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Abstract: In this paper, using the semi-continuous summation methods, we build
a class of means of Fourier series, that converge almost everywhere, as well as in

metrics of weighted spaces LY (ve 4 p» P 21) and the space C of continuous periodic

functions. It was found that a sufficient condition for such convergence, and the equity
of weighting estimates of corresponding maximal operators, is the generalized condition
of B. Nagy. The results are applied to study of behavior of exponential means of Fourier
series and include the cases of classical means of Cesaro, Riesz, and Abel-Poisson.

Introduction

The problem of summability of Fourier series has a long history. It occurs
primarily in connection with the examples of divergent Fourier series. Linear means of
such series are an effective device of approximation of periodic functions. With an
appropriate choice of a summing sequence they can be used to obtain the solution of the
generalized Dirichlet problem in a circle or half-plane [1]. There are also other
applications.

In this paper, using the semi-continuous summation methods, we build the class of
means, convergent in metrics of certain functional spaces and almost everywhere.

Let L(Q) be a space of 2m-periodic functions f, integrable on QO =(—=,n].

Consider the Fourier series of function f
sLfx]= D e (f) explike),
k=—x0

here

1 T

ck(f):z—Jf(t)exp(—ikt)dt, k=0,£1,%2, ..., (1
T
—T

is the sequence of Fourier coefficients.
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In general, the problem is formulated as follows: what conditions must be imposed
on the elements of an infinite sequence

A={rp(h), h>0,k=0,1,...; Lo(h)=1} 2)
to approximate f by the family of respective means

Up(f) =U(f by = 3 g (e () expliko), = +0, 3)
k=—o0

a) at each point of continuity;

b) uniformly in x for every continuous function;

¢) in the metric of weighted Lebesgue spaces (see definition below);

g) almost everywhere.

There is a series of works that explore the behavior of (3) when the summing
sequence (2) is defined by discrete values of parameter 4, namely, can be written in
form of a triangular matrix

A={N; k=0,1,...,n; n=0,1,..; Xy =1, 1} =0, k >n}.

Thus, A.V. Efimov [2], by improving of the results of Nikol'skii [3] and
B. Nadgy [4], has received the conditions on the matrix, providing the summability of
Fourier series in the Lebesgue points of functions f € L(Q) and in metric of the space

of continuous functions. L. I. Bausov [5] has strengthened the results of Karamata and
Tomic [6] and A. V. Efimov for a case of rectangular summing matrices A.

1. Weighted estimates for the maximum function of Hardy-Littlewood

At the heart of our consideration will be weight estimates of the maximum
operator

U*(f)=U*(f,x;7»)=zup|U(f,x;l,h)l 4)
>0

and the suggestions of summability of Fourier series will follow of them.

Let LY = LY (Q) be class of measurable on Q = (—n, ] and 2n-periodic functions
f such as

1/p
17 lhp=(J, | 7@ vrie ) <en, p1.

Here the weight function v=v(x)>0 is also measurable on Q=(-m,n] and
2n-periodic; in the case of v=1 we have classical Lebesgue spaces L” = L”(Q);
L=1Y0).

Denote
-1

A, (o) = j v(t)dtj 1 j v_l/(p_l)(t)dtjp . p>1,
b Q[0 Q[0
. . . . “1/(p-1) p-1
where QQ is an arbitrary interval, and multiplier JQV (H)dt is equal

esssupL for p =1 by definition.
e V(1)
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We say that 4,,-condition of Muckenhoupt-Rozenblum [7, 8] is satisfied and apply
the notation ve 4,, if supA4,(v;QQ) <o, p=1. In present work, as well as in [8],
Q

we suppose 0-o =0. Then
p-1
UQv‘“(P‘l)(r)dzj <w for ved, (pz1),

since otherwise J.Qv(t)dt:O, but this trivial case of v~0 (v(x)=0 almost

everywhere), we exclude from consideration.

