]

u® =Nj (o3) V(k-l)-f-N;((l:;) vk, (7)

_ 1 1
V(é) :Zvi(e)el-, Nk (G3)=a(8k—0~3) . N;(a3)=a(a3—8k_1) .

1
where v are the displacement vectors of the face surfaces of the layers;
v (g, @) are the components of these vectors; N (a3) are the linear shape func-

tions of the kth layer; / =k—1, k.
Substituting displacements (7) into the strain-displacement relationships (1) and
taking into account formulas for the derivatives of the unit vector e; with respect to the

curvilinear coordinates [3]

Le3 o =kgeqs (®)
A, ~

one may obtain the strain-displacement relationships of the finite deformation LTM
theory of shells with thick layers

k _ 1 k=1 1 k
28511?361 :|:Nk (OL3)H—V,((X ) +Nl:r (a3)H—vfa)}eB +
o o

_ 1 _ 1
+|:Nk (a3)H—BV’(é{ D +NI-: ((X3)H—BV’(§):|COL +

{N,; (as) v & N (a3)Hva§>}

« M
X{N; (a3)HLV,(§_l) +N/ (a3)HLV’(§)} , (9a)
B B
26K)a :ﬁﬁmea PEED (e3+B®)+ (o3 -5 L s (gp)
H, H, Hy ™

) :p(k)(e3+l|3(k)j, p(b) :L(Vac)_v(k—l)), G0 :l(v(k—l)+v(k>) (%)
2 e 2

where H &k) =4y (1+kagk) are the Lamé coefficients of the middle surface of the kth

layer; & = (84_1+8;)/2 is the distance from the reference surface to the middle sur-

face of the kth layer.
Replacing further the Lamé coefficients H, in (9a) by their values on the bottom

and top surfaces of the kth layer H#™D = Ay (14 kg8 1) and oY =4, (1+kydy),

and in (9b) by their values on the middle surface I-_I((lk) of the kth layer, the strain-
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displacement relationships of the finite deformation LTM theory of shells with mod-
erately thick layers are obtained

b _| - Lk [R5
ZS&B = Nk ((13) =y Vo +Nl:r ((13) o Vo :l eﬁ +
HOL H(X.

_ [ (S L))
H Ni(o3) — v "+Nf(a3)—= v e, +
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- L k) I
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+
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( )H(k_l) B k ( )H(k) B

p B

26000 = pWe,, +——l(k) v ("3 +|3(k))+<0‘3 -3 el (100)
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— &
(k) ©33,a°
a H(x

Kb _ (k) Lo | gt Lot _ k-1 <) _ L(otk-1) o0
g3 =P (e3+2ﬁ js B —hk(V v ), v —2(V +v ) (10c)

The strain-displacement relationships (10) are more convenient than (9) because
they are completely free for arbitrarily large rigid-body motions. The proof of this fun-
damental fact follows from formulas for large rigid-body motions of the kth layer and
their derivatives with respect to the curvilinear coordinates

vIOR = A+(®-E)R®), (11)
1
LR e, e, 12
H(‘L

where R =r+§ se3 are the position vectors of points of the bottom S;_; and top
S} surfaces of the kth layer and 7 =k —1, k. It can be verified by using (11), (12) and

the above property of the orthogonal transformation (3) that curvilinear components of
the Green-Lagrange strain tensor (10) are all zero in an arbitrarily large rigid-body mo-
tion:

H
2ag‘l3)b1e = (@ea)(cpeﬁ)—eaeﬁ =0, 2gg€3)bR _ = (Z) [(q)ea)(cp%)—eaeﬂ =0,

(
o
28gl§)bR = ((I)e3)((l>e3)—e3e3 =0.

(k)b

It should be mentioned that tangential strains € ap

are distributed over the layer

thickness according to the quadratic law. Taking into account that each layer of the shell
is thin, this complication of the LTM shell theory would be unreasonable because of the
minor significance of the quadratic terms in most engineering problems. Therefore,
more attractive strain-displacement relationships of the finite deformation LTM theory
of shells with thin layers can be written as
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2 I, 2

These strain-displacement relationships are also invariant under all large rigid-body
motions because

(k)cR -0 .

&jj

It is apparent that deduced strain-displacement relationships (9), (10) and (13) sa-
tisfy the following coupling conditions:

el (5,) =203 (8,) =24  (8,) = ESJ

af af B
o0 (5y) <00 (B oL () - £

where E ((;;3) are the tangential strains of the face surfaces of layers; E gg) are the trans-

verse shear strains of the middle surface of the kth layer and ¢ =k—1, k. This state-
ment is illustrated in Fig. 3.

