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Abstract: The article argues that effective methods of presenting 

the undetermined parameters of mathematical models are interval 
numbers. The algorithms for solving the interval mathematical 

models of statics and dynamics with lumped and distributed 
parameters are discussed. The algorithms are based on solving 

optimization problems. The implementation of the algorithms is 
exemplified by the model of the firing process of the material in a 

rotary furnace, in which the information about some of the 
parameters is given in the form of interval numbers. The presented 

method can effectively solve the problems of designing and 
technological process control in the conditions of uncertainty. 

 

 
 

Introduction 
 

Researchers have accumulated a large experience in developing analytical 

mathematical models of technological processes [1, 2]. The experience is based 
on a thorough theoretical analysis of physical and chemical processes occurring 

in the object being researched. In the derivation of analytical mathematical 
models the fundamental laws of conservation of matter and energy, as well as 

the kinetics of the processes of heat-mass transfer, and chemical transformations 
are used. This allows such models to adequately describe the processes in a 

wide range of input and control actions. 

Alongside with the significant advantages which analytical mathematical 

models provide, they have some disadvantages associated with the inability to 

determine the exact values of some of their parameters. Further, let’s consider 

such parameters uncertain and define them as a vector ( ),...,,...,,, 21 pi vvvvv =  
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,pRv∈  where pR – the Euclidean space dimension p. More often, in chemical 

engineering processes, uncertain parameters include physical and chemical 

constants, coefficients of heat and mass transfer, heat conduction, the rate of 

chemical reactions, as well as concentrations of substances in the input flows, 

etc. Uncertain parameters of mathematical models can also include constructive 

characteristics of the equipment, for example, the heat exchange surface, the 

internal volume of the reaction chamber, etc. 
There are several approaches to the disclosure of uncertainties. The widely 

used approach is a probabilistic approach [3], in which uncertain parameters ,iv
 

,,1 p=i  are characterized by functions of distribution density ( ),ii vp
 

.,1 p=i  

Mathematical models, which include such parameters, are called probabilistic. 

In this case, the distribution functions ( ),ii vp
 

p=i ,1  are constructed on the 

basis of statistical data about the behavior of the stochastic parameters 

( ).,1 p=ivi  However, this approach is difficult to use because of a large number 

of experiments during the course of the process for determining the parameters 
of distributions of stochastic values. 

Another approach involves the use of fuzzy logic [4] and refers to the 

sphere of subjective information. Uncertain parameters ,iv ,,1 p=i  are 

characterized by membership functions ( ),ii vµ
 

,,1 p=i  which are constructed 

on the basis of interviews with experts. Models in which uncertain parameters 
are characterized by membership functions, are called fuzzy mathematical 
models. The disadvantage of this approach is that reliable construction of 
membership functions requires the opinion of several experts. This is not 
always possible. 

 

1. The concept of an interval model 
 

In practice, most often the uncertainty parameter iv  is specified as an 

interval parameter (interval number) 
 

[ ] [ ] [ ] [ ] ,
2

 mid,, i
iiiiiiiii vvvvvvvvv

∆
±≡=≤≤≤=   ,,1 pi =  

 

where ii vv ,  are the lower and upper boundaries of parameters ;iv  [ ]iv mid  is 

class mark [ ]iv  (Fig. 1): 

[ ] ( ) ;2 mid iii vvv +=            (1) 
 

value i∆  is the interval which is determined by 

.iii vv −=∆     (2) 
 

 
 

Fig. 1. Image of interval parameter on the number scale 

i∆

iv 2i∆ 2i∆ iv[ ]iv mid
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It is assumed that the probability, or any other characteristics, specifying 

the exact location of the parameter inside or on the boundary of the range i∆  

are not available. Obviously, the interval numbers [ ]iv  contain minimum of 

information about the uncertain parameters. Parameters iv  can be either of 

stochastic or deterministic nature. The uncertainty of the parameters of a 

deterministic nature can be caused by a lack of knowledge of their exact values. 

Mathematical models with such parameters are called interval models. 

Let’s define an interval mathematical model in the form of an operator 
 

[ ] [ ]( )
,,,,

,,,

VvYyXxUu

vxuy

∈∈∈∈

=M
                 (3) 

 

where [ ] [ ]vy ,  – interval vectors, defined as: [ ] [ ] [ ] [ ]( ),,,,,1 mi yyyy KK=  

[ ] [ ] [ ] [ ]( );,,,,1 pi vvvv KK=
 
X – space of input values; U – space of admissible 

control effects; Y – space of output values; V – the space of uncertain 

parameters. 