It is possible to consider now, that everyone f € LY (Q) is a function from L(Q),
which corresponds to a case of v =1, p=1. Really

(p-D/p

1/p
» ~1/(p-1) )
Jolrotar=([ L) ([ Dwar) T <o
we have used here the Helder inequality for p>1 and the agreement on
p-1
UQ‘}_I/@ _1)(t)dt) for p=1.
Exclude from consideration a trivial case of v(x) ~ oo. Then IQv(x)dx <o, since

. e . p-l
otherwise 4,,-condition implies the relation ( J Qv‘l/(l"l)(;)dz) =0, so that v~ oo,

Let £ be a set which is measurable by Lebesque. Introduce now the following measure
of E: W{E} = -[E v(x)dx.

For each f € L the maximal function of Hardy-Littlewood
x+m

£ =1t =swp - [170)d
N

n>0

is defined [9, v. 1, p. 60-61; p. 401, 442, 443]. By the results of [8] the estimate of
“strong type”

1/ hp < Cop I S Il ®)
is equivalent to the condition ve 4,,, p>1. Inaddition, the estimate of “weak type”
. 1S Iy )
w{re0lfw>ex0f=C,,| = (©)

is equivalent to the condition ve 4,, p=1.
Here and below, C will represent a constant (though not necessarily one such
constant), which may depend only on indicated indexes.

2. Estimates of the operators generated
by semi-continuous methods of summation

Denote Ak (h) =X (h)—hpoq(h), A0y (h) = A(AL; (R)), k=0,1,....

Theorem 2.1. Let the members of sequence (2) at each . > 0 satisfy the condition

1
Ay () = O(H} k — . )
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Suppose that m >0 is chosen arbitrarily (m may depend on /) and p =[m/2]. Then for
all 7> 0 and almost all x the estimate

U(f.x:hh) < C (0 (hAm) ®)

holds. Here
E hA,m) = max |A.(h)]|+
( T ) k:O,l,...| k( )|

p & 2l 2(m+k+1
+Z(k+l)‘A2kk(h)‘+ 3 (k+1)‘A2xk(h)‘+ Y (|m—k|+1)ln¥‘Azkk(h)‘.
k=0 k=2m k=p+l |m—k|+1
Proof. We assume that the sum on the right side (8) is finite (otherwise the
theorem is trivial).
1. First of all, we note a number of relations that will be needed here and in the

future:

(n+1)| AL, ()| < i(kﬂ)‘Azkk (h)‘, n=1,2,..; 9)
k=n

D [Ane ()] < Yk + DA () (10)

k=0 k=0
Ay (h) =imk(h), k=0,1,..; (11)

s=k
p
(P+D AN, (h) =Ko (h) =Dy (h) +(k+ DA% (h). (12)
k=0

Methods of proof of inequalities (9)—(12) are standard [2,5]. We obtain the
relation (9). According to (7) Ay (h) >0 (k—>o) at all ~>0, and therefore,

lim AAj (h)=0. Then
k—o0

AL, (h) = iﬁxk(h).
k=n

Hence,
(n+ 1)|Akn (h)| =(n+1)

iAzx ()] < i(n +1)‘A2kk (h)‘ < i(k + 1)‘A2x k(h)‘
k=n k=n k=n

so that, in particular
(n+1)| AL, (h)| >0, n— . (13)

The relation (11) obviously follows from (13), equality (12) is obtained by
applying to the sum recorded in right part, the Abel transform.
To prove (10), we obtain by Abel transform,

DAk ()= Y ((k+1D) k) Y. A"y (h)
k=0 k=0 j=k

fﬁxk(h)

J=k+1

)
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= lim [(N+1)|Ax MO Z(k+1)[ > AP (h)
- k=0 =k




