MaremaTnka. Duzuka

VIIK 517.518

SUMMATION OF POWER SERIES OF FUNCTIONS OF CLASSES
H? ON BOUNDARY OF THE CONVERGENCE CIRCLE

A. D. Nakhman

Department of Applied Mathematics and Mechanics, TSTU;
alextmb@mail.ru

Key words and phrases: exponential summarizing sequences; weighted Hardy
spaces; weighted norm estimates.

Abstract: The estimates of H[ -norm of maximal operators, generated by

methods Ay (h) =exp(—hu®*(|k|), k=0,%1,.., a>0 of summation of power series
o0

o(exp(ix)) ~ Zu 1 (@) exp(ikx) are obtained. The results are based on the estimates of
k=0

I¥ -norms of means of series and conjugated Fourier series of function
S (%) = Re ¢ (exp(ix)).

1. Hardy classes. A4, is condition. Let HYP be weighted Hardy space of all

functions @=@(z) of complex variable z=rexp(ix),0<r <1, xeQ, which are

analytic in a circle of | z |< 1, for which

19llp= sup [ 100-exp@)|? v(x)dx <oo and Img(0) =0. (1)

0<r<1

Here, v=v(x)>0 is fixed function from the class of measurable on Q = (-m,«t]

and 2m -periodic functions.
It is said that any function f from this class belongs to weight space

1 =120 if
1/p
17 lp=(Jlr @17 ) <en, pz

In the case of Lebesque spaces L7 =IL7(Q) we have for v=1; in particular,

L= LI(Q). It is denoted as follows:
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A, ()= j V(t)dt Lj v D (pyay ! p>1
P Qe Qe Y
p—1
where Q is arbitrary interval, and multiplier (IQV_I/ (r _1)(t)dtj is equal

1 .
esssup— for p =1 by definition.
e VU

It is said that A4, -condition of Muckenhoupt-Rozenblum [1, 2] is satisfied and the

notation v e 4, is applicable, if sup 4, (v;Q2) <o, p>1. In the present work, as well
Q

asin [1 — 3], we suppose 0- =0. Then
p-1
(ij_l/(p_l)(t)dt) <o for ve 4,, p>l,

since otherwise IQv(t)dt:O, but this trivial case of v(t)~0 (v(x)=0 almost

everywhere), we exclude from consideration.

It is possible to consider now, that every ¢ € HY is a function from Hardy class
[4, vol. 1, p. 431], which corresponds to a case of v=1, p =1. In fact

(p-D/p

IRCCIE S RE GO0 ( Jo <p<r)|f’v(z>dr)l/p( [ Qv*”@*”(r)drj <oo;

we have used the Helder inequality here for p>1 and the agreement on
p—1
UQvfl/ (» 71)(t)dt) for p =1. It can be assumed (in just the same way), that every

f eLP(Q) is a function from the class L(Q).

We exclude a trivial case of v(x) ~o from consideration. Then J- Qv(x)dx <o,

p-1
since otherwise A4, — a condition that implies the relation UQvfl/ (» 71)(t)dt) =0, so

that v(x) ~ . Let E be a set which is measurable by Lebesque. We introduce now the
following measure of £: w{E} = IE v(x)dx.

In this paper we consider the so-called exponential means of expansions of

analytical functions @ € HY on the boundary of the convergence circle. In paragraph 3

we assert their relations with the corresponding means of Fourier series and conjugate
Fourier series of functions f(x)=Re@(expix). In turn, the latest estimates are based

on the properties of the maximal operators

xX+n

F = @=sw ~ [ r0]d @
n>0 ﬂxfn
F=r@=swp| [ LD 6

t
n>0 n<tl<n 2tg 5
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The operators (2), (3) are defined for every f e L [4, vol. 1, p. 60-61, 401, 442,
443]; besides the conjugate function }(x) = _1 lim J' f(x+1) ctgidt exists
2 0 ’ 2

n<ft<n
almost everywhere.
In papers [1, 3] the following results are shown:

—the boundedness of operators (2) and (3) from L7 in LY is equivalent to
condition ve 4, forevery p>1;

— the estimates of “week type”
p ~ p
w0l (0> ¢>0f< C(%J : u{x c0l/ @>g> 0} < C(%) @)
are equivalent to condition ve 4, forevery p >1.