To solve the problems of design and process control it is required to find an 

interval vector of the output parameters [ ]y  of the mathematical model (3). 

To solve the interval mathematical model [ ] [ ]( )vxuy ,,M= , means for a 

given vector xu,  interval vector [ ] [ ] [ ] [ ]( )pi vvvv ,,,,1 KK=  to find a vector 

[ ] [ ] [ ] [ ]( )mj yyyy ...,,...,,1=  that is defined by the vector of lower and upper 

boundaries ( ),,...,,...,1 mj yyyy =  ( ).,...,,...,1 mj yyyy =  

According to the classification [2], mathematical models of processes are 

divided into static and dynamic models, which in their turn are classified into 

models with lumped and distributed parameters, i.e. into four classes of 

mathematical models. Each class has its own algorithm for solving the interval 

model. 

 

2. The method for solution of interval static model 

with lumped parameters 
 

An interval static model with lumped parameters is defined by the 

equations of the form: 

[ ] ( ) ,0,,,: =∈∀ vxuyvv M               (4) 

where vxuy ,,,
 
belong to the Euclidean spaces. 

Lower boundaries ,jy  ,,1 mj =  are defined by to solving optimization 

problems: 

[ ]
,minarg j

Fi
vv

j yy
ii

∈∀
∈

=  ,,1 mj =                 (5) 

[ ] :vv∈∀ ( ) ,0,,, =vxuyM  
 

where F  – the set of indices. 
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Upper boundaries jy  are determined by solving the optimization 

problems: 

[ ]
,maxarg j

Fi
vv

j yy
ii

∈∀
∈

=  ,,1 mj =                                      (6) 

 

[ ] :vv∈∀ ( ) .0,,, =vxuyM  
 

To reduce the number of elements in the set F further investigation of 

dependence ( ),ijj vyy =  ,,1 pi =  ,,1 mj =  determined from the model 

[ ] [ ]( )vxuy ,,M=  is done. 

In the first stage the rule for calculating limits jj yy ,
 
is set. To do this, in 

points ( ),ki
v  the corresponding values ( ),i

kjy
 

iKk ,1=  (Fig. 2, a), i.e. are 

calculated a sequence of 
( ) ( ) ( ) ( ){ }i

jΚ
i

kj
i
j

i
j i

yyyy ...,,...,,, 21                (7) 

is generated. 
Let’s denote the set of indices for which the sequence (7) is monotone, as 

,jL  .,1, mjFL j =∈  

We introduce the notation ,ˆ
i

v  ,jLi∈  in which 

( ).ˆ)(

ij
i

j vyy =     (8) 
 

This parameter 
i

v̂  corresponds to the boundary ,iv  if the sequence (7) is 

monotonically increasing, and 
i

v̂  corresponds to the boundary ,iv  if the 

sequence (7) is monotonically decreasing. Similarly, the designation ,ˆ
iv

 
,jLi∈
 

determines the upper boundaries of the dependence 
 

( ).ˆ)(

ij

i

j vyy =     (9) 
 

In general, to establish conditions for the validity jLi∈  of the parameter 

iv  a set of sequences (7) with different random values [ ],ll vv ∈ ,, ilFl ≠∈∀
 

XxUu ∈∈ ,  must be generated. If all the generated sequences (7) for given iv   
 

 
 
 

a)                                            b) 

Fig. 2. Monotonic (a) and nonmonotonic (b) dependence yj(vi) 
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are monotonous, only then .jLi∈  According to numerous studies, to establish 

the membership of i to the set jL  it is enough to build only one sequence (7), 

where all the other uncertain parameters in the calculations take the average 

values :Fl∈∀ [ ],mid ll vv = il ≠  the components of the vectors xu,  have any 

fixed values that satisfy the conditions ., XxUu ∈∈  Discretization is chosen 

interval ih∆  apriori on the basis of preliminary calculations. If ,jLi∉
 
then 

sequence (7) is nonmonotonic (Fig. 2, b). 

The second stage of the study of dependence the ( )ij
i
j vyy =)(

 for the 

output parameter value jy  the interval i∆  is to determine. 
 