According to (13), the right-hand side of this relation does not exceed

i(kﬂ) i&xk(h)— iAzxk(h)
k=0 j

= j=k J=k+1

b

which implies the estimate (10).
2. Consider the kernels of Dirichlet, Fejer ([9], vol. 1, pp. 86, 148) and Vale
Poussin [2], respectively:

k sin| k+— |t
1 2
Dk(t):E+Zcosvt ==

v=l 2sin—t
2
.2 k+1
1 k Sin Tt
Fk<r)=ﬁZDv(t)=—l, F(6)=0;
+1h=2o 2(k+1)sin2§t
sinm_k+lt sinm+k+lt
' tsin(m + 1)t
Vm,k(t): 2 f > Vm,m+1(t):(—)- (14)
2(m—k+1)sin® — 4sin? =
2 2
It is easy to verify that for all £=0,1,..., m=0,1, ...
Dy (1) =(k+1)F, (t) - kF_1(1); (15)
Dy () =(m—k+D)V,, 1 ()—(m—=k)WV,, j11(D), (16)

3. Next, move on to the integral form (3), using the representation (1) of Fourier
coefficients and Abel transform. We obtain

T N
U(f,x;hh) = Nli)nlw% j f(t){%+ Zxk(h)cosk(x—t)}dtz
et k=l

T N
lim | f(x+r){%+ZW)(Dk(r)—Dk_l(t))}dr=
o =l

N>+ 1t

b T N-1
1 lim XN(h)jf(x+t)DN(t)dt+ jf(xﬂ)ZAxk(h)Dk(t)dr .
T N—>+0 et bl =0
Note that for each f € L(Q) almost everywhere (ie, at each Lebesgue point) the
relation [9, vol. 1, p. 113]

[rGe+0Dy @ df =o(nN), N0

—T

holds. So, for almost all x

U(f,x;\h) = %Z j Fx+1) Ak (h)Dy (t)dt =
k=0 —r
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n p
2% I S+ I){ZAM (W)((k+1)Fy. (t) = kFy_y (t))}dt +
- k=0

+—j f<x+t){ > AL (W)(m—k+ 1), k<t)—<m—k>Vm,k+1(r>)}dr+

k=p+1
+— lim j f(x+t){ > A ()(k + 1) Fy (1)~ kF, 1(z))}dz (17)
k=2m+1

Using the equations (15), (16) and the Abel transform, we have from (17)
U(f,x;h,h) =

b -1
- % _I SO+ t){M‘p(h)(P +1)F, (1) + kZ:;)Azx () (k +DF, (t)}dt +

+% J. Sx+ t){Asz (h)-mV i 21 () + Ak o (W) =PIV, 541 (1) =

2m—1

: ZAzxk(th—k)Vm,kH(r)}dH

k=p+1

+— hm J‘f(x+t){AkN(h)(N+l)FN(t) ANy (h)-2Cm+1)- F5,, (1) +

+ ZA% L (W(k+1)F; (t)}dt . (18)

k=2m+1

4. Next, set the following estimates for the integrals contained in the right-hand
side of (7):

j|f(x+t)|Fk(t)dt <Cf (), k=0,1,.. (19)

-7
2(m+k+1)
|m—k|+1

Note that (20) is of independent interest.
We prove (20); the estimate (19) will then follow from equality Fj (r) =V o(2),

J.|f(x+t)||Vm,k(t)|dtSC In F(x), k=0,1,..; m=0,1,.... (20)

k=0,1,.... From definition (14) easily follow the inequalities

Vi OIS Com+k+1), 0<t<m, k=0,1,..; m=0,1,..; 1)
v, k(t)|<Cﬁ, O<|t|<m, k=0,1,.; m=0,1,.; 22)

V()| €C——————, 0<[t]<m, k=0,1,..; m=0,1,... (23)
’ (m—k|+)
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Choose natural numbers S| = S(k,m) and S, = S(k,m), so that