Finally, we represent in a scalar form the strain-displacement relationships (13)
that have a great importance for the finite element method

oy = Nie(03) B+ Vi (03) Eglgs 0" = Ni () g™+ N (@) B, (14)

Ke () _ (k) k
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Fig. 3 Distribution of tangential (¢) and transverse shear (b)
strains over the shell thickness
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4 Conclusions

Principally new strain-displacement relationships (14), (15) of the finite deforma-
tion LTM shell theory are developed. These strain-displacement relationships are very
attractive because they are objective, i.e., invariant under all large rigid-body motions.
So, they can be used for the formulation of the efficient curved finite elements in local
curvilinear coordinates for the multilayered shells undergoing finite deformations.
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Bosabue nepemeneHusi 000J109KH KaK TBEPAOro Teja u
nedopManoHHbIE COOTHOLIEHUSI MHOTOCJIOHBIX 000/104€eK

I''M. Ky.mnkoB

Kadgpeopa «Ilpuxnaonas mamemamuxa u mexanuxa», TI'TY

KnroueBble ¢/10Ba U (ppa3bl: OONbIINE TIEPEMEIICHUS] TBEPIOTO TENA; KOHESUHbIE
TOBOPOTHI; MHOIOCJIONHAsE 000JI04Ka.

AHHoTanms: I[lomydeHbl COOTHOIICHWsI uisi TeHzopa Aedopmaumii ['puna-
Jlarpanka B KPHBOJIMHEMHBIX OPTOrOHAIIBHBIX KOOPJMHATAX, TOYHO IPEACTABIIAIONINE
IPOU3BOJILHO OOJIBLINE NEePEeMELIeHHsI 000JIOUKH KaK JKECTKOIO TeNa, Ha OCHOBE KHHE-
MaTH4YECKON TUNOTe3bl TUMOIIEHKO, MPUHATOM IS KaXX0ro cliosl (THIoTe3a JIOMaHOH
nHUN). B kauecTBe MckombIX (QyHKIMI BeIOpaHbl 3(N+1) nepemenieHuii JIMIEeBbIX NO-
BEpXHOCTEH cioeB, r1e N — 4uCIo cjoeB. BrIBelleHHBIE COOTHOLIEHUSI MOTYT OBITh C
YCIEXOM HCIOJIB30BaHbl B METO/IE KOHEUHBIX JIEMEHTOB IIPH ITOCTPOCHUH HOBBIX U 3(-
(DEeKTHBHBIX AJIEMEHTOB MHOTOCJIOHHBIX 000JIOYEK.
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Grofle Hiillenbewegungen als Hartkorper
und Deformationskorrelationen der vielschichtigen Hiillen

Zusammenfassung: Es sind die Korrelationen fiir den Deformationstensor von
Grin-Lagrange in den krummlinigen orthogonalen Koordinaten erhalten. Sie zeigen
absichtlich grofie Hiillenbewegungen als Hartkdrper auf Grund der fiir jede Schicht iib-
lichen kynematischen Hypothese von Timoschenko (Hypothese der gebrochenen Linie).
Als gesuchte Funktionen sind 3 (N + 1) der Bewegungen von AuBenseiten der Schich-
ten gewdahlt, wo N die Zahl der Schichten ist. Die erhaltene Korrelationen kdnnen in der
Methode der Endelemente beim Aufbau von neuen und effektiven endlichen Elementen
der vielschichtigen Hiillen erfolgreich benutzt werden.

Grands transferts de I’enveloppe comme un corps solide et rapport
de déformation des enveloppes a plusieurs couches

Résumé: Sont regus les rapports pour le tenseur de déformation de Grin-
Lagrange dans les coordonnées orthogonales curvilignes représentant exactement les
transferts arbitrairement grands de 1’enveloppe du corps rigide a la base de I’hypothése
cinématique de Timochenko prise pour chaque couche (hypothése de la ligne brisée).
En qualité des fonctions recherchées on a choisi les 3(V + 1) transferts des surfaces des
couches ou NV est le nombre des couches. Les rapports regus peuvent étre utilisés avec
succes dans la méthode des éléments finis pour la construction de nouveaux éléments
finis efficaces des enveloppes a plusieurs couches.
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