,
)()( i

j
i

j

i

j yy ε>−                 (10) 

where i
jε  – tolerable error. 

Here 
)()(

,
i

j

i

j yy are determined from (8), (9), if jLi∈
 
otherwise, from the 

decisions of optimization problems 
[ ]

,maxarg
)(

j
vv

i

j yy
ii∈

=  
[ ]

.minarg
)(

j
vv

i
j yy

ii∈
=  

If the condition (10) is not satisfied, then the interval i∆  
is for jy  

considered to be insignificant, and while determining ,jy  jy
 
it is given in the 

form of a point with a value [ ],mid iv
 

.jNi∈  Set jN
 
is a set of indices i, 

defining the parameters [ ]iv  which can be set as a number [ ]ivmid  in 

calculation of jy  and .jy  Thus, parameters iv
 
for jNi∈

 
are excluded from 

the number of varying parameters in solving (5), (6) to determine the lower and 

upper boundaries ,jy  .jy      

Due to the above, the formulations (5), (6) can be represented as: 
 

[ ]
[ ]

[ ]( ){ }

[ ]
[ ]( ){ }





















=

=

=

∈∀
∈

∈∀
∈

0ˆ,mid,,,,max

0ˆ,mid,,,,min

klij

Gi
vv

klij

Gi
vv

j
vvvxuyy

vvvxuyy

y

j

ii

j

ii

M

M

,     (11) 

( )jjj LNFG U\= , 

,jNl∈
 

,jLk∈  .,1 mj =  

 

3. The method for solution of interval static model  

with distributed parameters 
 

Another class of mathematical models includes interval static models with 

distributed parameters, which are defined by equation 
 

[ ]:vv∈∀ ( ) ( )( ) ,0,,,,, =′ zvxuzyzyM         (12) 
 

where the z – is space object coordinate. 
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In the first phase of the study of dependence ( ) ( )( ),ijj vzyzy =  ,,1 pi =

,,1 mj = [ ].,0 Zz∈  The rule of calculating the boundaries )(),( zyzy jj
 

is 

determined. In the course of the study (Fig. 3) for each ( )kiv ( ) [ ]( ,iiki vv ∈
 

( ) ( ) )hvvΚk kik+ii ∆=−= 1,,1  for the dependencies ( ) ( ) ( )( )kikjkj vzyzy =  are 

constructed. 

Further, on the spatial coordinate z of the object with a step z∆  points 

Ss zz,zz ,,,, 21 KK  are defined. It results in the sequence 
 

( ) ( ) ( ) ( ){ }i
j

i
jk

i
j

i
j i

yyyy
112111 ,,,,, ΚKK ,..., ( ) ( ) ( ) ( ){ }i

sjΚ
i

ksj
i
sj

i
sj i

yyyy ,,,,, 21 KK , ... , 
 

( ) ( ) ( ) ( ){ }i
SjΚ

i
kSj

i
Sj

i
Sj i

yyyy ,,,,, 21 KK ,                                   (13) 

 

where the first subindex means the number of the curve (in Fig. 3, the curve

( )zykj  is denoted as curve 1, curve 2, ..., curve k, ...,); the second subindex 

corresponds to the line number, denoted as the cross section s, ,,1 Ss =  on 

which the point ( ) ,i
ksjy  is and the third index is the number of the output 

parameter .jy  

If for a given i, all S sequences (13) are monotonic, then jLi∈  (Fig. 4, a). 

In this case, the lower and upper boundaries are defined by: 
 

( ) ( )( ),ˆ)(

ij
i

j vzyzy =           (14) 
 

( ) ( )( )ij
i

j vzyzy ˆ)( = .       (15) 
 

 
 

 

Fig. 3. Construction of sequences
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a)                                             b) 
 

Fig. 4. Definition of the boundaries ( )[ ]zy j
 
of the interval for the dependence 

( ) ( )( ) [ ]( )iiij

i

j vvvzyzy ∈=
)(

 
in jLi∈  (a), with jLi∉  (b) 

 

If at least one sequence of s, ,,1 Ss =  is nonmonotonic, then jLi∉   

(Fig. 4, b). 

