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Abstract: In this paper, we propose a parallel implementation of the branch-and-
bound optimization technique on distributed-memory systems using Message Passing
Interface (MPI). We employ parallel branch-and-bound to accelerate a real-world
example application: optimal selection of production equipment for multi-product batch
plants. We describe the master-worker organization of our parallel algorithm: a single
master process dispatches a subset of computations to multiple worker processes and
gathers computed results from them. For exchanging messages between master and
worker we use MPI’s point-to-point communication functions. We report experimental
results about the speedup and efficiency of our parallel implementation. We observe that
the master process may become a bottleneck for the overall application performance if it
controls too many workers processes, because of the increasing communication
overhead.

Introduction

Selecting the production equipment of a Chemical-Engineering System (CES) is
one of the main problems when designing chemical multi-product batch plants, e.g., for
synthesizing chemical dyes and intermediate products, photographic materials, food,
pharmaceuticals etc. Using multi-product batch plants offers the opportunity of quick
response to market changes. Building these plants from standardized modules can
additionally help to reduce time to market and costs.

The design problem consists in determining the number and capacity of the major
processing equipment items, utilities, and storage tanks, such that the design and
production objectives are met at the lowest possible capital and operating cost.
The problem of optimal design of multi-product batch plants is typically formulated as a
mixed integer nonlinear programming (MINLP) problem [1]. Many nonlinear models
for batch design, which are based on the assumption of continuous sizes, can be
reformulated as MILP problems when sizes are restricted to discrete values [2, 3].
Finding an optimal solution to this NP-hard problem can be a difficult task due to
“combinatorial explosion” — the number of combinations to be examined grows
exponentially, such that even the fastest computers will require an intolerable amount of
time to analyze them.
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The Branch-and-bound (B&B) approach is a popular technique for solving such
NP-hard optimization problems. In the B&B method, the search space is represented as
a tree whose root node is the original unsolved problem, the internal nodes are partially
solved subproblems and the leaves are the potential solution(s). The Branch-and-bound
proceeds in several iterations during which the best solution found so far (upper bound)
is progressively improved. During the exploration, a bounding mechanism, based on a
lower bound function, is used to eliminate all the subproblems (i.e., cut their
corresponding sub-trees) that are not likely to lead to optimal solutions. This powerful
mechanism reduces significantly the size of the explored search space and, thus, its
exploration time cost. In this paper, the focus is on a particular practical application of
the B&B algorithm — the optimal selection of chemical equipment for multi-product
batch plants. ). For improving algorithm performance we investigate an implementation
of the B&B method on a parallel distributed-memory system via Message Passing
Interface (MPI) [4].

Problem Formulation

A Chemical-Engineering System is a set of equipment (reactors, tanks, filters,
dryers etc.) which implement the processing stages for manufacturing certain products.
Assuming that the number of units at every stage of CES is fixed, the problem can be
formulated as follows: CES consists of a sequence of [ processing stages. Each i-th
processing stage of the system can be equipped with equipment units from a finite set
X;, with J; being the number of equipment units variants in X;. All equipment unit

i°
is the

variants of a CES are described as X; = {xi, j}, i :1,_1, i :I,_JZ-, where x

iJ
main size j (working volume, working surface) of the unit suitable for processing stage i.

A Chemical-Engineering System variant e:I,_E of a CES, where

e
E :HleJ,- is the number of all possible system variants, is an ordered set of
equipment unit variants, selected from the respective sets.

Each variant Q,, of a system must be in operable condition (compatibility
constraint) i.e., it must satisfy the conditions of a joint action for all its processing
stages: S(Q,) =0 if compatibility constraint is satisfied. An operable variant of a CES
must run at a given production rate in a given period of time (processing time
constraint), such that it satisfies the restrictions for the duration of its operating period

T(€,) < Tpax, Where T, is a given maximum period of time.