281-1 ) 251 2521 25
< <

< < , <m< .
m+k+1 |m—k|+1 m+k+1 |m—k|+1 |m—k|+1

By (21) — (23), we have

T

J.f(x+t)Vm,k(t)dt <C(m+k+1) j|f(x+t)|dt+

N |t‘sm+k+l
Sl SZ _

e s | [ eoldi+CY w [l e+ oar
=1 2/ 9J-1 27 J=1 2/ 2/ 9J-1 2J
<Jt|< <Jt|<
m+k+1 m+k+1 |m—k|+1 |m—k|+1
<c+s)f ) <C ln% 100

on receipt these relations it was used obvious estimate of the form

2;1—4 J.|f(x+t)|dts2% J.|f(x+t)|dt:2§ [Irode<cr=e,
R A A .
Lsmgﬁ 0S|t\££ x—zﬁtﬁyﬁﬁ
q q q q q
wherein g =m+k+1 wim g ={m—k|+1.

Thus, the assertion (20) is established.

<

5. To complete the proof of (8), we apply to (18) the estimates (19) and (20).

L . m+p+
Taking into account that the ratio P
m—p+

two positive constants, we have

[U(f,x:h,h)| <
p-1

<Cf *(x){ [A%, (f(p-+ 1)+ Y |AP g (] + 1)+
k=0

2(m+k+1) N

2m-1
Ay (B + | A ()| m=p) + D [N (W|( = | +1) In o

k=p+1

N
+ A}i_r)noo|AX N DN +1)+[Akg g (B)|(2m +1) + lim >

k=2m+

f (arising under the logarithm) lies between

‘Azk k(h)‘(k + 1)}. 24)
1

Using (9) for n=2m, n=2m+1, (12) and (13), we obtain from (24) the statement (8).

The theorem is completely proved.

Remark 1. In the case of m =0 we obtain at all #>0 and at almost all x from (8)

and (10) — (11)

U(f,hh) SCLR0) Y (k + 1)‘A2k k(h)‘. 25)
k=0
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The relation (25) holds since the sum

2m—1
Z (m—k|+D)n 2(m+k+1) ‘

k=p+1 |
in (8) is “empty”.

. 1
Remark 2. If the parameter / ranges the discrete values £ :—1, m=0,1,..,
m+

so that A (h) =A% in (2) and X} =0 if k=0,1,..., then in the right side of (8) we
obtain a sum of B. Nagy [4]:

U(f,x;0,h) <Cf*(x)  sup { max ‘x‘ ‘Azkm‘(k+1)+
m=0,1,.

559

+ Z [a%2 [ om— K+ 1)1 2mrkED

3. Weighted estimates for the maximal operator

Theorem 3.1. Suppose there is a constant C = C; such that the sequence (2) for
all &> 0 satisfies the conditions (7) and

D (hAm) <Cy. (26)
Ifve 4,, then the estimates
U« p<Coup 1 fllv,ps P>15 27)
Iy )
mxe Q| U«(f,x0)>c>01<Cy , p=1 (28)
S

are valid.
The result is an immediate consequence of (4), (8), (26) and the estimates of strong
and weak type (5), (6), respectively.

4. Summability in metric of the spaces C, L% and almost everywhere

Theorem 4.1 Let the sequence (2) satisfies the conditions (7), (26) and
lim Ap(h)=1 k=0,1,... (29)
h—0

Then the relation
Up(N)=f (30)

holds
a) in metric of space C = C(Q) of 2n-periodic functions continuous on Q;

b) in metrics of each of the spaces L%, p>1, if ve A4,

c) almost everywhere for each f eL?, p>1,if ve 4 -
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Proof. We begin by considering of functions of the space C = C(Q). Note that the
representation (18) is valid now at every point x (any x is Lebesgue point); denote the
right-hand side (18) by U™ (f,x;h,A). The family of norms of operators U, (f),
acting from C to C, is uniformly bounded:

1U4(£) = max U™ (f,xh,A) <C D" (h,A,m). 31

Further, according to (27), we have a uniform (at > 0) boundedness of the family of
norms of operators, acting from L% in L%, if ve 4,, p>1. In the case of p=1 we
restrict ourselves by calculations for m =0, because the calculations in general case are
similar but more cumbersome. We get from (24) by a change of variables t=x+1¢:

T

U < |

—-T

v(x)dx <

i(k F DA () [ £ (e +0)F (0 e

k=0

< J ]Z(“)(kﬂ)‘&xk(h)‘ (_ |f(x+t)|Fk(t)dtJv(x)dx:

(i

b N b
= [ Jim Z(k+l)‘A2Xk(h)‘[ [lrcesnl (t)dt]v(x)dxz
et N—>x =0 r

= [If @l v e+ 1)‘A2x k(h)‘Fk (x—1)dx <
et “r k=0

T o0
<C j f@| v (de |k + 1)‘A2x k(h)‘ . (32)
et k=0
As is well known [8], the condition v €4, is equivalent to
v¥(1) < Cv(7), (33)
so that (32), (33) imply the estimate
- 2
IUR It S CILS Ty Y G+ DA (). (34)
k=0

Thus, according to (31) and (27), (34) the family of norms of operators U, (f) is

bounded from C in C and from L% in LY, if ve 4,, p>1. Now, by virtue of the

Banach-Steinhaus theorem, the convergence (30) in metric of the appropriate space
follows from (29), which completes the proof of claims a) and b) of Theorem.

The assertion c) follows by the standard way [9, vol. 2, pp. 464 — 465] from the
estimate of weak type (28) and the results of a) and b).

Theorem 4.1 is proved.

Remark 1. It can be shown that the conditions (7), (26), (29), provide a regularity
of semi-continuous methods of summation (2) [10, p. 79]. In the case of m =0 this
assertion follows from (10).

Remark 2. Let the summation methods defined by rectangular matrices

A=\ k=0,1,..;n=0,1,..; 05 =1}
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satisfy the condition

[m/2] ) o s

Do R+D AN [+ D (Im—k=1D|A*N} <Gy, (35)
k=0 k=[m/2]+1
for some integer m >0. In [5] for this case were found the necessary and sufficient
conditions of A-summability of Fourier series in metric of the space C and in every
point of Lebesgue. It is easy to verify that condition (35) is equivalent to the following:

[m/2] 22 ,
Y (|m—k—1|)‘A2x',1+ > (k+1)‘A2?J}{

> (k+1)[a% <G,
k=0 k=[m/2]+1 k=2m-1

so that the terms of the second sum in (35) for values of , isolated on the selected m,
behave like (k +1)[A%2}

5. Concave and convex piecewise summation methods

The sequence (2) is called convex (concave), if A +(h) =0 (Azkk(h) <0) at all
k=0,1,.... The sequence (2) is called a piecewise-convex if the second finite

differences A% «(h) have a finite number of sign changes (the value k, at which the
sign changes, occurs may depend on #).

Theorem 5.1. If the convex (concave) sequence (2) satisfies (7), and ve 4, then
(at the appropriate values of p) the estimates (27), (28) hold.

If the condition (29) are carried also, the statements on the convergence a), b), c)
of Theorem 4.1 are valid.

Theorem 5.2. Let piecewise convex sequence (2) satisfies (7) and there is a
constant C, such that forall 2>0, k=1,2,..

[ A () [+h | ALy (h) |< Cy. (36)
If ve 4, then (with appropriate values of p) the estimates (27), (28) hold.

If the condition (29) are carried also, the statements on the convergence a), b), c)
of Theorem 4.1 are valid.

Proof, as above, will be based on the estimate U.(f,x;A) < C; f*(x). In turn, its
obtaining is based on the relations (7), (13) and (26). The relation (13) holds for every
convex sequence [9, vol. 1, p. 156] and, therefore, (13) remains valid for any piecewise-
convex sequence (it is clear that any piecewise-convex sequence (2) becomes a concave
or convex for sufficiently large values k).