At the second stage the value of the interval i∆  is determined for the 

output variable ( ) ,
)(i

j zy  according to the inequality: 

( )( ) ( )( ) i
j

i
j

i
j

z
zyzy ε≥−max .   (16) 

Here ( ) ,
)(i

j zy ( ) )(i
j zy

 
are determined from (14), (15) if ,jLi∈  otherwise, 

from the solutions of optimization problems ( )
[ ]

( ),maxarg
)(

zyzy j
vv

i
j

ii∈
=  

( )
[ ]

( ).minarg
)(

zyzy j
vv

i
j

ii∈
=  

If the condition (16) is not satisfied, then the interval i∆  for ( )zy j  is 

considered to be insignificant, and in determining ( ),zy j  ( )zy j  is given in the 

form of a point with a value [ ],mid iv .jNi∈  Parameters iv  for jNi∈
 
are 

excluded from the number of varying parameters in solving (5), (6) to determine 

the lower and upper boundaries ( ),zy j  ( ).zy j  

As a result of research interval output parameter ( )[ ]zy j  is defined by: 
 

( )[ ]
[ ]

( ) ( ) ( ) [ ]( ){ }

[ ]
( ) ( ) ( ) [ ]( ){ }
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∈
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[ ]Zz ,0∈ ,   ( )jjj LNFG U\= , 
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If interval dynamic model with lumped parameters is used as a 

mathematical model 
 

[ ] :vv∈∀ ( ) ( )( ) 0,,,,, =τττ′ vxuyyM       (18) 
 

then method of studying model (18) is similar to the method used for model 

(12). In this case, the coordinate z is by time parameter .τ  

 
4. The method for solution of interval dynamic model 

with distributed parameters 

 

Research for interval dynamic model with distributed parameters: 
 

[ ]:vv∈∀ ( ) ( )( ) ,0,,,,,,,τ =ττ′τ′ zvxuzyzy zM    (19) 
 

where ( ) ( )zyzy z ,, τ′τ′τ  – are partial derivatives, with time and coordinate 

respectively, is based on the methodology applied to model (12). 

At the first stage, like in the procedure for model (12), a study of 

( )( )ij vzy ,τ
 
is conducted to define membership of i to set .jL  

First, for a fixed time cτ=τ  
for [ ]Zz ,0∈

 
the analysis of interval 

parameter [ ]iv  is carried out to define the membership of i to set .jL  Then in 

point czz =  for [ ]T,0∈τ  a similar study is carried out. 

If in both cases, the ratio jLi∈  is true, then in calculating [ ]jy  only upper 

iv  and lower iv  boundaries of parameter [ ]iv  should be taken into account, 

that is parameter [ ]iv
 
corresponds to the set .jL

 
At the second stage the analysis of the significance of the interval i∆  is 

carried out. If the interval i∆  is insignificant simultaneously for the dependence 

of ( )zy j ,cτ , with [ ]T,0∈τ  and ( )c, zy j τ  at [ ]Zz ,0∈ , then parameter [ ]iv , 

can be replaced point by [ ]ivmid  and jNi∈  be taken. 

As a result of studies interval output parameter of the model (19) is 

determined by: 
 

( )[ ]
[ ]

( ) ( ) ( ) [ ]( ){ }

[ ]
( ) ( ) ( ) [ ]( ){ } ,

0,,ˆ,mid,,,,,,,max

0,,ˆ,mid,,,,,,,min

,
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∈
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zvvvxuzyzyzy

zy

klizj

Gi
vv

klizj

Gi
vv

j

j

ii

j

ii

M

M

  (20) 

[ ]Zz ,0∈ , [ ]T,0∈τ , 

 

( )jjj LNFG U\= ,
  

,jNl∈   jLk ∈ ,  .,1 mj =  
 

Thus, the method proposed allows finding the output parameters of an 

interval model, which are defined by their upper and lower boundaries. 
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5. Study of the firing process of the material in a rotating furnace, 

based on an interval model 

 

This method has been implemented in the firing process in a rotary furnace 

taken as an example. Rotary furnace is a cylindrical industrial furnace with a 

rotational movement around its longitudinal axis, designed for heating or 

burning materials with the aim of their physic-chemical treatment. To maintain 

the temperature flaring of natural gas or fuel oil is applied. The material in the 

furnace moves counter flow to the products of combustion. 