Here, C=C, , will represent a constant, though not necessarily one such

constant.
2. Exponential methods of summation. Let ' € L, and

e ( f):ﬁ j () exp(=ikt)dt, keZ (5)

be a sequence of its complex Fourier coefficients. For this function we consider Fourier
series

sLfx]= ) e (f) explikx) (6)
k=—o0
and conjugate Fourier series
SUfxl=—i Y (sgn )y () exp(ik). %)
k=—x

In various questions of the analysis there is a problem of behavior of families
means of (5), (6)

Un(D) =U i) = 3 by (e () explika) ®)
and e
Un() = U xhhy =i 3 (g kb (e () expliko) ©)
at h — +0. Here, o
A=A (h), k=0,],.} (10)

is the arbitrary sequence infinite, generally speaking, determined by values of parameter
h>0. In a case of the discrete parameter /, a summability of Fourier series in points
of Lebesgue and uniformly with respect to x on an interval of a continuity of function
was studied by many authors [5]. In the general case, we say that the sequence (10)
defines a semi-continuous method of summability; the most interest is represented by
the regular methods of summability. Namely, we say that the method (10) is regular, if
the convergence of the series (6) to f = f(x) (in the point x or in the corresponding

metric space) implies the convergence of means (8) to f = f(x) at # —> +0. As it is
shown in [6, p. 79], the regularity conditions of methods (10) are as follows:
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Ao(h) =1, lim A, (h)=1, k=0,1,..., (11
h—0

sup D[ A Ly (h)| <o, (12)
h>0 =

In this paper we consider mainly the so-called exponential summation methods.
Namely, we assume that
Ao(h) =1, hp(h)=A(x,h)|ep, k=1,2,..., where A(x,h) =exp(—hu®(x)), a>0, (13)
and a non-negative function u(x) is continuous on [0,+o0) and twice differentiable on
(0,4). Specifically, when &= ln%, 0<r<1, ©(x)=x we have in (8), (9) a family of

classical means (conjugated means) of Poisson— Abel

o, (f.x)= ir'k‘ckmexp(ikx) and (/) =i i(Sgnk)r‘k‘ck(f)exp(ikx)- (14)

k=—0 k=—o0

3. The means of power series and Fourier series (conjugate series). Let’s
consider now ¢ € H. The behavior of

o(rexp(ix)) = i 1wy (@)X explike), 0<r<l1,xe0, (15)
k=0

on the boundary of the convergence circle (r—1), has been well studied. So
[9, p. 541],
@(exp(ix)) = li_>ml o(rexp(ix)) = f(x) +ig(x) (16)
r

exists almost everywhere. Here, f,g € L, and the coefficients p; (¢) in the expansion
(15) can be estimated as
1 . .
e (@) === [ _olexp(in)) exp(—ikt)dt, k=0,1,... (17)
2ndQ

it is natural to assume that pj (@) = 0 when & <0. If we put

@(exp(ix)) ~ Y 1 () exp(ikx), (18)
k=0

then (15) can be considered as a family of Poisson— Abel means of series (18) on the
boundary of the convergence circle. Then it will be natural to consider a more general
exponential means

0
0,(9) = O, x: k. h) = D 1y (@) () explikr) (19)
k=0
of the series (18), where A (/) are defined in the form of (13). The following statement

establishes a relation between the families (19), (8), (9).
Theorem 3.1. 1If ¢ € H and f(x)=Re@(exp(ix)), then the representation

O(p,x; A, h) :U(f,x;?»,h)—iri{](f,x;?»,h) (20)

holds. In particular (see (14)), ¢ (rexp(ix)) =, (f,x) + i;r (f,x).
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The proof of (20) will be based on the arguments similar to [7, p. 542 — 545].
Firstly, we prove that the coefficients of (17) are related to the Fourier coefficients (5)
of function f = f(x)=Re@(exp(ix)) as follows:

ro(f)=co(/), me(f)=2¢,(f), k=12, ... @n
We have
ne () =cp () +ick(g), k=0,1,2,..., (22)
so that
co(g) = Impg(e) = Ime(0) = 0. (23)
Further,
ic (g) = (sgnk)cg (f) (24)

Indeed, for k£ <0 the equality (24) is equivalent to ¢ (/) +ic;(g) =y (@) =0, and for
k > 0 it follows from the relation

[ o/~ g exp(-ike)dx =0,

which holds as its real and imaginary parts are equal, respectively, to the real and
imaginary part of the obvious equality

[ o)+ ig () exp(ik) dx = p_i (0) = 0.

