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Abstract: Based on the method of successive approximations of Picard there
constructed a solution of autonomous systems of ordinary differential equations which
right-hand side is a multivariate polynomial. There given the results of numerical
experiment that may allow a new look at the well-known hypothesis about the structure
of the attractor of the Lorenz system.

1. Introduction. Letys consider the normal autonomous system of ordinary
differential equations which vector notation has the following form

X = Ax+b(x), (1)
where x = (xl, ..., XY= vector function of a real variable 1; A= (aj-) —real (nxn)—
matrix and b= (bl, ..., b™) — real vector function, which every element b s a

polynomial of variables x!, .., x", in this case the degree of the polynomial b’ and b’

may not match.

Systems of the form (1) for a long time represent sufficiently much interest for
applications because many process models of different physical nature are described by
similar systems [1-3]. Particular interest the system of the form (1) recently purchased
since all known system that, supposed to contain strange attractors were precisely those
systems [3].

To obtain the solutions of the system (1) it is generally used a standard methods of
numerical analysis that do not take into account the specific form of the right-hand side
of the system. The last obviously leads to the fact that any of the used methods can not
be considered as optimal. The aim of this work is to develop method of construction of
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solutions of the system (1), which takes into account the fact that each element of the
function b is a polynomial of variables xl, .
2. Local solutions of the system (1). To construct a local solution x(z) of system

(1) that satisfies the initial condition
x(0) = x, (2)
let’s replace (1) by integral equation

t
x(t) =xg + I[Ax(r) +b(x(1))]dr. 3)
0

Let’s denote o and g as some positive numbers, and I" — compact part (n+1)—
dimensional Euclidean vector space R” ! that denied by the inequations
|x—x0|S0c, |t|£q.
Suppose also that r < g — positive number that will be denied below. Together

with I' let's introduce more “narrow” compact set I, R that defined by the
inequations

|x - x0| <a, |t| <r. 4)

Further let's denote I'T,. — set of continuous functions which graphics are contained

in T, . Let’s consider the operator

’
40 = xg + [ [40(x) + b(o(v) . ®)
0
Since the set
Z:{xeR”:|x—xOSa|} (6)

is compact there can be found such positive number M, that for all x € £ the following

inequation is satisfied
|4x +b(x)| < M. @)
Then from the condition

ol
e ®)

it will follow that the operator (5) is an operator that displays set I, into itself [4].

Therefore let's assume that the number » in (4) is chosen such that inequation (8) is
satisfied. Now let's notice that the system (1) has a unique solution x(¢#) with the initial

condition (2), defined on some interval [T, T]. Therefore, the equation (3) also has a
unique solution x(¢), defined on the interval [-7,T]. To find this solution let's use
Picard's method of successive approximations and write

t
Xy () =x0 + I[AXN (v) + b(xy (1) dr. )
0
Acting as usual let's put
xl(t)zxo. (10)
Then it is easy to notice that there exists some iteration
A,9=4..4¢
P
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of operator 4 that is the compression [4]. Therefore, method of successive
approximations (9) that satisfies the condition (10) on the interval [-r, 7] is uniformly

converges to the solution x(¢) . It remains to construct the last. To find x(¢), first of all
let's note that due to (9) and (10) for all values ¢ € [-r, 7] the following equation is valid

t
X (1) =xp + J[Axo +b(xg) Ht = x + Atxy + b(xg)t. (11)
0
Now, substituting (11) into (9) when N =2 and ¢ € [-r, 7] we can write

t

x3(t) =xp + I[A(xo + Atxg +b(xg)T) +b(xo + Atxg +b(x0)T) JdT =
0

2 2 6

t
xw%%w5+2ﬁﬂmﬁ,
Cok=1

=xq + Atxy + (Azt')

where 6, — some positive number depends on the type of form b(xp); frx —
corresponding real vector functions that defined and continuous on a set X such that

92 t

Zf2,k (xo)fk = Ib(xo + Atxy + b(x)1)d.

k=1

0
If it takes the

0, 0, ;
k_ N2¥D N2 !

D vt =AY f (o)t

k=1 i=1

—+
(i+N-2)!
N3 i+N-3__ 1! ! ¢!
+A47 (X))t T T ————+...+ 4 N-1i(xg)—+
Z,flz( 0) TEN ) Z, Sn-1i( O)i+1
t
+ j b(xy (t)dr, (12)
0
then it is easy to verify by induction that in the general case at ¢ € [-r, 7] we have
(4’ (40"
XN+1(I‘)=X0+AIXO+TXO+...+TXO+
N-1 A k
+A4 _b(xo)—+ZfN’k(xo)t , (13)
N

where 0, is some positive number as 0, depends solely on the type of form b(x),
and fy ; — corresponding real vector functions that obviously defined and continuous

onaset .