Thus, designing an optimal CES can be formulated as the following optimization

problem: to find a variant QZ eQ,, e= 1,_E of a CES, where the optimality criterion —

e’
equipment costs Cost(QQ,) reaches a minimum and both compatibility constraint and
processing time constraint are satisfied:

Q: =argmin Cost(Q2,), e=1,E;

Qe ={x1,j]’x2’j2""’x[,j[ |]l =1’Ji7i=1’ }, e=1, 5

xj’jEXjal:L sj:la i
S(Q,)=0, e=1E;
T(Q,) < Tpux» ¢=1LE.

We use the comprehensive mathematical model of CES operation, including
expressions for checking constraints, calculating the optimization criterion, etc., which
was initially presented in [5, 6].
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Shared-memory Approach for Algorithm Parallelization

All possible variants of a CES with I stages can be represented by a tree of
height / (see Figure 1). Each level of the tree corresponds to one processing stage of
the CES. Each edge corresponds to a selected device variant taken from set X;, where

i
X,

; 1s the set of possible device variants at stage i of the CES. Each node n;,; at the

tree layer N; ={ni’1,ni’2,...,ni’k}, i=11, k=1LK;, K; =H§=1J1 corresponds to a

variant of a beginning part of the CES, composed of devices for stages 1 to i of the
CES. Each path from the tree’s root to one of its leaves thus represents a complete
variant of the CES.

To enumerate all possible variants of a CES in the aforementioned tree, a depth-
first traversal is performed: starting at level O of the tree, all device variants of the CES
at a given level are enumerated and appended to the valid beginning parts of the CES.
Valid beginning parts are obtained at previous levels, starting with an empty beginning
part at level 0. This process continues recursively for all valid beginning parts that result
from appending device variants of the current level to the valid beginning parts from
previous levels. When a leaf node is reached, the recursive process stops and the current
solution is compared to the current optimal solution, possibly replacing it.

In B&B, the search space is usually considered as a tree, which allows for a
structured exploration of the search space. The tree structure provides a natural
parallelism allowing concurrent evaluation of subproblems (calculations for the various
branches can be carried out simultancously) using parallel computing technology.
In this paper, we use the master-worker paradigm [7, 8] for a distributed-memory
approach to parallelization of B&B algorithm: single master process dispatches a subset
of computations to multiple worker processes and gathers computed results from them.
This approach is illustrated by Figure 2.

The master process performs a depth-first traversal of the tree using a recursive
procedure to some level G (granularity), 1 < G <1, where [ is the tree levels number.
Using this procedure, the master creates beginning parts of the CES. At the last level of
recursion, the master waits for worker messages, which can be of two types: solution
(SOLUTION) or job request (REQUEST WORK). If the master receives a solution
message, the costs of the received solution are compared to the costs of the current

" /’\

XL,

Fig. 1. Tree traversal in depth-first search
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Fig. 2. Distributed-memory parallel branch-and-bound.
Master-worker paradigm

optimal solution. If a better solution has been found by the worker, it is stored and
replaces the current optimal solution. When a job request is received, the master
responds by sending job message (DO_WORK) containing the current beginning part of
the CES and the current optimal solution to the worker. Afterwards, a new beginning
part of the CES is generated to be passed to a worker. If no new beginning part of the
CES can be generated, the master returns from the recursive procedure. The master
continues receiving solutions from workers and compares them to the optimal solution.
However, if a worker sends a job request, the master sends a quit message (QUIT) to the
worker, to terminate the worker process. After quit messages have been sent to all
workers, the master process ends.

The worker process starts by sending a job request to the master and waits for the
response. The response can be of one of two types: job message (DO_WORK) or quit
(QUIT). If a job message comprising a beginning part of the CES and the current upper
bound of the optimality criterion is received, the worker calls the recursive procedure.
Within this procedure, the worker traverses the remaining sub-tree from levels G+1 to /,
of the received CES’ beginning part to find full solutions. If the worker finds a solution
which costs do not exceed the upper bound of the optimality criterion, it makes this
solution the new optimal solution. When the recursive procedure ends, the worker sends
its new optimal solution, if any, to the master and requests a new job. If a quit message
is received, the worker process terminates.