Now it is enough to verify the implementability of the condition (26); choose
m = 0. Consider the case of piecewise-convex sequence A. Then A% (7)) remain its sign
for / <k <n,where [ and n are some natural numbers. Using the Abel transformation,
we obtain

n
D kA DA (h) = Ky (B) =Ky (B)+ L+ DAL () = (n+ DAL (). (37)
k=1

o0
Hence, Z(k + l)‘Azk k(h)‘ is equal to finite number of sums, each of which looks
k=0
like (37); therefore, according to (36), the sum (37) is bounded above by some constant Cj.
In the case of a convex sequence, the sum (37) for / =0 takes form
MR+ Ahg(h) =ho(h)=1.

So, in the conditions of Theorems 5.1, 5.2, the estimate (26) for m=0 is satisfied,
and this completes the proof.
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6. Exponential summation methods

Consider now the semi-continuous summation methods, appropriate to the
occasion

Ao(h)=1, Ap(h)=A(x,h) |, k=L12,.., A(x,h)=exp(—ho(x)), (39%)

o(x) € C2(O, +o)and @(x) increases to +oo.
Note that for A(x,s)=exp(—hx) we have the Abel-Poisson means [9, vol. 1,

p- 160 — 165].
By virtue of Lagrange's theorem, we obtain

Ak (h) = h'(k +0)) exp(—ho(k +6,)); 39)
Ahgyy (h) = ho'(k +1+0,) exp(~ho(k +0,));
Azkk (M) =01+6,—-6))h (h((p’(k +0)2 —¢"(k + 6)) exp(—ho(k +0)), (40)
here 6 =05(1+6,-6;), 0<0;,6,,65 <1, sothat 0<6<2. Put
Y(x) = h(@'(x)* —¢"(x), x>0. (41)
Corollary 6.1. If a function, defined in (38), satisfies the condition
exp(—he(x))=O0(In""' x), x —>+w, h>0, (42)

and @"(x) <0, xe(0,+00), then the assertion of Theorem 5.1 are valid.

Indeed, under the condition of (42), the relation (7) hold and, according to (40),
the sequence (2) is convex.
Corollary 6.2. Let ¢(x), defined in (38), satisfies (42),

hxe'(x) exp(—ho(x)) < C,, (43)

for some constant Cy,, and y(x), x € (0, +), defined in (41), has a finite number of

sign changes. Then the assertions of Theorem 5.1 are valid.
Indeed, by (42) and (39), (43) the conditions (7) and (36) are implemented
respectively. In this case, according to (40), the sequence (2) will be a piecewise convex.

7. Examples
7.1. Consider the following two cases of (38):
e(x)=In%(x+1), x>0, a>0 (44)
and
o(x)=x%, x>0, a>0. (45)

For each of the functions (44), as was shown in [11], are applicable the conditions
of the corollaries 6.1 and 6.2 at 0 <a <1 and a > 1, respectively. Consequently, for the
respective means (3) are valid the estimates of form (27), (28) and the assertions of
convergence a), b), ¢) of Theorem 4.1.

In particular (see (45), a.=1) the classical results on the convergence of Abel-
Poisson means [9, vol. 1, p.166; 7; 8] are valid.

7.2. The summation method (38), defined by the function

O(x) = Py(x), x>0,

where P, (x)=a,x" +a, x" ' +..+ay is some polynomial (a,>0, n=1,2,..),
satisfies the conditions of Corollary 6.2 [11]. So the estimates of the form (27), (28)
and the assertions of convergence a), b), ¢) of Theorem 4.1 hold.
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7.3. Cesaro-Abel means (C,a), o >0 (see [9], vol. 1, p.131) are defined by the
elements of triangular matrix

o
Az{k’}; =Zmk 01, m; m=0,1,..; N =0, k>m}, (46)
A
_(a+]D)-..-(a+m)
- m!
hence for the corresponding means the assertions of Theorems 3.1 and 4.1 are valid.
7.4. The means of Riesz [10, p. 89] are determined by a sequence

o
where A4,

. Summation method (46) satisfies B. Nagy conditions [4],

Ap(h)=(1-kh)*, k=0,1, .., B} Ay (h)=0 fork>[ﬂ; 0<h<l, a>0, (47)