Remark 1. If the form b(xy)is non-linear then how easy to verify by
induction

lim N 0
N—>w GN
and moreover
lim (9N+1—9N):OO. (14)
N>

It is obvious that due to the condition (8) the method of successive approximations
(9) converges to the solution x(¢) of equation (3) uniformly on the interval [-r,7].
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That is why passing in equation (9) to the limit at N — oo, considering (13) we obtain
the representation

x(t) = exp(A)xg + f (X, 1), (15)

valid for all value ¢ € [-, r], where at a fixed x, function

On
fxo.0) = lim " fy i (xp)eF (16)
N%ookz1

is defined and continuous on the interval [-r, 7] moreover convergence in the equation
(16) is uniform on [-r, 7] . But the choice of the initial condition (2) above essentially

played no role. Therefore, it is easy to see the validity of the following.
Theorem 1. Assume that the number a >0 set also for its corresponding
number M >0 on aset ¥ inequation (7) is satisfied. Then for each point xy € X there

exists a positive number

=", (17)

o}
M
that on each of the intervals [r, 7| [-T, T] the solution x(¢) of system (1) with the
initial condition (2) can be obtained by uniformly convergent method of successive
approximations (9). At that on the interval x(#) the solution x(¢) satisfies the equation
(15).

3. Non-locally continuous restricted solutions. Now let's x(#) some solution of

the system (1) with the initial condition (2), defined for all values ¢ > 0 and contained at
these values #in a set X, given by the equation of the form (6) in which a— some
suitably chosen positive number. Then there can be found a sufficiently large positive
number M , that at x € ¥ inequation (7) is satisfied.

For define above numbers o and M let's denote the number of 7 by the formula
(17). Then according to Theorem 1 the solution x(#) satisfies the equation (15) on the

interval [0, 7]. At all values > 0 let's put
@) =xt+(K-1DT), K=12,.. (18)

It is easy to see that each function of the family (18) is a solution of the system (1),
defined for all values ¢ > 0 and contained at these values ¢ in set . On the other hand,
due to the limit of solution x(¢) the number M could initially be chosen so that when

the conditions
|x—xk(t)| <a, |t| <T

are satisfied for all values K =1,2,... it was also is satisfied the inequation (7). That is
why if we take
xo(T) = xo,

then due to Theorem 1 at ¢ € [0, 7] we have

xg (t) =exp(A)xg 1 (T)+ f(xx_1(T),t), K=1.2,..,

where at a certain xx_(7) function

Oy
faga (0= lim > i G (Dne* (19)
—%
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is defined and continuous on the interval [-T,T], moreover convergence in the
equation (19) is uniform on [T, T]. Then, as a trivial consequence of Theorem 1 it is
valid the following very important to build solutions of system (1).

Theorem 2. For all values ¢ €[0,7] the defined above solution x() satisfies
the condition

x(t+(K-DT) =exp(A)x(K -DT)+ f(x(K -1)T),?), (20)

in which K =1,2,...

Remark 2. If x(¢) solution of the system (1) with the initial condition (2)
defined for all values ¢ <0 and contained at these values ¢ in a set X, then at a certain
above number 7' on the interval [-7,0] an equation

x(t+(1-K)T)=exp(A)x((1-K)T)+ f(x(1-K)T),?), 201

is valid in which K =1,2,... Thus if the solution x(r) is defined for all values |¢| < oo

and contains at these values ¢ in a set X then, depending on the value of ¢ it satisfies
one of the equations (20) or (21).

Remark 3. Generally speaking explicit selection of the linear part in the
system (1) outlines a slightly different way of constructing non-locally continuous
solutions of given system. This method is based on the fact that, by Theorem 2 for all
values £ €[0,7] and K =1,2,... each solution x(z) of system (1), defined and limited at

t > 0 satisfies the inequation

K
x(t+(K-DT) = exp(At)Z exp(A(K —=)T) f(x(—-2)T),T)+
i=1
+/(x((K=DT),2), (22)
where
S(x(=T),T) = xp.

The ratio (22) is very promising for topological research of solutions of the system
(1). In addition, it can be obviously used also for high-precision computational
experiments.