Experimental Results

To study the speedup of our parallelization approach, we created C++ program
implementations and conducted runtime experiments on a heterogeneous cluster
consisting of:

— 36 nodes with 2 quad-core processors (Intel X5550 Nehalem, running at 2.6 GHz)
with 3 GB RAM each;

— 198 nodes with 2 hexa-core processors (Intel Westmere X5650, running at 2.6 GHz)
with 2 or 4 GB RAM each;

— 4 nodes with 4 eight-core processors (Intel Xeon E7550, running at 2 GHz) with
128 GB RAM each.
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Fig. 3. Measured speedup and efficiency
of the MPI-based parallel program

We studied the design of a CES consisting of 16 processing stages with 5 variants
of devices at every stage as test case (total 5'° =~ 10'" CES variants). The implementations
were written in C++ using MPI.

In our master-worker implementation, we used MPI’s point-to-point
communication functions send and recv for exchanging messages between master and
worker.

Figure 3 shows the speedup and efficiency of our MPI-based implementation
(the vertical axis has a logarithmic scale) using up to 64 Westmere nodes (up to
1536 processors).

The minimum number of processors for running the program is two (master and
one worker). While there is no speedup when using 2 processors, it increases nearly
linearly when using up to 768 processors. With greater numbers of processors,
the growth of speedup slows down. The performance of the master process may become
a bottleneck of application performance when it controls too many worker processes,
because the master frequently communicates with all workers.

Runtime experiments for our implementations using a real-world example of a
multi-product batch plant show that our solution provides considerable speedup. This is
well correlated with experimental results obtained in [9], where near-linear speedups
were also observed.

In future work we will investigate the use of a hierarchical master-worker
implementation, in order to reduce the communication bottleneck which we observed in
our current implementation. This paper presents a parallel version only of the branch-
and-bound algorithm. In addition, quite interesting would be the parallelization of
comprehensive mathematical model of CES operation. This problem requires also
deeper and more detailed research in further works.
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IIpuMeHeHMe napaieIbHOM peaau3aluy aJIrOPUTMAa BeTBe U rpaHuIl
¢ ucnoab3opanuem MPI 1151 onTHMaNbHOTO BLIOOpPa
TEXHOJIOTHYECKOr0 000py10BaAHUSA
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KirwueBble cjioBa: KOMOWHATOpHAS ONTHMH3AIHS; MHOTOACCOPTUMCHTHBIC
MPOU3BO/ICTBA; ONTHUMAIBHBIM BBIOOP TEXHOJIOTHYECKOTO OOOPYMOBAHUS; Iapagurma
«MacTep—pabOTHHKY; apauIeNbHbII METO/ BETBEH U TPAHMUII.

AHHoTaums: IlpeacTaBieHa mapajuieibHAs peajn3alns MeToaa BEeTBei u rpa-
HUII JUISl BBIYMCIIUTEIBHBIX CHCTEM C paClpelesIeHHOW NaMsThIO C HCIIOJIb30BAHUEM
unrepgeiica nepenaun coodbmennii — MPI (Message Passing Interface). [Tapannensubiii
ITOPUTM HCIIONB3YEeTCs ISl ONTUMAIBHOTO BEIOOpa TEXHOIOTHUECKOTO0 000pyI0BaHUS
MHOI'0aCCOPTHMEHTHBIX XMMHYECKUX NPOU3BOACTB. IlapaiiensHas mporpamma paspa-
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00TaHa C WCIOJBH30BAHMEM NapaJurMbl «MacTep—paOOTHHUK»: OIMH YIPABISFOLIMNA
MacTep-MpoLecC PACHPEICISAET BBIYUCIUTEIbHBIC MMO33a4l MEXIY MHOKECTBOM
paboumx MpoIeccoB, a 3aTeM COOHMpaeT pe3yibTaThl MX BeMHCICHHU. s oOMmeHa
COOOIIEHUSMHI MEX/Y YIPABISIIONMM U PadOYMMH MPOIIECCAMHU UCIIONb3YIOTCS JBYX-
ToyeuHble (point-to-point communications) ¢yukiun MPI. IlpexacraBiensr ananu3s
yCKOpeHHsS paboTsl mporpaMmbl W 3(P(PEKTHBHOCTH HCIOIB30BAHUSA IPOILECCOPOB.
OTMeTHM, 4TO 3(PPEKTUBHOCTH MCIOJIB30BAHUS MTPOLIECCOPOB U YCKOPEHHE CHUIKACTCS
1pyu OOJIBIIOM YKCJIEe MCIOJIB3YEMBIX IPOLECCOPOB. DTO MPOUCXOIUT BCIIEIACTBUE TOTO,
YTO MacTep-NpoLEcC CTAHOBUTCS y3KHMM MECTOM IPOTPaMMbl M3-32 OOJIBLIOrO 4HcIiIa
00CITyKMBaeMbIX UM pabOUYHX IPOIECCOB.
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Anwendung der parallelen Realisierung des Algorithmus
der Zweige und der Grenzen unter Ausnutzung von MPI
fiir die optimalen Auswahl der technologischen Ausriistun