Applying the theorem of Lagrange twice, we have
Ahye(h) = oo = Dh(1=(k+0)h)* 2, 0<0; <1; 0<k< [ﬂ—l
and

Ay (h) =o(a—Dh>(1=(k+0)h)* 2, 0<0<2; 0<k< B} -2. (48)

By (48) the sequence (47) has a certain character of convexity. Noticing that the
logarithmic function grows more slowly, than power function with any positive
exponent, we have forall p+1<k<m

2(m+k+1)
|m—k|+1
<Cl+1)Y(1+k)"™ =Clk +1).

(m—k|+1)n 2@m+l)
—k+

<(m—k+1)ln <Cm"(m—-k)77 <
m 1

We choose m = [%}, v <o and use the assessment (%— ljh <mh <1. By virtue of (47)

and (37) in which /=0, n=m—2, the sum Z(h,A,m) in (8) does not exceed

c{mz_z(k D[N ()| + 210 2m- [Ny () + In 22 -+1):[ A2, (h)‘} <
k=0

m—2
< c{ Z(k+l)‘A2Xk(h)‘+CmV((1—(m—1)h)°‘ +(1—mh)°‘)}£ C,. (49)
k=0

According to (49), the condition (26) will be satisfied. Since the condition (7) is
also satisfied, then for the corresponding means the assertions of Theorems 3.1 and 4.1
are valid.
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KiroueBble CJI0Ba: BecoBbIE OLICHKN MAaKCHUMAJBbHBIX OIICPATOPOB; BBIITYKJIBIC
1 KyCOYHO-BBIITYKJIbIC CYMMHUPYIONIUEC MOCTICAOBATCIIBHOCTH, PSAJbI (Dypf,e.
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KJIacC CpPeIHUX psAnoB Dypbe, CXOAAIMUXCSA MOUTH BCIOAY, a TAKXKE B METPUKAX BECOBBIX
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Regelmiiflige halbununterbrochene Methoden
der Summierung der Fourierreihen

Zusammenfassung: Die halbununterbrochenen Methoden der Summierung
verwendend, wird die Klasse der mittleren Fourierreihen gebaut, die fast {iberall, sowie
in den Metriken der Waagerdume und des Raums C der ununterbrochenen periodischen
Funktionen iibereinstimmen. Es ist bestimmt, dass eine ausreichende Bedingung solcher
Konvergenz und der Gerechtigkeit — der Waageeinschitzungen der entsprechenden
maximalen Operatoren die verallgemeinerte Bedingung von B. Nagy ist. Die Ergebnisse
sind zu der Forschung des Verhaltens der exponentialen mittleren Fourierreihen angelegt
und schlieBen die Fille der klassischen Mittlwerten von Cesaro, Riesz, and Abel-
Poisson ein.

Méthodes régulieres semi-continues de la sommation des séries de Fourier

Résumé: En utilisant les méthodes réguliéres semi-continues de la sommation, on
construit une classe des séries moyennes de Fourier se convergeant presque partout,
ainsi que dans les mesures des espaces de poids LY (ve 4 p» P 21) etdel'espace C des
fonctions périodiques continues. Est donstaté que la condition suffisante pour une telle
convergence et la justice de Lf de poids des évaluations des opérateurs maximums

correspondants est la condition généralisante B. Nadia. Les résultats sont appliqués a
I'¢tude du comportement des séries moyennes de Fourier exponentielles moyennes et
comprennent les cas des moyennes classiques de Cesaro, Riesz et Abel-Poisson.
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