4. Approximate construction of solutions. Again, we consider the solution x()

of system (1) with the initial condition (2), defined for all values # > 0 and contained at
these values ¢ in a set £ and fix the number T that satisfying the conditions of
Theorem 1 and Theorem 2. Let's denote

x(0), x(T), ..., x(KT), ... (23)
position of the system (1) at moments of time
0,7,..,KT,.. (24)
Further using the equality
g'xg = exp(At)xy + f(x0,0). (25)
Let’s consider the operator g’ . Then according to Theorem 1 at z €[0, T'] we have
x(t) = gtxo.
In particular
x(T)=g" x,

and hence, due to Theorem 2
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x(KT)= gT...ngO, K=0,1,..
K

Thus if the operator g’ is built the ratio (26) uniquely defines the positions (23) of
system (1) at the moments of time (24). By virtue of the relations (12)—(16) the exact

construction of the operator g’ is very difficult if at all possible even in the simplest

cases. Therefore let’s henceforth restrict by the approximate construction g’ . For any
natural number N let's put

(4n” ...+—(At)N

t
Xy = Xo + Atxpg + ——xp + X0 +
ENXo = X0 0 ol 0 NI 0

N-1 - 4 k
+4 b(xo)ﬁ+];fN,k(x0)ta

thereby determining the approximationgh to the operator g’. Then due to the
equation (16) for every positive number ¢ there can be found such natural number N,

that at N > N, here satisfies an inequation

t t
ENYo — 8 Xo‘ <&

Moreover, by construction, for each fixed K =1,2,... at given & the number

maxo<s<r

N>N ¢ can be chosen such that
T T
‘ng(KT)—g x(KT)‘ <&

In other words, with any given beforechand accuracye an operator gITv can be
constructed such that at fixed value 7' there valid an inequations
‘g{,x(KT) ~x((K + l)T)‘ <g, K=0,..,L, (26)

where L a sufficiently large positive number that characterizes the time (L +1)T of the
system (1) functioning finite for concrete calculations.
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IocTpoeHue pemieHN 0JHOTO KJIACCA ABTOHOMHBIX CHCTEM
O00BIKHOBEHHBIX AN (PepeHINATBHBIX YPABHEHHI

H.A. Py6anos, C.I'. CemepxuHckui

Kadgpeopa «Ilpuxnaonas mamemamuxa u ungpopmamuxa», @I'BOY BIIO «TI'TV »,
nikitarubanov@gmail.com

KioueBblie cj10Ba M (ppa3bl: aBTOHOMHBIC CHCTEMBI; aTTPAKTOP; OOBIKHOBEH-
HBbIC I[I/I(l)(bepeHL[I/IaHBHBIG YpaBHCHHA; TOCJICAOBATCILHBIC HpI/I6JII/I)K€HI/I$I; cucrema Jlo-
peHua.

AHHoTanmMs: Ha ocHOBe MeTonma mocienoBaTeNbHBIX NpuOImkeHuit [lukapa
CTPOUTCS pELICHNE aBTOHOMHBIX CHCTEM OOBIKHOBEHHBIX IU((EPEHIINATIBHBIX YpaBHE-
HUM, MpaBas 4yacTh KOTOPBIX MPEACTaBIsAeT cob0il MHOroMepHbIii MHOTOWIeH. [IpuBo-
JITCSL PE3YyJbTaThl YUCIEHHOIO HKCIIEPUMEHTA, BO3SMOXKHO IMO3BOJISAIOIINE [0 HOBOMY
B3IUITHYTh Ha N3BECTHYIO TUIIOTE3Y O CTPYKTYpeE aTTpakTopa cucremsl JIopeHua.

Konstruktion der Losungen einer Klasse der autonomen Systeme
der gewohnlichen Differentialgleichungen

Zusammenfassung: Aufgrund der Methode der konsequenten Approximationen
von Picard wird die Losung der autonomen Systeme der gewdhnlichen
Differentialgleichungen, deren rechter Teil das multidimensionale Polynom darstellt,
gebaut. Es werden die Ergebnisse des numerischen Experimentes, die mdglich neu auf
die bekannte Hypothese tiber die Struktur des Attraktors des Lorenz-Systems anschauen
zulassen, angefiihrt.

Construction des solutions d’une classe des systemes autonomes
des équations différentielles ordinaires

Résumé: A la base de la méthode des approximations successives de Picard est
construite la solution des systémes autonomes des équations différentielles ordinaires
dont la premiére partie représente le polyndme multidemensionnel. Sont cités les
résultats de I’expériment numérique qui permettent probablement d’observer de la
nouvelle maniére 1’hypothése connue sur la structure de D’attracteur du systéme de
Lorenz.

ABTopsbl: Pybanoe Hukuma Anexcanoposuu — actimpant xkadenps! «I[Ipuknangnas
Mmarematuka U uHpopmatrka»; Cemepocunckuii Cepeeii I'ennadbesuy — MarucTpaHT
kadenpsr «[Ipukmagaas matemMaTika u nHpopmartukay, ®DI'BOY BIIO «TTTY».

Penenzent: /[3100a Cepzeit Muxaiinosuy — 10KTOp GU3NKO-MAaTEMaTHYECKUX Ha-
VK, mpodeccop, 3aBenyrommuii kadeapoit «[IpuknanHas Marematuka U HHHOPMATHKAY,
OI'BOY BIIO «TTTY».
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