Thus, we see that (21) there is a consequence of (22) — (24).
It should be noted that, according to (21), the right-hand side of (20) takes the form

co(f)+2) Ay (Weg (f)explike) =D Ay (M) (@) explikr),
k=1 k=0

and this is the assertion of Theorem 3.1.

Now the study of means (19) reduces to the study of means (8) and (9).

4. The estimates of maximal operators generated by exponential summation
methods. Let’s refer to the case of (13). The means (8), (9) and (19) are re-denoted
through

Uh(f) = U(f, X;uaah)a l}/’l(f) = {](fax;u(xsh) and ®h(q)) = ®((p,x;ua,h)
respectively. Let

O«(9) = Ox(, x;u™) = sup| O(¢, x;u*, 1) |;
h>0

Us() =Usl ) = Supl U ) &*(f)=&*(f,x;>»)=Zu%|t?(f,x;u°‘,h>|

Theorem 4.1. Suppose (see (13)) u"(x) <0 on (0,4x), O0<a <1, and
exp(—hu®(x))Inx = O(1), x — +w. (25)
forevery h>0. If ve 4, then the estimates

10« Iy, p < Cll@lly,p, P>T; (26)

S
hold. The estimates remain valid for every o > 0 under the condition that a function

P
u{er|®*((p,x;ua)>g>O}SC(mj , p=1 27
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V=V(x)=ahu® ') —(a-Du") —uu", o>0
has a finite number of zeros, the condition (25) holds and there is a constant C =C,, ,,
such that
xhexp(-hu® (x)u® () |1 (@) < Cy (28)

forall 2> 0, x € (1,+x).

As it follows from (20), the estimate (26) will be established if we prove that under
the conditions of Theorem 4.1, the inequality

U My, + U+(f) ly,p<C 11Dy, ps P>1 29

holds and note that | f(x)[<| @ (exp(ix))|. Next, to prove (27) it will be sufficient to
establish that

: P
u{er|U*(f,x;k)>g>0}£C(m] , p=>1 (30)
g
and

o, [”f”v,pjp
Mre Q| Us(fsn) > >0y < [ L | sy G1)
S

because, according to (20),
(xe Q| @x(g,x;1)>c >0 {x € O|Us(, ;) >§>0}u{x c 0| Us(o,x;)) >§> o}.

In turn, the estimates (29) — (31) will follow from the results of [1, 3], cited in paragraph 1
(in particular, see (4)), if we prove that

U o0 <C 7 (x) and Us(f,x:0) < C[f*(x) + f* <x)] (32)

for almost all x.
5. Auxiliary statements. Sequence (10) is convex (concave) if

A2 = A0 (h) >0 (A% <0), where
N =Dy =Dy Dy = A =Ry ()= Ay (), k= 0,1,...

Sequence (10) is piecewise convex if Azk changes sign a finite number of times,
k=0,1,... In[7] established in the following assertion.
Lemma 5.1. 1f the sequence (3) is convex (concave) and the relation

Doy () = O(ﬁ} N — o, (33)
n
is valid for every />0, then the estimates
Ua(foxM) <C 1) Y e+ 1) A% ()], (34)
k=0
Ua(f,x;0) < c[ o+ f*(x)JZ(k + 1)‘A2x k(h)‘. (35)
k=0
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hold almost everywhere. The estimates remain valid for piecewise convex sequences
(10) if (33) holds and there is a constant C = C,, such that

[ g (m) |+ | AL g (R) [< Cp (36)

forevery >0, k=1,2,...
To establish (32), it is now sufficient to observe that

1) for every sequence (10), which is convex (concave) or piecewise-convex and
satisfies (27), we have (see [8])

> (k+1)| A%\ (h) < C with a constant C =Cy; (37)
k=0
2) the following auxiliary assertion occurs
Lemma 5.2. Under the conditions of Theorem 4.1, the sequence (13) is convex and
satisfies (33) with 0 <a <1; (13) is piecewise convex and satisfies (33) and (36) with

o > 1. In both cases, the summation method (13) is regular.