Zusammenfassung: Es ist die parallele Realisierung der Methode der Zweige
und der Grenzen fiir die Computersysteme mit dem verteilten Gedéchtnis unter
Ausnutzung des Interfaces der Sendung der Mitteilungen — Message Passing Interface
(MPI) angefiihrt. Der parallele Algorithmus wird fiir die optimalen Auswahl der
technologischen Ausriistung der vielsortimenten chemischen Produktionen verwendet.
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Das parallele Programm ist unter Ausnutzung des Paradigmas der Meister - der Arbeiter
ausgearbeitet: ein steuernden Meisterprozess verteilt die Rechenteilprobleme zwischen
der Menge der Arbeitsprozesse und dann sammelt die Ergebnisse ihrer Berechnungen.
Fir den Austausch von den Mitteilungen zwischen dem Steuer- und den
Arbeitsprozessen werden die Zweipunktfunktionen (point-to-point communications)
MPI verwendet. Es sind die Analyse der Beschleunigung der Arbeit des Programms und
der Effektivitdt der Nutzung der Prozessoren dargelegt. Es ist nétig zu bemerken, dass
die Effektivitdt der Nutzung der Prozessoren und die Beschleunigung bei der groB3en
Zahl der verwendeten Prozessoren sinkt. Es geschieht infolge dessen, dass der
Meisterprozess ein Engplatz des Programms wegen grofer Zahl der von ihm
bedienenden Arbeitsprozesse wird.

Application de la mise en ceuvre paralléle de 1'algorithme
des branches et des frontiéres avec I'emploi de MPI pour
le choix optimal de I’équipement technologique

Résumé: Est présentée la mise en ceuvre paralléle de la méthode des branches et
des frontiéres pour les systémes informatiques avec une mémoire distribuée avec
l'interface de transfert de message — Message Passing Interface (MPI). L'algorithme
paralléle est utilis€é pour le choix optimal de 1’équipements technologique des
productions chimiques a multi-produits. Le programme paralléle est élaboré avec
I’emploi du paradigme maitre - travailleur: un master processus qui dirige distribue les
sous-taches de calcul entre la multitude des processus de travail et ensuite collecte les
résultats de ces calculs. Pour l'échange des messages entre les gestionnaires et les
processus de travail sont utilisés les fonctions MPI a deux points (point-to-point
communications). Est présentée l'analyse de l'accélération du fonctionnement du
programme et de l'efficacité de l'utilisation des processeurs. L'efficacité de l'utilisation
des processeurs et l'accélération diminuent avec un grand nombre des processeurs
utilisés.

ABTopbI: bopucenko Anopeii bopucosuy — KaHAUAAT TEXHUYECKUX HAYK, JOLIEHT
kadenpsl «KoMIBIOTEpHO-HHTETPUPOBAHHBIE CUCTEMBI B MalTHHOCTpoeHHm», DI BOY
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