We have developed a mathematical model of the firing process in a rotary 

furnace: 

( ) ( )

;

ln
1

2

mm

wm4
m

4
g0m

m

G

d

D

lTT
ldTT

dl

dT

θ
λ

∆−π
−∆π−σε

=    (21) 

( )
;

)(e2

g

)(44
0mg

2

G

lLmGldTT

dl

dT

g

lLm
fmg

θ

−Ω−∆π−σε
=

−−

              (22) 

( ) ( ) ;

ln
1

2 4
am

4
w0w

wm lDTT

d

D

lTT
∆π−σε=

λ

∆−π
       (23) 

;| en
m0m TT l ==                (24) 

,| ex
gg TT Ll ==                (25) 

where mT  – temperature of the material, K; gT  – gas temperature, K; wT  – wall 

temperature, K; amT  – ambient temperature, K; l  – the current length of the 

furnace, m; wε  – the emissivity of the lining; mε  – the emissivity of the 

material; d  – the inner furnace diameter, m; D  – outer furnace diameter, m; 

L  – the total length of the furnace, m; 0σ  – ratio of blackbody radiation, 

W/(m
2⋅K4

); λ  – thermal conductivity of the lining material, W/(m⋅K); Ω  – the 

heat from 1 kg of fuel combustion (specific heat of combustion), J / kg; mθ  – 

heat capacity of the material, J / (kg ⋅°C); gθ  – gas heat capacity, J / (kg ⋅°C); 

mG  – material consumption, kg/s; gG  – gas consumption, m
3
/s; fG  – fuel 

consumption, m
3
/s; m  – empirical coefficient. 

This mathematical model has uncertain parameters. This is the emissivity 

of the material ,mε  the heat capacity of the material mθ  and the length of the 

torch .tl  Empirical coefficient m  depends on the length of the torch, thus 

changing the length of the flare leads to a change in the empirical coefficient. 

A mathematical model of the firing process in a rotary furnace belongs to a 

class of static models with distributed parameters (12). 

Uncertain parameters of the mathematical model are given in the form of 

interval numbers: ][ mε  = [0.3, 0.7]; ][ mθ  = [1000, 1200]; ][ tl  = [7, 15]. In the 

mathematical model the output parameters are: temperature distribution of gas,  
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     Tm, °C 
 

           

Fig. 5. The boundaries of the interval ( )[ ]:zy j  

1 – upper boundary; 2 – lower boundary 

 
material and wall along the length of the furnace. The most important parameter 
for the firing process is the temperature of the material; therefore, all 
calculations have been performed only for the temperature of the material. 

To solve the model is to calculate the upper and lower boundaries of the 

entire interval ( )[ ]zy j  
of the temperature distribution of the material (Fig. 5). 

Then, the significance of the interval i∆  is defined for the output variable, 

according to (16). Parameter i
jε  is a tolerable error, the value of which is given 

by a technologist. In this case, the error is 3 °C. As can be seen from Fig. 5 

interval i∆  is significant. The uncertainty of the initial data of a model is 

essential. To solve the problems you need to specify the initial data. 
The proposed method allows to calculate the interval of output values of 

mathematical models, which makes it advantageous over other methods of 

disclosing the uncertainty in mathematical models. 

 

Conclusion 
 

The article argues that effective methods of presenting the undetermined 

parameters of mathematical models are interval numbers. The algorithms for 

solving the interval mathematical models of statics and dynamics with lumped 
and distributed parameters. The algorithms are based on solving optimization 

problems. The implementation of the algorithms is exemplified by the model of 
the firing process of the material in a rotary furnace, in which the information 

about some of the parameters is given in the form of interval numbers. Interval 
mathematical models can be used at the preliminary stage of research systems, 

as well as when it is needed obtain guaranteed results if the parameters are 
unknown. 
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Аннотация: Показано, что эффективным методом пред-

ставления неопределенных параметров математических моде-

лей являются интервальные числа. Предложены алгоритмы 

решения интервальных математических моделей статики и 

динамики с сосредоточенными и распределенными параметра-

ми. Алгоритмы основаны на решении оптимизационных задач. 

Реализация представленных алгоритмов продемонстрирована на 

примере модели процесса обжига материала во вращающейся 

печи, где информация о некоторых параметрах задается в виде 

интервальных чисел. Представленная методика позволяет 

эффективно решать задачи проектирования и управления 

технологическими процессами в условиях неопределенности. 
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