The first assertion is a consequence of the Abel transform [4, vol. 1, p. 15], and
conditions (25), (28). Regularity condition (11) follows from (13) in an obvious way;
the condition (12) follows from

N N 0
SIA M) =D (k+D=k) Y A (h)| =
k=0 k=0

=k

N-1 0 0 0

=N Ay [+ (k+1) | DA () =] DA (h) |Js C[H Dk +1) | A%y (h) |}
k=0 j=k j=k+1 k=0

(38)

Upon receipt of the estimate (38) it was used the Abel transform and uniform
(in N) boundedness of productions of the type N |AAy |, see [4, vol. 1, p. 156]. Now
(32) is installed and Theorem 4.1 is completely proved.

6. Results of convergence.

Theorem 6.1. Suppose that ve 4, and the conditions of Theorem 4.1 for
sequence (13) are valid (corresponding to the cases 0 <a <1 and o >1). Then the
relation

lim @, (¢) = ¢
h—0

holds p-almost everywhere for each f € %, p>1 and in metric H% forany p>1.
According to (20) it is sufficient to prove that the relations

lim Uy (f) = f, (39)
h—0

lim Un(f) = f (40)
h—0

hold p-almost everywhere for each f €L”, p>1land in metrics LY for any p>1.
In turn, assertions (39) and (40) in a standard way (see [4, vol. 2, p. 464—465]) follow
from (29) — (31) and (11).

7. Examples. It is easy to verify that the conditions of Theorem 4.1 are satisfied in
the following cases.

1) u(x) =Inx, so that

Lo(h) =1, M(x,h) = exp(— hln® x), x>0, a>0.
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2) u(x) = x, so that
Lo(h) =1, Mx,h)= exp(— hx® ), x>0, 0>0.
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CyMMHpoOBaHHUe CTeNeHHbIX PsiI0B GyHKIMIi KiaccoB /1)

Ha rpaHule Kpyra cxoaumMocCcTu
A. I. Haxman

Kageopa «Ilpuxnaonas mamemamuxa u mexanuxay, @I'BOY BIIO «TI'TY »,
alextmb@mail.ru

KuaroueBble cj10Ba U (ppa3bl: BeCOBbIC MPOCTPAHCTBA Xap/IH; OICHKU BECOBBIX
HOPM; 3KCIIOHEHIIMATIbHbIE CYMMUPYIOLIHE MOCIE10BATEILHOCTH.

AnHoTtauus: Ionyuens onenku H ! -HOPM MaKCHMAILHBIX OMEPATOPOB, MO-

POXKIEHHBIX JKCIIOHEHIMAIBHBIMA METOAaMH CYMMHPOBAHHUSI CTEIEHHBIX PSIJIOB
o0
o(exp(ix)) ~ Z ug (@) exp(ikx). PesysnbTaThl ocHOBaHBI Ha oleHKax LY -Hopm cpemnux
k=0
PAIIOB U conpshkeHHBIX psinoB Dypbe pynkimu f(x) = Re @ (exp(ix)).
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Summierung der Kraftreihen der Funktionen der Klassen HY
an der Grenze des Kreises der Konvergenz

Zusammenfassung: Es sind die Einschitzungen der H? Normen der
maximalen Operatoren, die von den experimantalen Methoden der Summierung der

0
gesetzten Reihen o@(exp(ix)) ~ Z 1y (@) exp(ikx) angegen. Die Ergebnisse sind auf den
k=0

Einschitzungen der L -Normen der mittleren Reihen und der verkniipften

Fourierreihen der Funktion gegriindet f(x) = Re ¢ (exp(ix)).

Sommation des séries puissance des fonctions des classes HY?
sur la frontiere du cercle de convergence

Résumé: Sont obtenues les estimations H? des normes maximales des
opérateurs générées par les méthodes exponentielles de la sommation des séries

o0

puissance @(exp(ix)) ~ Z“k (o) exp(ikx). Les résultats sont basés sur les estimations
k=0

L des normes des séries moyennes et des séries de configuration de Fourier de la

foncion f(x)=Re@(exp(ix)).

Astop: Haxman Anexcandp /lasuoosuy — xauauaat GU3NKO-MaTEMATHUCCKUX
Hayk, JoueHT Kadenpbl «[IpuknmanHas maremaruka u Mmexanukay, ®I'BOY BIIO
«TI'TY».

Penensent: Kyrukoe I'ennaouit Muxaitnoeuu — noxkrop (u3NKO-MaTeMaTnye-
CKHX HayK, Ipodeccop, 3aBeayromuii kapenpoit «[IpukiagHas MaTeMaTHKa 1 MEXaHH-
ka», PI'BOY BIIO «TI'TY».
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